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Abstract�This paper proposes improvements in the row and
column samplings of the multilevel QR factorization method
known as IES�, a fast integral equation solver previously pro-
posed for ef�cient three-dimensional (3-D) parameter extraction.
First, a rigorous Gram�Schmidt row sampling is developed to
replace the row sampling algorithm in IES�, leading to a more
stable algorithm. Second, to further enhance the ef�ciency of
column sampling, a new scheme based on the idea of locating
the interpolation points is presented. Error analyses indicate that
the proposed schemes have higher accuracies than the original
sampling in IES�, especially when the number of sampled points
is small. The IES� that uses one of these improved algorithms is
called improved multilevel matrix QR factorization (IMLMQRF).
These IMLMQRFs are applied in the magnetoquasistatic analysis
of printed circuits on multilayered lossy medium for extractions
of inductances and resistances. The frequency dependency of such
parameters is also illustrated.

Index Terms�Improved multilevel matrix QR factorization
(IMLMQRF), large-scale EM simulation, magnetoquasistatic,
radio frequency integrated circuits, sampling algorithm.

I. INTRODUCTION

THE INCREASING complexity of radio frequency inte-
grated circuits (RFICs) [1], [2] demands the continued

development of efficient and reliable algorithms for simulating
the electromagnetic characteristics of these circuits and their
subsequent parameter extractions. Existing methods such as the
method of moments (MoM), the finite-element method (FEM),
and the finite-difference time-domain (FDTD) method [3] can
be employed, but conventional implementation of these meth-
ods may not be able to handle the complexity of RFICs. Further-
more, the latter two methods require volumetric discretization
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as opposed to surface discretization of the conducting traces in
the MoM.

Conventional implementation of the MoM requires �����
operations and ����� computer memory storage, where �
denotes the number of unknowns. More functionality of the
RFIC increases the circuit complexity. This is compounded by
the fine discretization needed to model skin effect on the edges
of the conducting traces. The size of the MoM matrix grows so
rapidly that conventional matrix inversion becomes intractable.
Suitable alternatives are iterative schemes that require fast
matrix–vector multiplication. Techniques such as multilevel
fast multipole algorithm (MLFMA) [4]–[8], conjugate gradient
fast Fourier transform (CG-FFT) [9], precorrected FFT [10],
and sparse-matrix canonical grid (SMCG) [11] methods with
��� ����� complexity per iteration step are developed for this
purpose. However, MLFMA depends on the type of Green’s
function used for the specific problem. Therefore, if the prob-
lem type is changed, e.g., increasing the number of dielec-
tric layers, then the problem has to be reformulated as more
multipoles are required to represent Green’s function [7], [8].
These fast multipole-based methods become cumbersome when
dealing with a multilayered medium. In contrast, the CG-FFT
method is more suitable than Fast Multipole Method (FMM) for
it can be used to compute interactions among traces residing
on different layers of the multilayered medium. However, its
efficiency is highly dictated by the geometrical shape of the
problem, as a uniform discretization is necessary for the use
of FFT. The precorrected FFT method and the SMCG method
relax this requirement by adopting a nonuniform discretization.
The former employs a bilinear interpolation while the latter
expands the Green’s function with a Taylor series about a
uniform grid, allowing the use of FFT. These methods, however,
are efficient only when three-dimensional (3-D) conducting
traces are densely packed together as a volumetric grid is
required. Moreover, their efficiencies are expected to decrease
when solving the multilayered medium problem, because the
translational invariant property along the thickness direction of
the multilayered medium of the Green’s function does not hold.

Another ��� ����� iterative scheme is the IES� pro-
posed by Kapur and Long [12], [13]. It is a multilevel ma-
trix QR factorization (MLMQRF) scheme that depends on
the numerical QR factorization of MoM submatrices. It is a
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Fig. 1. Illustration of one part of RFIC circuit.

kernel-independent algorithm that does not require tedious
modifications when additional layers of substrate are included.
Furthermore, its efficiency is almost independent of problem
geometry. Therefore, without any change of its core program,
it can be used for various kinds of complex problems in large-
scale electromagnetic simulations of RFICs [13], [14].

