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[1] A UV multilevel partitioning method (UV-MLP) is developed to solve scalar wave
three-dimensional (3-D) scattering problem. The method consists of setting up a table of
transmitting and receiving block size and their separation using fast coarse-coarse
sampling. For a specific scattering problem with given geometry, the scattering structure is
partitioned into multilevel blocks. By looking up the rank in the static problem, the
impedance matrix for a given transmitting and receiving block is expressed into a product
of U and V matrix. In this paper the method is illustrated by applying to a 3-D scattering
problem of random nonpenetrable rough surface. The cases of Dirichelt and Neumann
boundary conditions are treated. Numerical simulation results are illustrated. For 65,536
boundary unknowns on a rough surface, and using a single processor of 2.66 GHz, it takes

about 34 CPU min and 1.8 Gb of memory to compute the solution using conjugate
gradient iterations and multilevel UV to accelerate the matrix-column vector

multiplication.
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1. Introduction

[2] With the advent of modern computers and the
development of fast numerical methods, Monte Carlo
simulations of the wave scattering problem, e.g., random
rough surface scattering, have become an attractive ap-
proach. A common method used in numerical simulations
is the surface integral equation method [Maradudin et al.,
1990; Nieto-Vesperinas and Soto-Crespo, 1987; Tsang et
al., 1993, 1994; Pak et al., 1995; Jandhyala et al., 1998]
and its solution by the method of moments (MoM).
Conventional implementation of the MoM requires an
O(N?) operation and an O(N?) computer memory storage.
Two fast numerical methods have been used and they are
the sparse matrix canonical grid method (SMCG) [7sang
etal., 1993,1994; Pak et al., 1995] and the Fast Multipole
Method (FMM) [Jandhyala et al., 1998]. Both methods
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have been applied to perfect electric conducting surfaces
and dielectric surfaces.

[3] Recently, Kapur and Long [1997] proposed a QR
decomposition method by using the property of the
smoothness of the impedance matrix elements. The QR
is applied to the matrix blocks with recursive partitioning
and merging. The method has so far been demonstrated
only for object of moderate size.

[4] In this paper, a UV method with multilevel parti-
tioning (UV-MLP) is developed to solve wave scattering
problem. The method consists of setting up a table of
transmitting and receiving block size and their separa-
tion. For a specific scattering problem with given geom-
etry, the scattering structure is partitioned into multilevel
blocks. By looking up the rank in the static problem, the
impedance matrix for a given transmitting and receiving
block is expressed into a product of U and V matrix. In
the method, we also apply the multilevel matrix
partitioning (MLP) to partition the impedance matrix Z.
We demonstrate the technique for a 3-D rough surface
scattering problem. The surface area of the rough surface
when projected onto the xy plane has a surface area up to
256 square wavelengths with the number of surface
unknowns of 65,536. The RMS height is 0.5 wavelength.
In this case, the multilevel partitioning used is as done in
the multilevel Fast multipole method. Because the UV is
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applied independently to each level and each block, the
procedure facilitates parallel implementation.

[5] In section 2, we describe the problem-independent
rank determination. This is done for a flat surface and
volume scattering. In section 3, the formulation of the
problem of wave impinging upon a rough surface is
given in terms of surface integral equation, which is
converted into a matrix equation using the method of
moments (MoM). In section 4, we describe the multi-
level partitioning process and in section 5 we describe
the UV method. In section 6, the computational com-
plexity of the proposed algorithm is derived. In section 7,
numerical results are illustrated and discussed, and we
give conclusions in section 8.

2. Problem-Independent Rank Table

[6] Consider a matrix Z of dimension N x N , which
represents the interactions of two nonnear groups and
each of them has N scatterers in the group, the rank of Z
is . We can use the SVD to determine rank. Let o be the
largest singular value, and the singular values be
arranged in decreasing magnitude. Given a threshold e,
the rank 7 is such that |o,-1/01| < €. The threshold used
in the simulation is 1.e-5 in the paper. Owing to the
smoothness of the matrix elements, the rank » is much
less than the number of scatterers N. The rank 7 is mainly
determined with the transmitting and receiving block
size and their separation distance between two block
centers.

[7] Consider a transmitting block and a receiving
block and there are N points in each block. The points
are label 7,,, m = 1, 2,. .., N, for the receiving block and
7w n =1, 2,... N, for the transmitting block. Then we
have the matrix Z of dimension N x N with elements for
Dirichlet boundary condition

Zmn:exp(‘ﬂivm ir"|). (1)
AT|Fy — Tyl

[8] For N, we assume 10 points per wavelength that
corresponds to 100 points per square wavelength and
1000 points per cubic wavelength.

