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A Time-Domain Surface Integral Technique for
Mixed Electromagnetic and Circuit Simulation
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Abstract—This paper presents a coupled simulation approach in
the time domain for modeling nonlinear circuits, electromagnetic
components, and electromagnetic interference (EMI) interactions
together in one integrated methodology. The approach is based on
a rigorous coupling of circuit simulation and time-domain integral
equation simulation. The method obviates the need for circuit re-
alizations of electromagnetic interactions, and can be considered
complementary to the partial element equivalent circuits, for cases
where surface-based modeling is preferable such as complex con-
nectors and packages, and for Green’s function based modeling of
skin effects.

Index Terms—Coupled circuit-electromagnetic (EM) simula-
tion, electromagnetic interference (EMI), modified nodal analysis,
surface impedance, time-domain integral equation (TDIE).

I. INTRODUCTION

T IME-DOMAIN electromagnetic solvers are useful for
simulating coupled circuit-electromagnetic (EM) prob-

lems involving integrated circuit packages and systems-on-chip,
wherein effects of nonlinearities of circuit elements can be mod-
eled accurately [1]–[3]. The surface-based time-domain integral
equation (TDIE) approach has been gaining in popularity owing
to its flexibility in modeling arbitrarily shaped structures and its
enhanced computational performance due to advances in fast
solution methods [2]–[6].

Existing methods to couple TDIE formulations to circuits
have been based on port models, convolution methods, and the
partial element equivalent circuit (PEEC) approach [7]–[10].
However, a seamless approach to integrate circuit and EM in-
teractions without converting to circuits has not been developed
within the scope of surface-based TDIEs, that have the advan-
tage of modeling arbitrarily shaped structures with surface-only
formulations, and of incorporating skin effects automatically
with no volumetric meshing.

In this paper, a generalized rigorous coupling scheme, to si-
multaneously simulate circuits with SPICE-like time-domain
simulation, and EM interactions with a TDIE method, is pre-
sented. To efficiently model conductors with finite conductivity,
the well-known surface impedance approximation [11], [12] for
modeling skin effects is implemented. In the time domain, this
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has been widely used and tested in finite difference time-domain
methods and transmission line simulation [13]–[16]. This ap-
proach enables direct solution of circuit-EM equations without
the need for generating port models. The method permits both
circuit and EM excitations and thereby has potential as a signal
integrity and as an EMI/electromagnetic compatibility (EMC)
modeling tool. This approach may be useful as a complement to
PEEC-like approaches, for cases where arbitrarily shaped pack-
aging and component structures need to be modeled, and skin
effects are important. The approach is also a rigorous coupled
EM-circuit coupling scheme where the electromagnetic part of
the problem does not need to be reformulated as a circuit.

II. FORMULATION

Consider a conducting object to be modeled with distributed
electromagnetic simulation, with surface , connected to ar-
bitrary circuits, through terminals to be defined later, excited
through voltage and current sources within the circuit, and
optionally illuminated by one or more electromagnetic wave
excitations. Assuming a surface impedance approximation for
modeling finite connectivity, the boundary condition for the
electric field on the surface of the object is

(1)

where is the scattered electric field produced by the induced
equivalent surface current , is the incident electric field,

denotes the tangential components on , denotes temporal
convolution, and is the time-domain representation of sur-
face impedance

(2)

The scattered electric field is written in terms of potentials

(3)

where the vector potential is defined as

(4a)

and the scalar potential is given by

(4b)

where denotes the observation time, and are observation
and source locations, and represent the equivalent surface
current density and surface charge density, respectively, and ,
, are the permeability of, the permittivity of, and the velocity

of light in, the homogeneous medium enclosing the object.
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The connectivity to the circuit is introduced in the following
manner. The surface comprises of two surfaces, and

such that

(5a)

and

(5b)

i.e., the two surfaces together yield the original surface, and
the two surfaces do not have any common regions. Specifically,

represents one electrically small portion of the total sur-
face and is the location where the EM object is connected to
the circuit. is the rest portion of the total surface . On

the standard continuity equation relating the surface cur-
rent and charge holds

(6a)

