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[11 A UV method with multilevel partitioning (UVMLP) is developed to solve
electromagnetic problem. In this paper we demonstrate the technique to treat
electromagnetic problem for large surface in a two-dimensional (2-D) problem. Using the
multilevel partitioning (MLP), the decomposition preprocessing, and the matrix vector
multiplication require CPU of O(N logN) per iteration with a smaller constant factor

for matrix column multiplication than decomposition. The memory requirement is of
O(N logN). We demonstrate the technique for a rough surface scattering problem with
surface length up to 13,000 wavelengths and RMS height up to ten wavelengths.
Computations are based on using PC with a single Pentium 4—2.4 GHz processor and

1 G RAM. For the case of 65,536 unknowns, it requires about CPU from 3.3 to 5.33 s per
iteration and a total CPU of 3.9—14.3 min with 49—146 conjugate gradient

iterations.
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1. Introduction

[2] The solutions of wave equations for rough surface
scattering can be calculated by using integral equations
with Green’s function and the method of moments
(MOM). The Green’s function integral equation
approach has the advantages that it has taken into
account the propagation of waves from one point to
another. However, using Greens function will lead to
matrix equations with a full impedance matrix. The full
matrix relates the source locations to the observation
points through propagation. For such problems, the
common methodology is to use iterative method of
solutions of the matrix equation. Thus the bottleneck is
the calculation of the product of the impedance matrix
and a column vector. The column vector is the trial
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solution in the iterative procedure. If the matrix is of
order N x N, then for each matrix-column vector
product, it requires O(N?) operations. Furthermore, the
memory requirement is of O(N*). Thus the solution
becomes prohibitively expensive when N is large. In
recent years, two techniques have been used to accelerate
such impedance matrix-column vector computation. The
techniques also save on computer memory. The methods
are the sparse matrix canonical grid method (SMCQG)
[Tsang et al., 1995; Chan and Tsang, 1995; Tsang et al.,
2001], and the steepest descent multilevel fast multipole
method (SDFMM) [Rohklin, 1990; Michielssen and
Chew, 1996; Jandhyala et al., 1998]. Both methods have
been used for large-scale 3-D simulations. The SMCG
exhibits computational complexity of O(N logN) and
memory requirement of O(N). The SDFMM method
exhibits computational complexity of O(N) for rough
surface problems and memory requirement of O(N). An
advantage of the SMCG method is that it only requires a
translational invariant Green’s function and can be read-
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ily applied with the multilayered medium Green’s func-
tion. The SMCG method is FFT based, so that parallel
implementation can be accomplished by using a parallel
version of FFT [Li et al., 2000]. There is also the forward
and backward method with an acceleration scheme
[Chou and Johnson, 1998]. However, this method
emphasizes on the reduction of iterations for rough
surface scattering.

[3] Recently, Kapur and Long [1997] proposed a QR
decomposition method by using the property of the
smoothness of the impedance matrix elements. In their
proposed QR approach, a static rank map is first
determined. Using the map, the QR with modified
Gram-Schmidt procedure is applied to the matrix blocks
with recursive partitioning and merging. Results indicate
O(N logN) computational complexity. The QR method
has so far been demonstrated only for object of moderate
size in terms of wavelengths.

[4] In this paper, a UV decomposition method with
multilevel partitioning (UVMLP) is developed to solve
large-scale electromagnetic 2-D rough surface scattering
problem. In the accompanying paper [Tsang et al.,
2004] the technique is extended to 3-D problem.
Although 3-D problems are encountered in the real
world, 2-D rough surface problem remains important
for benchmark comparisons. In the method, we apply
the multilevel matrix partitioning (MLP) to partition the
impedance matrix Z. An upper bound of the rank of the
matrix blocks is derived. On the basis of this upper
bound, sampling techniques are next used to determine
the rank of each block. Using this multilevel partition-
ing, the impedance matrix is written as a product of U
and V matrix. The decomposition preprocessing and the
matrix-vector multiplication both have CPU computa-
tional complexity of O(N log/N) with a smaller constant
factor for matrix-column multiplication than decompo-
sition. The memory requirement is of order O(N logN).
We demonstrate the technique for a rough surface
scattering problem with surface length up to 13000
wavelengths and RMS height up to 10 wavelengths.
For the case of 65536 unknowns, it requires about CPU
3.3 s per iteration and a total CPU of 3.9 min with
49 conjugate gradient iterations. For the case of 131072
unknowns it requires about CPU 7.4 s per iteration and
a total CPU of 14.5 min with 96 conjugate gradient
iterations. The increase in total CPU from 65536
unknowns to 131072 unknowns is due to the increase
in the number of iterations. We also demonstrate the
technique for TE and TM polarizations at large incident
angles. There are only slight difference of CPU and
number of iterations from realization to realization.
Because the UV decomposition is applied independently
to each level and each block, the procedure facilitates
parallel implementation. However, parallel implementa-
tion has not been implemented in this paper. All
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CPU quoted are that of a single processor with a single
Pentium 4—2.4 GHz processor.