[9] The rank of the matrix can be determined. It is
strongly dependent on the size of the transmitting and
receiving blocks and the separation between them.

2.1. Two Flat Sheets With Zero Vertical Separation

[10] Consider two flat sheets of sizes L, and L, and
they are both placed on the same horizontal plane. The
centers of the two planes are on the x axis and let R be
the separation between the two centers. This case can be
met for the problem of microstrip line and it is usually
assumed to be current sheet. To determine the rank

TSANG ET AL.: UV MULTILEVEL PARTITIONING METHOD, 2

RS5011
Table 1. Rank Table of Volume
Ly=Ly, X Points in Block Distance, X\ Lz, X\ Rank

1.0 100 2.00 0 142 13,0 12°
1.0 100 223 0 13, 13, 12
1.0 100 2.83 0 11,9,9
1.0 100 3.60 0 9,9,8
1.0 100 4.24 0 9,8, 8
2.0 400 4.00 0 17, 15, 15
2.0 400 4.47 0 15, 14, 14
2.0 400 5.65 0 13,12, 12
2.0 400 7.21 0 11, 11, 11
2.0 400 8.48 0 9, 10, 10
4.0 1600 8.00 0 23, 20, 20
4.0 1600 8.94 0 21, 18, 18
4.0 1600 113 0 17, 16, 16
4.0 1600 14.4 0 14, 13, 13
4.0 1600 17.0 0 11,12, 12
1.0 600 2.00 0.6 30,9 34,° 32f
1.0 800 2.00 0.8 35, 37, 36
1.0 1000 2.00 1.0 38, 43, 41
2.0 3200 4.00 0.8 37, 41, 41
2.0 4800 4.00 1.2 NA,2 49, 50
2.0 8000 4.00 2.0 NA, 65, 67
4.0 12,800 8.00 0.8 NA, 49, 49
4.0 38,400 8.00 24  NA, NA, 81
4.0 64,000 8.00 40 NA,NA, 116

?Area sampling (100 points per square wavelength).

bBoundary (line) dense sampling (10 points per wavelength).

“Boundary (line) coarse sampling (4 points per wavelength).

9Volume sampling (1000 points per cubic wavelength).

“Boundary (surface) dense sampling (100 points per square wave-
length).

‘Boundary (surface) coarse sampling (16 points per square wave-
length).

ENA, not available due to the limitation of computer resource.

for this problem traditionally, the area sampling has to
be used. The area sampling leads to large number of
sampling points and requires large CPU time and
memory allocation for computer. However, based on
Huygen’s principle, the equivalent sources are the
boundary lines which are the four sides of the sheet.
Thus the radiation can be considered as radiation from
the enclosing boundary lines of the transmitting block to
the boundary lines of the receiving block. We can
actually use the boundary line sampling in the rank
determination. Furthermore, due to the smoothness of
the Green’s function, we know the rank is much less than
number of sampling points. Thus we can use coarse
boundary sampling to further reduce the computational
cost for the rank determination. In Table 1, we list the
ranks determined by these three ways and they are
denoted by the cases with L, = 0. For the area sampling,
100 points per square wavelength are used. For the
boundary dense sampling, 10 points per wavelength
are used. For the boundary coarse sampling, 4 points
per wavelength are used. The ranks determined through
them are comparable for the given physical sizes of the
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problem. Note that the ranks are substantially smaller
than the block size M.

2.2. Volumetric Blocks and Enclosing Boundary
Radiation

[11] Next we consider volumetric blocks of sizes L, x
L, x L.. The centers of the blocks are placed on the x
axis and separated by a distance R. We also used three
ways to determine the ranks for a given physical sizes of
the problem, they are volume sampling, boundary dense
sampling, and boundary coarse sampling.

[12] For the boundary sampling, the equivalent sources
are now the boundary surfaces which are the six sides of
the block. Thus the radiation can be considered as
radiation from the enclosing boundary surface of the
transmitting block to the boundary surface of the receiv-
ing block. The ranks are given in Table 1, too. For
volume sampling, 1000 points per cubic wavelength are
used. For boundary dense sampling, 100 points per
square wavelength are used. For boundary coarse sam-
pling, 16 points per square wavelength are used. Note
that for the 4\ x 4X\ x 4X\, the number of points for
volume sampling is 64,000. While for boundary coarse
sampling, the number of sampling points is only 1536.
This will speed up the determination of the ranks greatly
for the case. We note that for the case of the 4X\ x 4\ X
4X with R = &\ case, the number of points is n = 40 X
40 x 40 = 64,000. The rank from this case is only 116
meaning that large matrix compression is possible. The
table also shows that coarse sampling essentially gives
the same rank as dense sampling. The rank can be
determined speedily using coarse-coarse sampling.