In the QR factorization of multilevel submatrices, only some
rows and columns within the submatrices are computed. The
choice and the number of rows and columns are critical to both
memory storage and computational efficiency of the method.
In this paper, instead of using the sampling methods in [12]
and [13], we offer some alternate approaches in sampling these
rows and columns, viz., presenting a more stable row sampling
algorithm based on Gram–Schmidt orthogonalization process
to enhance its accuracy and devising an interpolation-based
algorithm to further enhance the column sampling efficiency.
This leads to improved MLMQRFs (IMLMQRFs), which have
greatly enhanced the sampling efficiency of MLMQRF. We
then apply these improved methods for the magnetoquasistatic
analysis of circuits in a multilayered lossy medium. For prob-
lems that quasistatic analysis is valid, it is more cost effective to
develop fast magnetoquasistatic computer-aided design (CAD)
tools for these problems [5] than to adopt the time-consuming
full-wave approach. The organization of this paper is as fol-
lows. In Section II, the magnetoquasistatic problems and the
original MLMQRF are introduced. Section III places emphasis
on the improvements of row and column sampling algorithms
in the IMLMQRFs. Section IV focuses on error analyses of the
proposed algorithms. Section V demonstrates the application
of IMLMQRF in large-scale simulations of magnetoquasistatic
circuits over a layered substrate. A conclusion is given in
Section VI.

II. MAGNETOQUASISTATIC PROBLEMS AND MLMQRF

�� ������������������ ����
���

Fig. 1 illustrates the top view and cross-section of one part
of an RFIC. Because the circuit size is about several hun-
dred micrometers and the operating frequency range is about
5–50 GHz, the problem is either a magnetoquasistatic problem
or electroquasistatic problem. We can conclude that the mesh
analysis method [5] or the loop-basis method [15] can be used
to solve the magnetoquasistatic problem. For the electroqua-
sistatic problem, a Poisson equation can be applied [6]. Here,

only the magnetoquasistatic one is analyzed by using mesh
analysis.

It is known that the currents flowing on the conductors of
this circuit are governed by the electric field integral equation
(EFIE) as

� � ���
�

�

�� ������ �������� � �	
 (1)

In this equation, ����� ��� is the vector potential of the
multilayered medium. It can be efficiently calculated by the
half-space extraction method [16] or the complex image
method [17]. In mesh analysis [5], the long thin structures
such as the traces in the circuits are first discretized into a
bundle of filaments. The branch bases are chosen to model the
currents flowing in these filaments. In this paper, because
the circuit traces are assumed to be perfectly conducting, the
filaments take the form of some rectangular patches, but not
the blocks employed in [5]. To simplify the branch model, the
pulse basis functions are adopted for the branch basis, viz.,
�� � ������, 
 � 	� 
 
 
 � � , where ��� is the direction of this basis
function, �� is its cross-sectional width, and � is the number
of branches or the unknowns defined here. The mesh bases are
chosen to be the combination of two adjacent branch bases with
opposite directions. Using these bases in (1) yields

��� ��� � ��
 (2)

The definitions of sparse matrix � and vectors �� and ��
are the same as those in [5] and not presented here, while the
entry ��� of matrix � is given as

��� � ��
�

��

��
���

��

�

��

�� ������ ���
���

��

 (3)

Obviously, special treatment should be applied when the inte-
gral equation contains a singular kernel for the case 
 � � [18].

Here, we adopt the popular conjugate gradient (CG) method
in our calculations. In each iteration step, because � is a
sparse matrix, vector � � � ��� can readily be computed.
However, matrix �, also referred as the MoM matrix, is full and
thus matrix–vector multiplication �� is the most time con-
suming part in each iteration step. As mentioned before, an
FMM-based method is efficient for free space problems. If the
problem involves a more complicated dielectric medium, the
multipoles used in FMM will drastically increase. Fortunately,
the Green’s function of the magnetoquasistatic EM problem
is primarily due to 	��� � ��� decay. Hence, MLMQRF can
be employed to efficiently compute the matrix–vector multi-
plication. In the following subsection, a brief introduction of
MLMQRF is presented.