[s] In section 2, we formulate the electromagnetic
problem of scattering and describe the matrix multilevel
partitioning. In section 3, we describe the upper bound of
matrix rank for each block. Then we describe the
sampling procedure for the blocks in the partitioned
matrix, the UV decomposition algorithm and the
matrix-column vector multiplication. In section 4, the
computational complexity and memory requirement are
derived. In section 5, numerical results are illustrated.
The CPU complexity, memory requirement and matrix
ranks are also shown numerically.

2. Two-Dimensional Wave Scattering by
Rough Surface With Multilevel Partitioning

[6] Consider a 2-D problem of an incident wave
V;,o(7) impinging upon a PEC rough surface with height
profile z = fix). For the TE case of electromagnetic
scattering with £ = JE, using the Dirichlet boundary
condition y(7) = 0 for 7 on S. The integral equation can
be written as [Tsang et al., 2001]

WIE() = /S P,

for 7 and 7’ on S.

For the TM case, H = $H, the integral equation is [Tsang

et al., 2001]
/dsw

“HM k|7 —#']) is the 2-D Green’s
function. [, denotes a principle value of integral. After
discretization, equation (1) can be converted to matrix
equations:

)
(1b)

1

for 7 and 7' on S,

where g(7,7')=

N
> ZunWy = by, m=1,2,...,N. (2)

In matrix notation, equation (2) can be written as

NIl

W =5, 3)

where

wiE = o) = o1+ (L) 6 v,
n n dx 2=f (%)

WM = ™ (x,) = WTM(f)Z:ﬂx”)
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Figure 1. Two well-separated regions of rough surface

with sampling points.

b = b(Xm) = Wiue (X, f (X)) (4b)
Ax - (%, f (%) XS (X))
ZTE _ { for m # n
mn 2 fi =
|: ZIn <4e )) ):| or m n
o _ 1+ (f’(xM) - Vg X, f xmvf(xm)) for m# n
=\ form=n
2
(4c)

vy = 1.78107.

Consider the interactions between two well-separated
regions of the rough surface, as shown in Figure 1.
Region 1 and region 2 contain n points and 7 points,
respectively. The minimum distance of the two regions is
d. According to equation (3), the interactions can be
written as a n x n matrix 4. Suppose the rank of matrix 4
is . When d is large enough and generally d > 1.0\,
r < n. A can be written as

A=T7, (5)

where U is dimension n x 7; and ¥V is dimension 7 x n.

[7] Using matrix U and V instead of matrix 4 to
multiply with a n x 1 vector X, the computational time
can be decreased from O(n%) to O(2rn).

AX = ﬁ(%?) (6)

[8] The impedance elements are partitioned into

multilevel i = 1, 2, 3,...,p as shown in Figure 2 (top),
withZ=272 +7Z +7Z  +---+Z +7Z  +Z
-+ Z( s , within each level, the ratio of maximum data

separatlon xfnax and minimum separation x{, is kept on a
constant. Where the number in parentheses stands for
the level of the group, superscript U and L denote
the upper matrix and lower matrix respectively. We
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illustrate the partitioning in the following example. The
approach can be generalized to any order of multilevel
partitioning. The multilevel partitioning has been used in
the steepest descent fast multipole method (SDFMM;
Michielssen and Chew [1996]). In the following simple
example, we use the notations as in the work of Tsang et al.
[2001].

[o] The impedance elements are decomposed into
various levels based on multilevel grouping. To illustrate,
let the number of elements in the first-level group be M
and the number of groups of the first-level be L. Then the
total number of elements is N = LM (e.g., M =20, L =64,
then N = 1280). We illustrate it for the case p = 5.
Generalization can readily be made to other values of M
and L. For numerical implementation in this paper, we
select p to be more than 10 for cases of large surfaces.
Let L = 27*' where p corresponds to the level of
decomposition of the impedance matrix. The first level
groups have M elements each. Beyond the first level, the
number of elements increases by a factor of 2 for each
higher level (Table 1). The impedance matrix is decom-
posed (p = 5 for this case)

=(5)U =(1)L =(2)L
2 7" 7Y

+o 4z, (7)

The upper matrix has column index larger than row
index for nonzero elements. It is the reverse for the lower
matrix. (-)

[10] Let Z, , denote the interaction of elements
between group m,» and group #; in level i. They are all
full matrices.