2.3. Small Overestimation of Rank

[13] In the SVD, the rank determination is based on a
threshold. Thus there is built in variation of rank due to
variations of threshold. Furthermore, in applications as
illustrated in this paper, the exact rank is not required.
Thus we usually are on the safe side, and use 10% to
20% above the “actual” rank.

[14] We note that the selections of blocks are depen-
dent on the type of problem. However, once the static
rank table is determined, the rank table can be applied to
all cases within the same type of problem. Analytical
treatment of rank determination for 2-D problem has been
done in the work of Tsang et al. [2004, Appendix A].
Analytical treatment of 3-D can be done in a similar
manner.

3. Wave Scattering Formulation

[15] Consider a tapered scalar plane wave ;. (¥, ¥, z)
[Tsang et al., 2001, equation 6.1.1] impinging upon a
2-D random rough surface with Dirichlet and Neumann
boundary condition and with a random height profile
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Figure 1. Illustration of multilevel partitioning process.
z = f{x, ¥). A Fredholm integral equation of the first kind
can be formed. Let 7 = &' + 3 + 2/(x’, /) denote a field
point and 7 = Xx + yy + Zf(x, y) denote a source point on
the rough surface. Then the surface integral equation for
Dirichlet and Neumann boundary condition are [7sang et
al., 2001], respectively,

0=y, () — / / dxdyU (x,y)

- Go(x, 3./ (x,); X,y . f (¥, ) (2a)
39 = v+ [ [ dsutr)
' [ﬁVGO(x,y,f(x,y);x’,y’,f(x’,y’))], (2b)

exp(ik|?—;7’|)
) dfrr| .
function, [ [» denotes a principle value of integral and
the unknown surface field are U(x, y) and vy (x, y),
respectively for the Dirichlet case and the Neumann case.

[16] The method of moments (MoM) is used to dis-
cretize the integral equation. We use the pulse basis
function and point-matching method. The resulting
matrix equation is

where G, = is the free-space Green’s

-u=bh.

NIl

(3)

4. Multilevel Partitioning Process

[17] Assuming that we have a square area as shown in
Figure la. We first split it as 4 blocks as shown in
Figure 1b. Each of 4 blocks is subgroup at the Pth level,
which has the largest group size. Then we split each
subblock as another 4 small groups as shown in
Figure lc. This splitting process is continued until we
reach the smallest group size, which is at the first level.
We decompose the full impedance matrix in equation (3)
as the sum of P sparse matrixes as in follows.

= =(0 =(1 =(2 —=(P-1
Z:Z()+Z()—|—Z()—|—"-+Z( )

(4)

Matrix Z®includes all the interactions among neighbor-
ing groups (including self group) at the first level. Matrix
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(b)
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45

13

23

Figure 2.

Z" includes all the interactions among neighboring
groups at the second level. It consists of blocks in the
first level. Similarly, matrix Z® includes all the
interactions among neighboring groups at the (i + 1) th
level, but these consist of blocks in the ith level.

[18] To facilitate understanding of the multilevel par-
titioning process, we give an example that has 64 sub-
groups at the first level. Assume each group has
M elements. For this example, the highest level is P = 3.
Thus Z = Z© + Z" + Z® and the impedance matrix of
Z is 64 M by 64 M and has 4096 M by M blocks.

[19] In Figure 2a, the 64 subgroups of the first level are
marked as 1y, 24, .. ., 64;. In Figure 2b, the level 2 groups
are shown and they are marked as 15, 2,, . . ., 16,. Each of
the level 2 groups has 4 level 1 groups. For example, the
group 3, has 4 groups of 51, 61, 131, and 14,. In Figure 2c,
the level 3 groups are shown and they are marked as 13,
23, 33, and 4;3. Each of the level 3 groups has 4 level 2
groups. For example, the group 2; has 4 groups of 3,, 4,,
72, and 82.

[20] We use m; to represent the group m of the level i.
Then matrix Z”,n’ represents the interactions between the

[llustration of multilevel partitioning process with 64 subgroups at the first level.

receiving group m and transmitting group n of the ith
level. Since the four level 1 groups form a level 2 group
and 4 level 2 groups form a level 3 group, we have Z,,],,],
dimension of M by M and 7,"7,,2, dimension of 4M by 4M.
The examples are i