(6b)

where represents surface divergence. On , the following
condition is proposed. The circuit current flowing onto
introduces an additional source term that alters the surface
current and surface charge on . In an equivalent surface
formulation, this can be the only effect of the circuit current since
there is no corresponding volume current in the electromagnetic
model. Moreover, this permits connection of two disparate
domains, the topology-based (connectivity only) circuit domain,
and the geometry-based electromagnetic domain. While wire-
basis functions can also be considered as connections between
the two domains [2], [3], [5], [6], the separation between the two
domains is not as clear cut, and artificial parameters such as wire
basis lengths, directions, and radii are needed. In the presented
formulation, the altered continuity equation and a resulting
voltage boundary condition for electrically small terminals are
the only required links between the circuit and electromagnetic
sections. Also, since the connectivity method is not based on
continuity of volumetric current, the approach enables efficient
surface-based electromagnetic integral equation formulations
to be coupled to arbitrary circuits.

Furthermore, let itself be comprised of disjoint sur-
faces . Each such unique subsurface
is termed one of terminals. On the modified continuity
equation has the following form

(7a)

(7b)

for , where represents the scalar volumetric
current density produced on via a circuit interconnection.
As is shown next, the effect of on the electric field is mod-
eled through an additional equivalent surface charge. In this
manner, the topology-only nature of circuits is preserved; the

direction of the interconnection current is not required. The con-
ditions in [(6), (7)] can be combined with [(3), (4)] to generate
an expression for the scattered field as follows:

(8)

The last two terms represent the contribution to the field pro-
duced by the gradient of the scalar potential, which in turn is
produced by the surface equivalent charge density. The charge
density itself is produced by the time integral of over

, and by the time integral of over . There-
fore, the current density introduced by the circuit interconnec-
tion produces an additional source or sink of charge that alters
the time-dependent scalar potential and the resulting electric
field.

If the volumetric current density is known or can be ap-
proximated to an acceptable degree, [(1)–(8)] form a complete
set of equations that can be used to solve for . However, for a
coupled circuit-electromagnetic system, is itself the result
of both the circuit and the electromagnetic interactions. In this
case, another self-consistent system of equations is required.
This system, which will be expanded in detail later in this paper,
is based on the assumption that the scalar potential produced on
electrically small terminals will be equal to the circuit po-
tential of the circuit node associated with the interconnection
at . In addition, Kirchoff’s Current Law will be employed
for the circuit nodes connected to the terminals. To know more
about , the reader is encouraged to refer to [27]

In the following section, the expressions in [(1), (8)] and the
self-consistency constraints above will be used as the basis to
develop a coupled circuit-electromagnetic system of time-step-
ping equations. The [(1), (8)] are discretized using edge-based
Rao–Wilton–Glisson (RWG) [17], [18] spatial basis functions
that rely on a triangular discretization of the surface . The
RWG functions used to specify the spatial distribution
of current density have the well-known form

(9a)

where is the length of the th edge, is the area of tri-
angle , and is the vector from the node in triangle

opposite edge to the location in triangle . As
a consequence of the above form, the charge density in each pair
of triangles is modeled as piecewise-constants as follows:

(9b)

For consistency with the RWG functions, the conduction current
density, appearing in the last summation in (8) as an equivalent
charge, will also be modeled spatially with piecewise constant
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functions over each terminal triangle. The scattered field is
written as

(10)

where is the total number of triangular patches, is
the total number of triangular patches on all terminals,
denotes the th triangular patch on terminal , and and
are the two patches associated with the th edge.