= ]

Zf'n,-)n, = dimension M x M (8)
=(2)

2, = dimension 2M x 2M 9)

Table 1. Group Levels, Number of Elements, and Number of
Groups®

Level of Group Number of Elements Number of groups

1 M 64
2 2M 32
3 4M 16
4 &M 8
5 16M 4
6 32M 2

“For L =64, p = 5. Here the grouping is as shown in the bottom panel
of Figure 2. Group m at level n is denoted as m,,.
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Figure 2. Multilevel structure. (top) Block structure.

(bottom) Grouping structure.

=)

Note that ?Z?m are defined differently from Z . For

= = 2
example, Z  is of dimension N x N while meli is of
dimension 2M x 2M. The various definitions of
impedance matrix elements should be distinguished.

a

0 = zero matrix of dimension M x M (10)

=2
0( ) = zero matrix of dimension 2M x 2M

(11)

6(1) = zero matrix of dimension(2'"'M) x (2"7'M)
(12)
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Suppose we use M = 20. Then examples are
Z41,161 241,180
=(1) . . .
Z39, = : - : =20x20 (13)
Z60.161 Z60,130
=1 =)
) 5117, 45,18,
39, = |=1) =) = 40 x 40. (14)
617, 46,18,
s =) =0
Thus Z, .+ Zy s Zyyny» €tc., keep track of all the

individual impedance matrix elements. —(0)

[11] The Oth-level impedance matrix Z = represents
interaction at level 1 between itself and its neighbors on
the two sides.

T=() =) =(1) =) 7
N
=(1 =(1 =(1 =(1
=(0) 22111 22121 Z2131 0
zZ == =0 =0 =0 =N X N.
0(1) Z3(112)1 3131 314
0 0
(15)

For 7(0), the impedance matrix elements can be
calculated directly.

[12] The impedance matrix of each level is generated
by following rules:

[13] 1. In each level, the impedance matrices only
interact with itself or its nearest neighbors. _

[14] 2. Each impedance matrix elements in Z can occur
only once in the matrix decomposition. If a pair had
interacted previously in lower level groups, it cannot
interact again in the current level. That entry has to be set
to zero at the current level.