Zsar, Zsps, Zsps, s
7 = Ze1r,  Zens,  Zeons,  Zee, (5)
3252 — = = = = 5
Ziznt, Zizas, Zizos, Zi3e
Zis11, Zias, Ziaos,  Ziaoe,
Z1917, Z19,18, 219,25,  Z19,26,
_ 220,17, Z£20,18, 220,25, Z£20,26,
Zeys, = _ _ _ _ ) (6)
Zo111, Zaag,  Za12s Za27,26
LZ28,17, 228,18, 228,25, 228,26, J
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and
21232 le4z 21272 21282
Zia, = | 22 Do Zun Doas, (7)
343 = 4 =
Zsy, Zsa, Zs s,
263, Zoys, Ze6y7, Zeys,
4.1. Blocks in ?(0)

[21] In Z, we select interactions of the level 1 groups
with their nearest neighbors. For example, 20, has
8 neighbors ¢ of 111, 12, 134, 19y, 21y, 27,, 28, and
291 Thus Z 1ncludes le 120> le 120, Zl3 1205

Z|9 20,5 Zzo 20,5 Zzl 20,5 Zz7 20,5 Zzs 20,5 and 229 20,5 A
total of 9 matrices. Note that self-interaction 1s_a1so
included in here. We note that: (1) block size of 7,,,]111
is M by M; (2) there are 36 interior first-level groups of
9 blocks =36 x 9 =324 (M by M) blocks; (3) 24 edge
first-level groups of 6 blocks =24 x 6 = 144 (M by M)
blocks; and (4) 4 corner first-level groups of 4 blocks =
4 x 4 =16 (M by M) blocks. Thus Z has total of
324 + 144 + 16 = 484 (M by M) blocks.

4.2. Blocks in Z"

[22] In ZV, we select the interactions between level 2
groups and their nearest neighbors. For example, we
need to include Z6 5, However we need to exclude those
that have been included Z*. We define the impedance
matrix primes:

Ziogr, O Zygps, 0
?’ _ | 220,17, 220,18, Z20,25,  Z20,26, (8)
= \Zo 0 Zo O

Zonan, O Zy70s, O

228,17, 228,18, 228,25, 228,26,

where 01 is the zero matrix of dimension (M by M).
Thus the ZV, includes all the Zm », Where m, and ny are
neighbors. As shown in equatlon (8), the matrix Z,,_,,
(1) consists of blocks with size of M by M, (2) each block
consists of a transmitting and a receiving region that are
not neighbors of each other in level one groups, e.g., in
719|17| the receiving region is 19; and the transmitting
region is 17, and the two are not neighbors of each other,
and (3) the separation R between the transmitting and the
recelvmg reglons is at a minimum of 28 for Z 19, 17, Where

S is the block size. It is at a maximum of R = 3\/_ 28 for
Z44”17| which is in Z’ 10,5,- Thus ZW includes:

[23] 1. Four interior level 2 groups which have 8 neigh-
bors. 4 of them have 12 blocks while 4 of them have
15 blocks. Thetotal blocks are 4 x (4 x 12+4 x 15)=432.

[24] 2. Eight edge level 2 groups which have 5 neigh-
bors. 3 of them have 12 blocks while 2 of them have
15 blocks. The total blocks are 8 x (3 x 12 +2 x 15)=
528.
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[25] 3. Four corner level 2 groups which have 3
neighbors. 2 of them have 12 blocks and 1 has 15 blocks.
The total blocks are 4 x (2 x 12+ 1 x 15) = 156.

[26] Thus matrix Z" includes 432 + 528 + 156 = 1116
(M by M) blocks.

4.3. Blocks in ? @

[27] In Z®, we select the interactions between level 3
groups and their nearest neighbors. For example, we
need to include Z 1, 2,- However, some of the interactions
have already been included in Z(O) and Z" and need to
be excluded. We define the prime impedance matrices

153, 21242 Zlﬂz leSz

5 _ _62 22242 _62 Zzzsz 9)
b 72232 25242 72272 25282
0 Zoa, 02 Zes,

Note that the building blocks of 21 2, are level 2 blocks
and are of size of (4 M by 4 M) = 16 M by M. This is
important that as the level goes up, the block size will
grow by 4 times as we go up each level. We have 4
level 3 groups and each of them has 2 neighbors with
12 level 2 blocks and 1 neighbor with 15 level 2
blocks. Thus we have 4 x (2 x 12 + 1 x 15) =
156 level 2 blocks. Since each level 2 block has 16
level 1 blocks. Thus we have a total of 16 x 156 =
2496 level 1 blocks in Z?.

[28] Thus the total count is 484 + 1116 + 2496 = 4096.
Thus all the level 1 blocks are counted exactly once To
summarize, the block size in Z* is of M by M, in Z!
of M by M, and in Z?is of 4 M by 4 M. In applying UV
decomposition, the UV is applied to each block for that
level. Each block consists of a transmitting and a
receiving region that are not neighbors of each other.
However, their separations are within a restricted range
as indicated before.