�� ��
��
���
 �� 	������������

The basic concept of MLMQRF as reported in [12] and [13]
is briefly outlined in this paragraph. It is known that any matrix
can be rigorously factorized with singular value decomposition
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Fig. 2. Illustration of complete multilevel division of object. (a) One-level
division. (b) Two-level division. (c) Three-level division of square spiral
inductor. (Different subregions are filled with different grayscales.)

(SVD) method. Assume that the numerical rank of an � � �
matrix � is �. The SVD approximation of this matrix is given
by � � ��� , where � and � are two unitary matrices of
� � � and � � �, respectively, while � is an � � � diagonal
matrix. When � � �, multiplying with � in this factorized
manner is much more efficient [12]. Even though SVD is
used as the theoretical development of IES�, viz., MLMQRF,
it is sufficient to use QR factorization based on the modified
Gram–Schmidt orthogonalization process with column or row
pivoting [19] to achieve a higher efficiency. (To make the QR
factorization more robust, it should be noted that a reorthogo-
nalization process is applied here [20].) The QR factorization
of the matrix � can obtain one � � � unitary matrix � and one
� � � upper triangular matrix �, viz., � � � � �. Obviously,
the total storage of � and � will be much less than that of ma-
trix �, viz., 
�� � ��. Furthermore, the CPU time consumed
in matrix–vector multiplications of � � � � � will be much
less than that in � � �, viz., ���� � ��� � �����, despite
that both operations yield the same result.

Now, consider the application of QR factorization in magne-
toquasistatic problems. The object under consideration is first
meshed into a set of filaments that we call cells or points. Their
distributions are illustrated in Fig. 2. Assume that it is a problem
with � cells. Thus, an � � � MoM matrix is generated using
(3) for � in (2). � is in full rank and a QR factorization of � will
not reduce the complexity of the matrix–vector multiplication
��. But it is known that if the source region is far from the
observation region, the submatrix corresponding to the interac-
tions of these two regions is in low rank. In fact, we can divide
the object into several regions with multilevel division as shown
in Fig. 2. First, the object is divided into two subregions with
approximately the same number of cells as shown in Fig. 2(a).
This is the one-level division. Subsequently, each of these two
subregions is further divided into two smaller subregions with
approximately the same number of cells as shown in Fig. 2(b).
Hence, four subregions with approximately the same number
of cells are obtained. This is the two-level division. Generally
speaking, the rule for the �-level division is to divide each of
the 
��� subregions at level � � 	 and obtain 
� subregions with
approximately the same number of cells at level �. Fig. 2(c)
shows an example of the three-level division of a square spi-
ral inductor. Different regions in level 3 of this example are
shown with different grayscales. We can continue the division
recursively according to this rule to obtain the subregions at
any specific level �. Subregion 
 at level � is denoted as ��

�,
where 
 � 
�. The relation between two adjoining levels can

Fig. 3. Illustration of complete multilevel matrix division. In this example,
only three-level division is shown.

Fig. 4. Example of incomplete multilevel matrix division, which only shows
incomplete three-level matrix division.

be written as ��
� � ����

���� 	 ����
�� and, hence, a tree structure

is formed. At each level, the interactions between two sub-
regions form a submatrix. For instance, submatrix ��

�� repre-
sents the interactions from source subregion ��

� to observation
subregion ��

�.
A complete multilevel division of the MoM matrix � is

shown in Fig. 3. At first, the matrix is divided into four
submatrices approximately equal in size. This is the one-
level matrix division. The generated submatrices are named as
submatrices of level one. Generally speaking, the rule for the
�-level matrix division is to divide each of the ���� submatrices
of level � � 	 into four smaller submatrices that are approx-
imately equal in size and obtain �� submatrices of level �.
Each of the submatrices of level � is denoted as ��

�� , where

 denotes the submatrix 
 of level � along the row direction
and � denotes the submatrix � of level � along the column
direction. These represent interactions between ��

� and ��
�.