Once the spatial model is chosen as above, a temporal ap-
proximation is also needed for the current density. There are a
host of choices available for this. In general, the current density
is expanded as

(11a)

where represents the temporal evolution of the coefficient
of the th RWG function. For clarity of explanation of the
EM-circuit coupling ideas in this paper, piecewise constant
temporal basis functions are chosen. However, the coupling
technique and implementation are not limited to these functions.
Assuming causality, the current density can be approximated as

(11b)

where the coefficients are unknown and

otherwise
(11c)

with

(11d)

where is the time step discretization. The volume current
density at the terminals is modeled in a manner similar to (11),
albeit with piecewise constant spatial functions

(12)

where is unity on the th triangle of terminal and zero
otherwise. Also, represents the time dependent coeffi-
cient of . From (1), (3), and (4), the following is obtained:

(13)

For clarity of explanation, a first-order backward Euler approx-
imation is used for the time derivative, to obtain, at time step

(14)

where the temporal functional dependence in the convolu-
tion has been notationally suppressed, and the time point in
parentheses represents the time point of evaluation of the
temporal convolution. Using the Galerkin procedure, both
sides of the above equation are tested with RWG functions

. For any specific RWG function, the testing
procedure yields

(15)

where denotes a spatial dot-product. The testing of the
vector potential operator yields

(16a)

(16b)

and the testing of the scalar potential leads to

(17a)

(17b)

(17c)

where is the distance between the center of edge and
edge , and is the distance between the center of edge
and the centroid of the th triangle on the th terminal. Note
that edge-to-edge distances are used in the formulation in order
to elucidate the overall coupling scheme; in actual practice, tri-
angle-to-triangle and quadrature point-to-quadrature point dis-
tances are used in order to estimate time delays.

The repeated computation at every time step of the temporal
convolution required in (15) due to the surface impedance
term is very expensive. To circumvent this, a fast recursive
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method [16] for efficient computation of the convolution is
implemented. The convolution is written as

(18a)

and is approximated with a backward Euler difference form to
obtain

(18b)

where , and . Exponential
fitting with Prony’s Method is used to approximate as

(18c)

where is the number of exponentials. It was shown in [16]
that good accuracy could be achieved for 10. Substituting
(18c) into (18b) gives

(18d)

and the testing operation transforms to

(19a)

(19b)

where and is the number of edges sharing
the same triangle with edge . Also, and are
recursively related as

(19c)

Therefore, instead of computing the convolution directly, only
needs to be updated at each time step, and only one past

value is retained for the recursion. Finally, the Galerkin testing
in (15) leads to the following matrix equation:

(20a)

(20b)

(20c)

(20d)

(20e)

(20f)

for 1 . In addition, the voltage matching at the
terminals leads to the equation

(21a)

(21b)

(21c)

for 1 ; 1 where is the circuit
potential at the circuit node connected to terminal , is
the distance between the center of edge and the centroid of the

th triangle on terminal , and is the distance between
the centroids of the th triangle on terminal and the th tri-
angle on terminal . The final set of self-consistency equations
relates to the application of Kirchoff’s Current Law at the
nodes connected to the terminals

(22)

for 1 where denotes the number of nodes
adjacent (neighboring) to the circuit node associated with ter-
minal , is the circuit current entering node from its th
immediate neighbor, and is the volume conduction current
density at terminal .

The systems of [(20)–(22)] can be combined to yield the
time-domain circuit electromagnetic-coupled system. The
linear and nonlinear circuits connected to the terminals are
modeled by modified nodal analysis (MNA). The details for the
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Fig. 1. Time-domain load voltage due to a step voltage applied to a transmission line, computed by transmission line theory and with the coupled time-domain
simulation. The transmission line structure is shown in the inset.

linear and nonlinear stamps in the MNA matrices and related
solution methods are not discussed here. The combined system
has the form

(23a)

...

...

...
(23b)

where the submatrix superscripts refer to the type of matrices
generated earlier. The vector represents the incident
field tested with each RWG function, and the vector
denotes the values of circuit sources. Typically, the history of
MNA blocks appearing in each matrix on the right-hand side is
limited to very few (one in the case of time-independent linear
RLC circuits) past time steps. The matrix is a sparse bipolar
adjacency matrix that is used for enforcing Kirchoff’s Voltage
and Current Laws at the circuit nodes connected to the terminals.