5. UV Method Based on Interpolation
Technique

[29] The matrix fm,-"f’ which represents the interactions
of two nonneighbor groups m; and »;, can be represented

by UV decomposition. The matrix Zm,, is of dimensions
40V b[y 4=YM. The rank of Zmn, 7, is much smaller
than 47~ VM. For simpler notation, we denote Z,,,,, by 4,
which has dimension of N by N and rank of r with
r < N. To decompose 4 by the SVD and Gram-Schmidt
process will consume CPU because N is large. Note that
in section 2, we apply the SVD to find ». However,
because of coarse sampling, the selected matrices are of
dimension roughly of » by r only.

[30] Let the column of 4 be denoted by @, where
/=1,2,---,N.Then 4,,, = (a,),,- The element 4,,, is the
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mth element of the column vector a,,. However there are
only  independent columns. In the transmitting region,
we select  points from the N points. The » points must
be uniformly distributed in the transmitting region.

[31] We compute the r columns %, /=1, 2, -- -, r. Each
column is _of dimension of N and coincides with a
column of 4:

Uml:(ﬁl)m:Amp(l)am:1525"'7N1 (10)

where p(/) is a column index of A that depends on /. Note
that to get U,,;, one needs to go through all the N points
in the receiving region. Thus the matrix U has Nr
elements.

[32] Because of linear independence, any general col-

umn a,, of 4 is a linear combination of ;,, that is,

I

ay = E VipUp, m = 1327"'7N7
=1

(11)

where v, are the coefficients to be determined.

[33] We pick » rows of 4, which has total of Nr
elements. The » rows correspond to » points in the
receiving group. The 7 points must be uniformly distrib-
uted in the receiving group. We first put these rows in a
matrix of R.

Rm{,p :Am(ma)pap = 1a2a e 7N and mg = 1727 T
(12)
We pick the m, rows in 5, [ = 1, 2,. .., r. That will give

us 7 X r matrix and we call it U and we have U,, , =
(U )m(m,)- Then we set

Rmul = Z Umunuvnal»l =1,2,---,N. (13)

n,=1

I:nmatrixnogtion,i=r%< N,§=r X N,5=r X r,ﬁz
Uy, and V = ((7)71]?. This completes the UV
decomposition.

A=T7V (14)

To summarize, we take » columns of 4 and then 7 rows of
N, atotal of 27N elements. We need to take the inverse of

an r by » matrix U and a matrix multiplication of » by
7 matrix times » by N matrix The computational and
memory efficiency is achieved when » < N.

6. Computational Complexity Analysis
6.1. Multilevel Group Sizes and Number of Groups

[34] The rough surface is generated in a square area
with /N points in x direction and /N points in y

TSANG ET AL.: UV MULTILEVEL PARTITIONING METHOD, 2
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n(is) n(i4)
M (2

7] o My, iy M

m(i3) m(i4) n(i3) 1,l(i4) m(i3) m(i4)

m(iu m(iz) n(i1) n(iz) m(il) m(iz)

(a) (b)
Figure 3. Illustration of block interactions at the ith

level.

direction. So the total number of patches is N. We use
P level various subgroup sizes to partition the whole area
as follows:

[35] 1. At the Pth level, we split the whole area as 4
groups. Each group has N/4 elements:

LP —4 = 22(P7P+1) (15)

Mp=N/4=N/Lp, (16)
where Lp is number of groups and Mp is number of
elements of each group at the Pth level.

[36] 2. Split each group as 4 subgroups and continue
this partitioning, at ith level, we have

L; = 22P=i+D) (17)
M; =N/L;. (18)
[37] 3. At the first level, we have
L =2%* (19)
My =N/L,. (20)

6.2. Cost Function at the ith Level

[38] In Z®, we select the interactions between level
(i + I) groups and their nearest neighbors. However,
some of the interactions have already been included in
the lower level groups and must be excluded from them.
There are two kinds of neighboring groups. One is that
sharing only one common point and the other is that
sharing one common edge.

[39] 1. Sharing only one common point (Figure 3a):
For the neighboring groups of m; ;, and ng; ;) shown
in Figure 3a, only one common point is shared
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between them. The impedance matrix that will be

calculated is

?mfl)nfl) §I7I§I)H§2> ?mgl)nlﬂ) ?m‘(l)nfét)

= o Zm‘(z)n‘(l) 61 7m§2)n1(3) 717152))154)
D) ZmES)nEI) ZmI(S)nI(Z) ZmES)HES) Zm’(3)n’(4)
?ml(él)nl(l) §m§4) (2) ?mEA)nE3) ?mEA)nEA)

(21)

The dimension of matrix Z,,, is of M;py M, The
computational steps for Zn,-m . EM,- through the UV is of
2M,r;, where r; is the rank of Zn,, In here we assume

the rank »; of Z,, 1, 18 same for all block interactions at the
same level. There are 15 nonzero matrices of Zmn in the
/,,,M),,M) The total computational steps for Z',,  ng+1) -

bM( ., are 30M;r;.