In addition, the position of the ��
�� � ��

�� matrix ��
�� in � is

represented by ����
�� ����

�� 
���
�� � ���

���. Here, ���
�� and ���

��
are the beginning and terminating row numbers of ��

�� in �,
while ���

�� and ���
�� are its beginning and terminating column

numbers, respectively. In this example, only the three-level
division is shown. Accordingly, the division can be continued
recursively to obtain the matrix division at any specific level �.
After the �-level matrix division, the original MoM matrix is
replaced by a set of �	 submatrices of level �.

The goal of this division is to obtain some lower rank
submatrices for improving the efficiency of matrix–vector mul-
tiplications. However, if the rank of submatrix ��

�� at level �
satisfies

��
�� �

����
����
���� � ����

����
�� � ����
��
���� � ����

��
��



(4)

with the ranks of its four submatrices at level � � 	, further
division of this �-level submatrix should be considered unnec-
essary. This causes an incomplete multilevel matrix division
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shown in Fig. 4. In this figure, the one-level division is
complete. But, for the two-level matrix division, the two off
diagonal submatrices are unchanged. For the three-level matrix
division, only three diagonal submatrices of level 3 are further
divided into 12 submatrices of level 4. Here, only an incomplete
three-level matrix division is shown. Nevertheless, we can con-
tinue the incomplete division to any specified level � according
to the criterion given in (4).

In the incomplete �-level matrix division of �, the submatri-
ces generated by the incomplete �-level matrix division, which
will not be further divided, are named as effective submatrices
of level �. After the incomplete �-level matrix division, the
original matrix � is replaced by a set of submatrices of different
levels. If we use � � to denote the set of the effective submatrices
at level �, the submatrix set (SMS) can be mathematically
represented as

SMS � �� 	 �� 	 
 
 
 	 � � 	 
 
 
 	 �	 (5)

where the effective ��
�� � � �. We can QR factorize the elements

in SMS to obtain a new SMS

NSMS � �� 	 �� 	 
 
 
 	 � � 	 
 
 
 	 �	 (6)

where ���
�� � ��

��� of effective ��
�� belongs to � �.

The element ���
�� � ��

��� is the QR representation of ��
�� with

the rank of ��
�� . For the case that ��

�� is not rank deficient, no
QR factorization is needed. It is calculated directly and stored
in ��

�� , and no memory is allocated for matrix ��
�� . Hence,

in the matrix–vector multiplication, instead of performing  �
� � � directly, we carry it out in a new way as Algorithm 1
described below.

Algorithm 1
Step 1) Initialize vector  to zero.
Step 2) Sort an element, viz., ���

�� � ��
���, from NSMS. Ex-

tract the entries in vector � from row ���
�� to ���

��
and store them in a new temporary vector ��.

Step 3) If ��
�� exists, perform the matrix–vector multiplica-

tion  � � ��
�� � ��

�� � ��, otherwise perform  � �
��

�� � ��. Subsequently, accumulate the entries of  
from row ���

�� to row ���
�� with the corresponding

entries of  �.
Step 4) Repeat the above steps until the sorting is completed.

Hence, the last value of  is obtained.

Obviously, the computational complexity of the new
matrix–vector multiplication method is much less than that of
the conventional one. This is the basic idea of MLMQRF. In
[13], matrix merging and splitting are also applied in generating
the NSMS. These algorithms have enhanced the efficiency of
MLMQRF.

In the processes above, QR factorizing all these elements in
SMS should be performed. The operations of QR factorization
of a full submatrix ��

�� in SMS to obtain an element ���
�� � ��

���
in NSMS are about ��

�� � ��
�� � ��

�� . Thus, the time used to
obtain the multilevel matrix QR representation of the MoM

matrix � will be larger than just fully filling it. In [12] and
[13], a sampling algorithm is used, which will dramatically
reduce the complexity of QR factorization. Instead of fully
filling the submatrix and performing QR on it, only a small
number of the columns and rows of this submatrix are sam-
pled and calculated. Thus, the complexity of QR factoriza-
tion is dramatically decreased when the matrix size is large.
In Section III, a more efficient sampling algorithm is developed
after a brief introduction of the sampling algorithm in [12] and
[13] is presented.