Depending on the choice of time step, (23) can be imple-
mented as an implicit or explicit solution process [18], [19].
The implicit method, developed to remove late time instabil-
ities [8], [9], [24]–[26] associated with TDIE, uses a time step
greater than the smallest distance between two triangle centroids
divided by the speed of light. The interaction from any source
triangle whose centroid is located within the sphere centered
at the centroid of the observer triangle, of radius of the time
step multiplied by the speed of light is assumed to be instan-
taneous. This method ensures that the left-hand side matrix to
be inverted is still sparse, but improves stability compared to an
explicit scheme where only self-interactions are considered in-
stantaneous. However one drawback of the implicit method is
its dissipation effect [8], [9] when time step is large. To satisfy
both high-resolution simulation requirements and late time sta-
bility, two constraints are kept in mind when choosing the time
step. First, the time step should be small enough to accurately
describe the highest frequency component in the time domain
signal. Second, the time step should be large enough to ensure
the implicitness of the system for enabling late time stability.
Due to its high sparsity nature of the left-hand coupled matrix,
it can be inverted efficiently with a Sparse LU decomposition.
For nonlinear circuits, a Newton–Raphson loop is implemented
at each time step to consistently solve circuit and electromag-
netic unknowns.

III. NUMERICAL RESULTS

A validation test is performed on the coupled time domain
solver by a simulation of load voltage variation on a transmis-
sion line structure (inset of Fig. 1). The two conducting lines are
1-mm wide, 30-cm long, and separated by 10 mm. The charac-
teristic impedance of this structure is calculated to be 449
[20]. The two lines are assumed to be perfectly conducting. A
step voltage source with an amplitude of 30 V is used to excite
the structure, and the voltage source and load impedance are
modeled with a small MNA inclusion in the coupled system as
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Fig. 2. Resistance variation of a lossy copper cylinder with frequency.

in (22). The resulting load voltage is computed using the
transmission line equations and with the coupled time-domain
solver. Fig. 1 demonstrates the close match between the two re-
sults, with the unrealistically sharp voltage transitions of the ide-
alized transmission line model replaced by smoother changes
due to dispersion effects as predicted by the time-domain solver.
The slight difference in magnitude between the two results is
due to the dissipation effect of the implicit method.

The surface impedance model implemented in this paper is
a good approximation to model lossy conductors with high
conductivity at high frequencies. As is well known from fre-
quency domain versions, this model will not correctly predict
resistance value at very low frequencies where the skin depth
is larger than the cross section of the conductors. To verify
the surface impedance model implemented in our solver for
the frequencies and conductivities of interest, we compare our
simulation result (by performing a Fourier transform) with that
from a rigorous frequency domain two-region Poggio, Miller,
Chang, Harrington, Wu, and Tsai (PMCHWT) formulation,
which is capable of accurate lossy material modeling down
to dc [23].

The first simple comparison is the frequency variation
of resistance of a lossy copper conductors (conductivity
5.8 10 S m) cylinder. The diameter of the cylinder is 1 mm
and its length is 5 mm. Fig. 2 indicates the two methods have
very good match at 70 MHz and higher frequencies. For fre-
quencies from 70 MHz down to dc, as expected, the simulation
result from the surface impedance model deviates from that
generated by the exact PMCHWT formulation. The second
comparison is the variation of inductance of a lossy copper
inductor (conductivity 5.8 10 S m) with frequency. The
thickness of the inductor is 1 mm. Fig. 3 shows excellent match
between the two methods.

The third example considers a multiple via structure, as
shown in the inset of Fig. 4. The requirement is to find the
coupling crosstalk between the active signal pin and the passive
signal pin, and to find the impact of ground pins on the crosstalk.
The top end of the active pin is terminated by a 52- resistor

Fig. 3. (Top) Top view of the spiral inductor. (Bottom) Inductance variation of
a lossy cooper inductor with frequency.

and the resistor is connected to the top ground plane through a
ramp voltage source. The bottom end of the active pin is also
terminated by a 52- resistor, and the resistor is connected to
the bottom ground plane. The passive pin is connected to the
top and bottom ground planes in the same manner through two
resistors, with no voltage source. The structure is embedded in
a dielectric of relative permittivity equal to four. The simulation
shows the voltage drop across the top end (near) resistor and
bottom end (far) resistor of the active pin and passive pin, for
two cases. In the first case, there are six ground pins around
the two signal pins. In the second case, there are 20 ground
pins around the two signal pins. In both cases, the multiple
via structure are copper with (conductivity 5.8 10 S m ) .
From the simulation result, it is apparent that the crosstalk was
dramatically decreased when more ground pins were added.
The reason for decreased crosstalk is that the return current
path is more localized and shorter when nearby ground pins
are added between the ground planes, thus reducing inductive
effects.