[40] 2. Sharing one common edge (Figure 3b): For the
neighboring groups of mgy) and 7y shown in
Figure 3b, one common edge is shared between them.

The impedance matrix that will be calculated is

?mgl)ngl) 6i ?mgl) 53) 6,'
= 7 fml(z)nl(l) ?mﬁz)nlgz) ?mgz)n’u) fmfz)n54)
M) ?m’mn’m 6[ §m’§3>n’§3) 6[_

?mlm)nl(l) ? @), ?m§4)n§3) ?m‘( ),@

(22)

There are 12 nonzero matrices of Z,,,,, in the me),,( o
The total computational steps for Z'y, a1 b My, are
24 Mir,.

[41] 3. Interior groups: Interior groups have 8 neigh-
bors. 4 of them share only one common pomt and 4 of
them share one common edge. There are (L(, Yy — 2)?
interior groups at (i + 1)th level. Thus computational
steps for the interior groups at the ith level are

2
1/2
(L<l./+l) _ 2) (4 * 30Myr; + 4 * 24Mr,)

_ 1/2
=216(1(/2)

2
- 2) M. (23)

[42] 4. Edge groups: Edge groups have 5 neighbors. 2
of them share only one common point and 3 of them
share one common edge. There are 4(L(/Z, — 2) edge
groups at (i + 1)th level. Thus computational steps for the

edge groups at the ith level are

4(L2/jl) - 2) (2 % 30Mr, + 3 * 24Mr,)

. 1/2
= 528(L{/2,) = 2) M. (24)
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[43] 5. Corner groups: Corner groups have 3 neigh-
bors. One of them shares only one common point and 2
of them share one common edge. There are 4 corner
groups at (i + 1)th level. Thus computational steps for the
corner groups at the ith level are

4(1 * 30Mr; + 2 * 24My) = 312Myr. (25)

[44] 6. Total computational steps at the ith level are

216<L(1/2 2~ 2) My + 528 (L(”2 2 2)M,-r,- T 312Mr;

1/2

= 2Myry(108L511) — 16817, + 60). (26)

6.3. Cost Function for the Multilevel UV Method
(Nonnear)

[45] The total computational steps for nonneighbor
block interactions through the multilevel UV decompo-
sition are then

er, [108L - 168L(1i/f1>+60)}. (27)

[46] Generally speaking, the rank of each level block
will increase with the increase of block size. For sim-
plicity, we assume 7; = constant = 7 in here and take this »
into equation (27), we have

N
27rN 10g2 <ﬁ> + 60rN — IZOI’Ml (28)
1

6.4. Cost Function for Near-Field Interactions in % ©

[47] All the near-field interactions are included in the
matrix Z¥, which is computed dlrectloy as the original
impedance matrix. The block size in Z“” is of dimension
of Mby M. The computatlonal steps for the block and
block interaction are M;.

[48] 1. Interior group: Interior group has 9 blocks
(including self-interaction). There are (L}’> — 2)? interior
groups at the first level. Thus computational steps for the
interior groups at the first level are LY? — 2)*M3.

[49] 2. Edge groups: Edge group has 6 blocks (includ-
ing self-interaction). There are 4(L — 2) edge groups at
the first level. Thus computational steps for the edge
groups at the first level are 6(L}? — 2)M;.

[s0] 3. Corner groups: Corner group has 4 blocks
(including self). There are 4 corner groups at the first
level. Thus computational steps for the corner groups at
the first level are 4M%.
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Table 2. Rank Table of Rough Surface for the Case of
Dirichlet Boundary Condition®

Ly=1L, X\ Points in Square Distance, A\ | DN Rank
1.0 64 2.00 1.402 15
2.0 256 4.00 1.824 25
4.0 1024 8.00 3.219 35

“From one realization of rough surfaces with RMS height of
0.5 wavelength and correlation length of 0.707 wavelength. Surface
area is 16 by 16 square wavelength and 64 points per square wavelength
are used in generating the rough surface. For rank determination,
16 points per square wavelength are taken uniformly from the rough
surfaces.