III. IMPROVEMENTS IN SAMPLING ALGORITHMS

�� �������
 � ���	

If the entry distribution in matrix � is smooth, i.e., Green’s
function is slowly varying, most of the elements in SMS have
very low ranks. For instance, if submatrix ��

�� is in low rank,
instead of computing all the entries in ��

�� , we only need to sam-
ple and calculate the ��

�� columns and ��
�� rows from it. Thus,

the sampling algorithm is critically important in MLMQRF.
The main danger in the sampling algorithm is that the chosen
columns or rows will not span the entire column or row space of
��

�� . In order to avoid this from happening, a sampling approach
is provided in [13] and simply described as Algorithm 2.

Algorithm 2
Step 1) Randomly sample one row and one column from

��
�� .

Step 2) Assume that �� rows and �� columns have been
sampled and their corresponding index sets �� and
�� have been found. Let �� and �� be the matri-
ces of the rows and columns of ��

�� correspond-
ing to �� and ��. We wish to sample one row
from the remaining rows and include it in the
set ��. For each row 
 �� ��, we form a measure
��, where �� � �������� 
���
� �� � ���
�� ��
, and
���
� �� indicates the 
th row of matrix ��. We then
sample row 
 for which �� is maximum and add 
 to
the row index set ��. We sample the next column in
a similar manner.

Step 3) Repeat Step 2) until �� and �� equal ��
�� .

Step 4) Performing QR factorization on ��, we obtain the
rank ��

�� and get a temporary unitary matrix �� of
��

�� � ��
�� . Hence, ��

�� � ��.
Step 5) In terms of the row index set ��, sample �� rows

from �� and stores them in ��
�. Subsequently,

solve equation ��
���

�� � �� by the least squares
manner [21].

However, Algorithm 2 has some deficiencies.
1) The measure in Step 2) has potential problems. For

example, there are three columns !, ", and #. At first, !
is picked. Now we wish to sample one column from "
and #. Assume that ! is parallel to " and orthogonal to
#, but 
"
 � �
!
 � �
#
. Thus, 
! � "
 � �
!
, and

! � #
 � 

!
. Using this argument, we should sample
column ". But ! is parallel to ". This scenario will
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Fig. 5. (a) Square spiral inductor in free space. (b) Local amplification of this inductor. Investigated field region consists of 11 cells with deep grayscale, while
source consists of ten cells with shallow grayscale (length unit: meters).

TABLE I
11 � 10 MATRIX SPLIT FROM MOMENT MATRIX OF SQUARE SPIRAL INDUCTOR IN FREE SPACE

be frequently encountered when the meshed grids are
nonuniform. We can alleviate it by using an alternate
measure, viz., the angle but not distance between the vec-
tors in Step 2). However, this will not be elaborated here,
because we can obtain a much higher sampling accuracy
even when using the distance measure but abandoning the
row sampling used in Algorithm 2. This will be discussed
in Section III-B.

2) In Step 5), there exists a potential danger that the sampled
rows from ��, viz., ��

�, have a rank that is much smaller
than ��

�� . For this case, the obtained least squares solution
of ��

�� is not a good approximation. Because all of the
sampling methods mentioned so far are heuristic but not
rigorous, no row sampling method can absolutely avoid
the possible danger in Step 5) if the sampling from the
rows of �� is performed according to the indexes of the
rows of ��

�� .

3) In Step 2) of Algorithm 2, a large number of vector
operations are used for the sampling, making it time
consuming.