The ACES IEEE/EMC Society TC9 challenging problems
have been designed to challenge various modeling techniques.
One of the 2001 challenging problems—“Differential Pair over
Split Plane” [21] (Fig. 5, top) is used to test the coupled solver
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Fig. 4. (Top) Near and far end noise voltage waveforms across a victim via due
to an active via in the presence of grounding pins. Inset: structures with six and
20 grounding pins. The active and victim pins are located in the center of the
two-plane structure. (Bottom) Voltage excitation and voltage drop at two ends
of active pin.

and also to compare the simulation with that from PEEC mod-
eling technique [22]. In this example, a ground plane with or
without split is located on the left-hand side. A driver consisting
of two trapezoidal voltage sources with rising and falling time
of 200 ps, roof time of 600 ps, and zero internal impedance,
delivers a differential mode signal to two symmetrical lines.
For the split ground plane case, a decoupling capacitor may be
placed across the split. The decoupling capacitor is equivalent
to a series connection of a 1-nF capacitor, a 2-nH inductor, and a
0.03- resistor. The pair of wires extend for 1 m, and the ends of
the differential lines are terminated by a 100- resistor. The con-
ductors are assumed to be perfectly conducting. The task is to
find the voltage between Line+ and CM Ground point on plane
for the following three cases:

1) no split in plane;
2) split in plane and no decoupling capacitor;
3) split in plane and with decoupling capacitor.

Fig. 5 (bottom) shows the simulation results obtained with the
coupled solver, and the results match well with those in [22].

The final example demonstrates the ability of the coupled
integral equation solver to address distributed EM simulation,
nonlinear circuit models and circuit excitations, and EMI/EMC
excitation in a transparent and integrated manner). Fig. 6, top,
shows the structure, which includes bent co-planar copper con-
ductors (conductivity 5.8 10 S m) connected to a voltage
source and to a nonlinear transistor inverter circuit, with appro-
priate terminations on the other lines as shown. Also present
is an incoming pulse that models the disruptive effect of a large
EMI/EMC excitation. A trapezoidal voltage source of peak 10 V

Fig. 5. (Top) Split ground plane with a loaded differential pair, with a
connecting nonideal capacitor. (Bottom) Positive reference line voltage at point
CM with and without the capacitor, and with and without the split.

with rising and falling time of 200 ps, roof time of 400 ps,
is applied to the lines connecting to the nonlinear circuit. The
EMI pulse is a Gaussian pulse with an electric field of the form

,

v m , ,
, , , where LM denotes time

in light-meters. The simulation, shown in Fig. 6 (bottom) are the
output voltages of the inverter without and with the disruption
of the incident pulse. With the disruption of the strong incident
pulse, the output of the inverter is severely distorted; with no
EMI pulse, the output voltage of the inverter is a delayed and
thresholded version of the voltage applied to the multiconductor
bends. However, the EMI pulse changes the switching times as
well as causes a false pulse in the output voltage, leading to po-
tentially spurious and mistimed circuit switching.

IV. CONCLUSION

A coupling scheme to simultaneously time-step MNA and
TDIE equations was developed in this paper in order to model
complex circuits with different levels of hierarchy. The method
enables nonlinear simulation as well as EMI/EMC modeling,
and potentially can serve as a complement to the PEEC approach
for modeling skin effects and arbitrarily shaped microelectronic
package and chip structures. The method obviates the need
and problems associated with time-domain circuit realizations
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Fig. 6. (Top) Nonlinear circuit connected to bent conductors, with circuit and EMI pulse excitation. (Bottom) Output voltage at inverter with and without EMI
pulse disruption. The circuit voltage input is a trapezoidal pulse.

of electromagnetic components since it presents a complete
coupled simulation approach.
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