[s1] 4. The total computational steps for near-field
interaction is then

9(11/” - 2)2M12 +6(L1 —2) M7+ 4ng}

= (onay — 12N'2M}2 + ant?). (29)

6.5. Cost Function

[52] The total computational steps for multilevel parti-
tioning UV is sum of the near and nonnear interactions
and is given by

N
27rN log, (ﬁ) + 60rN — 120rM,
1

+ (oNMy — 12N 4 4. (30)

7. Numerical Results and Discussion

[53] The numerical simulation results are presented in
terms of the bistatic scattering coefficients. After the
unknown U(x, y) or y (x, y) is completed, the bistatic
scattering coefficient y(k,) in the direction of k, is
calculated by a weighted integration of the surface field
(as indicated in the work of Tsang et al. [2001, equation
6.1.16]), in which F(k,) is expressed in the work of
Tsang et al. [2001, equation 6.1.17] for Dirichlet
boundary condition. For the case of Neumann boundary
condition, F(k,) is

F (iﬂ) ://dxdy\u (x’ y)efik(sin 0 cos G gx+sin 0 sin dgy+-cos O/ (x,p))

x ik f¢(x,) sin 6 cos & + £, (x, ) sin b sin ¢
(31)

Simulations are based on Gaussian random rough
surfaces with Gaussian correlation functions. The
computer used in the simulations is a Pentium single
processor of 2.66 GHz with 2 Gb of memory. We have
implemented both the SVD based QR method and the

—cos ).
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UV method proposed by this paper. First, we will
illustrate the rank for the rough surface.

7.1. Rank Determination for Random Rough
Surface

[s4] For the rough surface scattering problem, the
difficulty is that the vertical sizes of the blocks are
always changed due to the randomness of surface height.
Thus we have to use the coarse-coarse area sampling to
determine the rank. In the simulation, 16 points per
square wavelength (instead of 100 points per square
wavelength) are used for rank determination. In Table 2,
we show the ranks as functions of the horizontal size,
vertical size, and distance between two group centers for
the case of Dirichlet boundary condition. The vertical
size is defined as the maximum height of the surface
minus the minimum height of the surface in the same
block. The results are obtained through one realization of
rough surface profiles with the given RMS height 4 =
0.5\ and correlation length / = 0.707X.

7.2. CPU for the UV

[55] In Table 3, we list the CPU time based on the UV
method for different number of surface unknowns for the
case of Dirichlet boundary condition. The parameters are
h=0.5X,/=0.707X for all the cases. The preprocessing
time of the UV method is time used to find the rank
based on coarse-coarse sampling and the time to
construct U and V matrix. The CPU time for CG means
the CPU time spent for solving the matrix equation after
the matrix-filling and preprocessing is finished. For the
case of 65,536 surface unknowns, it takes about 34 min
for the total CPU.

7.3. Comparisons of the Bistatic Scattering
Coefficients Simulated From Different Methods for
Single Realization

[s6] In Figure 4, we plot the bistatic scattering coef-
ficients as a function of the scattering angles for the case
of Dirichlet boundary condition. # = 0.5\, /=0.707X and
the incidence angle 6; = 20°. The surface lengths are L, =
8\ by L, = 8\ and we use 64 points per square
wavelength to generate the rough surface. The results

Table 3. CPU for the UV method for the Case of Dirichlet

Boundary Condition

Number of Unknowns Preprocessing, s CG, s Total CPU, s
4096 6"+ 5° 14 25
16,384 291 + 54 170 515
65,536 291 + 500 1220 2011

4CPU for rank determination with coarse-coarse sampling.
CPU for building UV matrix.

8 of 11



RS5011

— exact
18 P SVD method
UV method

bistatic scattering coefficient

-80 -60 -40 -20 ¢} 20 40 60 80
scattering angle (degrees)

Figure 4. Comparisons of the bistatic scattering
coefficients between the numerical simulations from
three approaches of the exact solution, the SVD-based
QR method, and the UV method for the case of Dirichlet
boundary condition. Here 2 = 0.5\, /= 0.707X, 6, = 20°,
L,=28X\ and L, = &\,

simulated from three methods are shown, which are
exact solution of the matrix equation, solution from the
SVD based QR method, and the solution of the UV
method. All of them are in a good agreement.

[57] In Figure 5, we plot the same results except that
the surface lengths are extended to L, = 16X by L, = 16X.
Owing to the limitation of computer memory, we cannot
solve the matrix equation with the exact solution. We
only show the simulation results from the SVD-based
QR and the UV method. The two results match each
other very well.

[s8] To demonstrate that the proposed algorithm can be
used also for large number of surface unknowns, we plot
the simulation results for the case of Dirichlet boundary
condition with # = 0.5\, / = 0.707X and 0; = 20° in
Figure 6. L, = 16X by L, = 16X, but we use 256 points
per square wavelength to sample the rough surface.
Again, very good agreements are observed at all
scattering angles between the simulation results from
the SVD-based QR method and the UV.