To show the second problem listed in Algorithm 2, an
example of a 30-mm� spiral inductor in free space is pre-
sented and shown in Fig. 5(a). Fig. 5(b) shows the ampli-
fied source region (shallow grayscale cells) and field region
(deep grayscale cells) that are investigated. Table I shows the
11 � 10 submatrix (denoted as ��

��) extracted from the MoM
matrix. This submatrix corresponds to the interactions between
the source and field regions. To clearly illustrate that how
many rows and columns should be sampled, the numerical
rank of this submatrix is first calculated to be 3. Then, we
sample three rows and three columns from this matrix ac-
cording to Algorithm 2. Row 1 and column 1 are the initially
sampled row and column. Consequently, columns 2 and 10,
and rows 11 and 3, are sampled. After sampling these rows
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and columns, Step 4) of Algorithm 2 is performed to obtain
��. To obtain matrix ��

�� , we execute Step 5) in Algorithm 2
using the Fortran code CGELSS from Lapack, which computes
the minimum norm solution to a complex linear least squares
problem using the SVD technique [22]. To check the accuracy
of these calculation steps, we calculate the relative error defined
as $ � 
�
 � ��

�� � ��
��
� �
��

��
� and obtain a large error
of 15.3055. Here, 
 � 
� is the Frobenius norm. The reason for
the large error is that in Step 4) of Algorithm 2 the �� � ��

��
matrix ��

� is sampled from �� by using the row index set ��.
It is possible that its numerical rank is less than ��

�� . When this
happens, the linear system ��

� � � � �� in Step 5) will be an
underdetermined system and thus its least squares solution is
not accurate. In this example, the numerical rank of ��

� is 2,
which is less than the exact rank of 3.

In [13], this can be alleviated by using the oversampling tech-
nique, say, we can first sample 6 columns and 6 rows from the
matrix ��

�� and consequently use the modified Gram–Schmidt
discussed above with a small threshold of 0.001 to select the
most important columns from the sampled columns. If the
number of the most important columns is less than half of
the sampled columns, we consider the sampling successful.
Otherwise, direct calculation of ��

�� is needed. However, this
over sampling scheme would increase the computation com-
plexity as both numbers of sampled columns and rows are
doubled.

�� !�� ��� 
��"
��� �
�����#� ����$ ��
%���&
�#��$� ���#�����
�������

Instead of adopting this conventional sampling approach, a
more rigorous and efficient sampling scheme is introduced here.
The basic idea is to sample the rows in matrix �� to construct
matrix ��

� that is invertible. As the modified Gram–Schmidt
orthogonalization process can be used to determine the most
significant independent rows (or columns) of a matrix, we just
use it to determine the ��

�� most significant independent rows
in �� and then sample them to construct ��

�. The obtained
square matrix ��

� is invertible. Consequently, we pick the
corresponding ��

�� rows from ��
�� to construct ��. Thus, the

linear system ��
� � � � �� is invertible and can be solved

easily and accurately without using the least squares method.
The new row sampling method is described in Algorithm 3 as
follows.

Algorithm 3

Step 1) Sample ��
�� columns from submatrix ��

�� by per-
forming Steps 1)–3) of Algorithm 2. These sampled
columns form a new temporary matrix �� of ��

�� �
��

�� . The number of operations is ��
�� � ��

�� as those
in Steps 1)–3) of Algorithm 2.

Step 2) QR factorize matrix �� and obtain a temporary
unitary matrix �� of ��

�� � ��
�� . Hence, ��

�� � ��.
The number of operations is ��

�� � ��
�� � ��

�� .
Step 3) Find the ��

�� rows of the orthogonal bases that
span the rows of matrix �� by using the modified
Gram–Schmidt algorithm with row pivoting and

vector reorthogonalization described in Section II.
At the same time, record the indices of these corre-
sponding rows of matrix �� in an index set. Sub-
sequently, sample and calculate ��

�� rows from ��
��

according to the index set. All of these sampled rows
are stored in matrix �� of ��

�� � ��
�� . The number of

operations is ��
�� � ��

�� � ��
�� .

Step 4) Sample ��
�� rows from �� according to the index set.

These sampled rows form a new temporary matrix
��

� of ��
�� � ��

�� . The number of operations can be
neglected because �� has been calculated in Step 2).

Step 5) Solve the equation ��
� � � � ��, where ��

� is in-
vertible. Hence, we obtain ��

�� � �. The complexity
is ����

�� � ��
�� � ��

���.

A rigorous mathematical error analysis of this algorithm is
presented in the Appendix.

Algorithm 3 is used to QR factorize the submatrix in Table I
that cannot be factorized by using Algorithm 2 with only
three sampled points. The sampled columns are the same as
those in Algorithm 2, while the sampled rows are rows 3, 10,
and 11. The calculated error is 0.001078, indicating a very good
approximation. It seems that in Algorithm 3 the complexity is
greater than that in Algorithm 2 for the row sampling should
be worked over once. But in fact, it is more efficient than
Algorithm 2 because the least squares solution in Algorithm 2
will take much more time than the direct matrix inversion in
Algorithm 3, and furthermore, to ensure accuracy, the number
of sampled points should be doubled in Algorithm 2, while this
is not necessary in Algorithm 3.

In Algorithm 3, row sampling has been performed twice,
which will reduce the efficiency. To further enhance the effi-
ciency, a new column sampling algorithm based on interpola-
tion is devised. Before developing this algorithm, an example
as shown in Fig. 6 is considered here. The inductor is the same
as that in Fig. 5, but with the source and field regions selected at
different locations. Both numbers of cells in the source region
and that in the field region are 83. To model the corners of the
inductor, two joint straight traces should be overlapped with
each other as shown in Fig. 6(a). Because of this, some cells are
covered by other cells in the source and field regions. (Note that
this is just an approximate geometrical model to the corners [5]
because a quarter part of each one of these corners has not been
modeled. For higher accuracy, a more rigorous geometrical
modeling can be used. However, this is not the topic of this
paper). Fig. 6(b) is the error of the QR approximation of the in-
teractions, i.e., the submatrix between these two regions versus
the number of sampled points, viz., sampled columns or rows.
In this figure, the results obtained by using Algorithm 5 will be
discussed in Section III-C. We can observe that the error caused
by our algorithms decreases rapidly and also monotonically,
while there is a region that the error is very large in Algorithm 2.
To avoid computing the whole submatrix and rigorous numeri-
cal rank using the modified Gram–Schmidt method, we predict
the rank of the submatrix by interpolation from a rank table
precomputed for different group distances, group sizes, and
number of cells within the group. Consequently, the prediction
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Fig. 6. (a) Source (shallow grayscale) and field (deep grayscale) regions of square spiral inductor (unit: meters). (b) Error of QR expression of interactions
between these two regions versus number of sampled points, viz., sampled columns or rows.

may not be accurate and gives a value smaller or greater than
the true numerical rank. For instance, by using the modified
Gram–Schmidt method, the numerical rank of the submatrix of
this example is calculated as 5. However, by using the empirical
procedure, the number of sampled points is predicted to be 4.
From Fig. 6(b), we observe that our algorithm works but
Algorithm 2 does not. Even when the number of sampled points
is 3 (which implies that about half of the significant columns
is unsampled), the error caused by using our algorithm is only
0.0032852, which is still very small. We tested several examples
using Algorithm 3 and observed a similar behavior. This feature
suggests that the column sampling algorithm can be designed
more efficiently than that in Algorithms 2 and 3. The concrete
development is described below.

’� !�� ’�
��� 
��"
��� �
�����#� ����$ �� �����"�
�����

In fact, we can view a matrix as a function of source points
in the source region and field points in the field region [12],
[13], [24] and [25]. Our task is to sample a small number of
interpolation points in these two regions and calculate their
values, i.e., compute some columns and rows of the MoM
matrix. Other rows or columns of the matrix can be interpolated
using these values through a special “interpolation scheme,”
i.e., the QR factorization in Algorithm 2 in [12] and [13],
Algorithm 3 in this paper, and an iterative procedure in [25].
In view of these, one of our tasks is to locate the interpolation
points, viz., the sampled points in the source and field regions.
Recalling the interpolation methods, we can conclude that:
1) To a region, if only one interpolation point is used, this point
must be in the center of the region; 2) if the interpolation points
are at least two in this region and the property of the interpo-
lated function is unknown, the interpolation points are always
evenly distributed in it; and 3) the interpolation points should

Fig. 7. Illustration of distances from center cells (gray circle) in subregions of
��

� to center point (black dot) of observation region ��
�. Here, ��

� is divided
into �� subregions.