[59] In Figure 7, we plot the bistatic scattering coeffi-
cient as a function of the scattering angles for the case of
Neumann boundary condition. For this case, the param-
eters are & = 0.5\, [ = 0.707X, 6; = 20°, L, = 16X\, L, =
16X. We use 64 points per square wavelength to generate
the rough surface with the number of boundary
unknowns N = 16384. The results simulated from the
SVD and the UV method are compared. They are in a
good agreement. The CPU are also shown in Table 4. It
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1.8} | — SVD method
- UV method

0.8f

06

bistatic scattering coefficient

04f

0.2F

-80 -60 -40 -20 0 20 40 60 80
scattering angle (degrees)

Figure 5. Comparisons of the bistatic scattering
coefficients between the numerical simulations from
two approaches of the SVD-based QR method and the
UV method for the case of Dirichlet boundary condition.
Here 7 = 0.5X\, [ = 0.707X, 6, = 20°, L, = 16X, and L, =
16X; 64 points per square wavelength are used in the
rough surface sampling.

shows that the preprocessing CPU of the SVD is much
more than that of the UV method because the SVD is
based on full sampling while the UV is based on coarse-
coarse sampling and interpolation technique. On the

2.4
22 — SVD method

2k + UV method
1.8}

16}
1.4}
1.2}

1
08t
06t

bistatic scattering coefticient

0.4
0.2f

0

-80 -60 -40 -20 0 20 40 60 80
scattering angle (degrees)

Figure 6. Comparisons of the bistatic scattering
coefficients between the numerical simulations from
two approaches of the SVD-based QR method and the
UV method for the case of Dirichlet boundary condition.
Here h = 0.5X\, [ = 0.707X\, 6; = 20°, L, = 16X\, and L, =
16X; 256 points per square wavelength are used in the
rough surface sampling.
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0.8

. —— SVD method
+ UV method
0.7F . ]

bistatic scattering coefticient

-80 -80 -40 -20 0 20 40 60 80
scattering angle (degrees)

Figure 7. Comparisons of the bistatic scattering
coefficients between the numerical simulations from
two approaches of the SVD-based QR method and the
UV method for the case of Neumann boundary
condition. Here A = 0.5 \, [ = 0.707\, 0, = 20°, L, =
16X, and L, = 16X\; 64 points per square wavelength are
used in the rough surface sampling.

other hand, the CPU per iteration in CG of the UV
method is more than the SVD’s because the rank in the
UV is 10-20% above the rank in the SVD. However, the
total CPU using the UV is much less than the SVD’s.

7.4. Comparisons of the Bistatic Scattering
Coefficients Averaged Over Many Realizations

[60] In Figure 8, the bistatic scattering coefficients that
averaged over 310 realizations are shown for the case of
Dirichlet boundary condition using the UV method. For
this case, the parameters are 7 = 0.5\, [ = 0.707X, 6, =
20°, L, =8\ and L, = 8X. We also show the results of the
exact solutions. It is clear that the two results are in a
good agreement.

[61] In Figure 9, the bistatic scattering coefficients that
averaged over 100 realizations are shown using the UV
method for the case of Neumann boundary condition.
The parameters are the same as Figure 7. Comparing the

Table 4. Comparison of CPU Between the UV Method and the
SVD Method for the Case of Neumann Boundary Condition

CG
Preprocessing, Time per Number of Time in  Total
Method S Iteration, s Iterations CG,s CPU,s
uv 354 8.11 19 154.1 508
SVD 26,575 3.12 19 59.3 26,634
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Figure 8. Comparisons of the bistatic scattering
coefficients averaged over 310 realizations between the
exact solution and the UV method for the case of
Dirichlet boundary condition. Here 2 = 0.5\, [ = 0.707X,
0, =20° L, =8\, and L, = 8X.

results of Figure 9 with the results of Figure 8, we see
that there are more fluctuations in Figure 9 because of
the smaller number of realizations used in Figure 9 than
in Figure 8.

8. Conclusion

[62] In this paper, we have shown that the UV-MLP
method can be used for rapid solution of integral

bistatic scattering coefficient

-80 -60 -40 -20 0 20 40 60 80
scattering angle (degrees)

Figure 9. The bistatic scattering coefficients averaged
over 100 realizations by the UV method for the case of
Neumann boundary condition. Here 2= 0.5\, /=0.707X,
0, =20° L, = 16X\, and L, = 16\

10 of 11



RS5011

equation in 3-D rough surface scattering. The method
can be applied to general Green’s function and has been
applied to volume scattering of moderate size particles
using higher-order spherical waves Green’s functions
[Tsang and Li, 2004]. Presently we are studying the
case of vector electromagnetic wave scattering by lossy
dielectric random rough surfaces.
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