Fig. 8. Locations of sampled points in source region by using Algorithm 5.
(a) Four cells are sampled. (b) Five cells are sampled.

be denser in the region that the interpolated function varies
abruptly. Based on these, we develop the following column
sampling algorithm.

Algorithm 4
Step 1) Evenly divide the source region at level � into 
�

subregions (as shown in Fig. 7) with approximately
the same number of cells, where � � ����� ��. (In
fact, this step has already been done in the multilevel
division procedure discussed in Section II.)

Step 2) In each subregion, seek a cell that is nearest to the
subregion center. We call it the center cell. (In fact,
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Fig. 9. (a) Locations of sampled cells by using Algorithm 6. (b) Error of QR approximation versus number of sampled points.

the center cell of each subregion at each level can
be found once and stored during the procedure of
multilevel division in Section II.)

Step 3) Calculate the distances from the centers of these

� subregions to the center of the field region and
sort them with ascending order using the quick sort
algorithm. Let �� � � � 
� . To these �� subregions
that are nearest to the center of the field region,
we further subdivide each into two subregions and
then store the indices of their center cells. (Further
subdivision has already been accomplished in the
procedure of multilevel division in Section II. Here,
we just use some information stored during problem
division.) Hence, we have found 
�� cells.

Step 4) The remaining � � 
�� cells will be sampled from
the center cells of the remaining 
� � �� subre-
gions, where 
� � �� � � � 
��. (This information
has been stored during multilevel division.)

Step 5) Calculate the columns corresponding to influences
from these sampled cells on the cells of the field
region. The complexity is ��

����
�� .

In Algorithm 4, the function of Steps 1) and 2) is to initially
evenly allocate the cells to be sampled, viz., the center cells
of the subregions. However, because our multilevel problem
division is a binary division, so the case that � �� 
� is always
encountered. Then, the remaining �� � � � 
� cells should be
sampled from the subregions that are nearest to the field region
because the interactions here vary abruptly. This means that
these �� subregions are sampled twice each. To avoid the case
that one cell is sampled twice, we adopt Step 3) to sample 
��
cells in these �� subregions. Then, Step 4) is used to sample
the remaining � � 
�� cells. Because in Algorithm 4 subregion
division and center cell identification are accomplished in the
procedure of multilevel division in Section II, the main time-
consuming steps are from Step 3) to Step 5).

Fig. 10. Illustration of source region (shallow grayscale) and field region
(deep grayscale) filled with randomly distributed particles whose polarizations
are also randomly distributed. D: distance between center of field region and
that of source region. G: group size. Center line of each cell (black) denotes
direction of this cell.

Replacing Step 1) in Algorithm 3 with Algorithm 4, one
obtains a new QR approximation algorithm, viz., Algorithm 5.

Algorithm 5
Step 1) Call Algorithm 4 to sample the significant columns

and calculate them.
Step 2) Call the steps of Algorithm 3 starting from Step 2)

to complete the QR approximation.

The example in Fig. 6(a) is recalculated by using Algorithm
5. When the number of sampled points is 5, the error is only
0.000 656 738, which is sufficiently small. However, when the
number of sampled points is less than 5, the error is also
very significant, though it is smaller than that of Algorithm 2.
To analyze the cause, we consider Fig. 8, which shows the loca-
tions of the sampled cells (marked with the deepest grayscale)
in the source region of this example. The number of sampled
source cells in Fig. 8(a) is 4 while the number of sampled
source cells in Fig. 8(b) is 5. We observe that in Fig. 8(b) there
is a cell that is  directed viz., its current direction is in the
 direction. (It has been pointed out in the figure. For low fre-
quency problems, the flowing currents are parallel to the traces.)
However, the  -directed cell does not appear in the sampled
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