[15] To generatethe nextlevel, i.e., first-level impedance

= 1
matrix Z ( >, we first apply rule (1) to get the N x N matrix

=2 =2 =2) =2
12 12 21222 0 0
=2) =2 =0 =(2)
21, 2,2 23 0
=2) =2 =20 =0 (16)
0 3,2, 3,3, 324,
0( ) 0( )
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However, according to rule (2), the diagonal matrix i 6(2) 3(2) 6(2> 6(2) 1
elements shou_lc% be set to zero because they have already ) - -1 @) o
interacted in Z . Setting them to zero then gives 72212 0 0 0
:(I)L ’
[ =2) =2 =) =0 T Z =1z =2 =02 =2
/A R 0 Z5p, 00
=2 =2 =2 =2 =2) =)
B 2 | o
=2) =02 =2) =2 . 17
0(2) ) DB =) ) 7
0 0 0
. . =(1) =)
L - 0 0
However, in :;])1 6(1) 6(1)
111
S = = =0 =1
=(2) 1,3, 1,4, =\|Z Z 0 0
VA = (18) 41y 42,
N e i R OB U O
22131 22141 513
) . =0 oz Zn Y
Z, 3, has already been included in Z . Thus we set that 63 Toidh
entry to zero also and define, with a prime superscript, i ]
- @
= 121 171 . .
Zip, = 0 = | dimension 2M % 2M. (19)  gor the second-level impedance matrix, we have
0 214 =2) =Q)U =Q)L
Similarly, we define Z =Z +Z . (24)
, 7 6(1) Note that
:(2) B 3] ]] (20)
21, —(1) —) ?2) ?2)
Zyi Zy, =(3) 1,3, 1,4,
L 1l 141 Z1 2 — , (25)
Thus the first level impedance matrix assumes the final ’ =2 =02
form: n3h Tk
_ _ — =) . . .
Z(l) _ Z(I)U +Z(l)L (21) but Z;z32 has alrei((lgr) be?}l)lgcluge(:&m previous level
)~ -0 - - impedance matrix Z ~orZ = +Z . Thus we set that
0 7 1, 0 0 e part to zero and define, with a prime superscript.
0 0 Zys, 0 e =03 b3, L4 . . )
=(1)U ) Zi, = = dimension 2°M x 2°M
V4 =|l=2 =02 =2 =@ 353 =2) =2
0 0 0 Zyg, 1 0 204y
=2) =02 r=1 =0 =0 =0 7
0 0 us, Zie Zi7, Zig,
L ] =(1) =(1) =(1) =(1)
) o) =) — - 1 2,5 2,6 2,7 2,8
B0, W, B e ] = | T 2 (26)
CRC RN L AN L TP o0 o L
D A A L 0 0 Zy; Zyg, |
= = =) =) =0 =0
0 0 Zus O Similarly, let
=) =) =) =)
N (O AR =0 =0
=1 =1 =0 , 7 0
0 0 s =@3) 31,
] Zyy, = o o | (27)
(22) Zaty Zap,
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. =QU .
Thus the second-level upper matrix Z is
r=3) =GB =3) =) 7
0 Z,, 0 0
343
=3) =3) =B =)
0 0 23, 0
2% |0 =0 - o
= =3 =3) =3) =0)
0 0 0 3345
=3) =0
0 0
(=2 =2 = =0 =0 1
0" Zs Zy, O
=0 =0 =0 =0 =0 =0
00 0 0 vi, 00 -
=2 =0 =0 0 =0
0 3,5, 3,62 0
= =2 =2 =0 =0 =0
0 we, 00
= =0 =0 z0
0 25273 5,8,
=0 =0 =0
07 0 Zgs,
r= = =) =) =) =) =) =) =)
0 0 0 0 Zys Zy, Ziy Ziy O
=) =) =) =) 1 =) 1 =) =0
0 0 0 0 Zy Zyg Zys Zyy O
=) =) =) =) =) =0 =)
0 0 0 Zyy, Zys O
=) =1 =) s =) =W
— 0 0 0 Z Zy 0
=(1 =(1 =(1 =(1) =(1)
R L SR U8

(28)
=)L
A similar expression can be found for Z( )

[16] Similar derivation can be applied to hlgher levels.

=3 =B)Uu =01L

Forlevel 3, Z =7 + 7~ with

=(4) =@ =(4 —(4 ]

0( ) Z§4)24 0( ) 0( )

—(4) =) =) =)
:(3)U 0 0 2434
7 = |=(4) =4 =(4) =@

O( ) 0( ) 0( ) 224214

—(4) (4

0( ) 0( )

-6(3) 6(3) 5(1?3, =§?l} 6(3) 7

—(3) =B3) =) =0 =
O( O() O() Z;}l] 0 0

3 =3) =0B) =06 =(3
(3) 0() Z() () ®3)

6 3353 3363 0
= 6(3) =(3) _4(;?5, 6(3) 6(3)
P
6(3) 6(3) Z(*)

A similar expression can be found for f(

TSANG ET AL.: UV MULTILEVEL PARTITIONING METHOD, 1

RS5010

[17] Continuing in this manner, the original i{npedance
matrix is decomposedupto Z '=Z  +Z , all level
impedance matrices are shown in the top of Figure 2.

[18] We note that for each level the matrices are
in block structure. The distance separation between

receiving elements and transmitting elements of different

=
levels are illustrated as follows. For the submatrix Z,,
in level i, we define #; is the transmitting elements group;
m; is the receiving elements group.

=1 . . . s
[19] Level 1: Z; 5 is dimension M x M; transmitting
elements group, 3;; receiving elements group, 1;
maximum separation x> 4MAx; and minimum sep-

= . . .
aration xSnm ~ MAx. Z 1,4, 18 dimension M x M, trans-

mitting elements group, 41; receiving elements group, 11;
maximum separation x> 4MAx; and minimum sep-

aration x,m)n >~ MAx. Z;i is dimension M X M; trans-
mlttmg elements group, 4], receiving elements group, 26
maximum separation xggx >~ 4MAx; and minimum
separation x'\, :ZMAx

[20] Level 2: Z, 5 is dimension 2M x 2M; transmitting
elements group, 3,; receving elements group, 1,; maxi-
mum separation D >~ 8MAx; and minimum separation

=@ . . . .
xfrln)n ~2MAx. Z 1,4, 18 dimension 2M x 2M; transmitting
elements group, 4,; receiving elements group, 1,; maxi-
mum separation xfnax =~ §MAx; and minimum separation

A~ 2MAx. Z(ZZLZ is dimension 2M X 2M; transmitting
elements group, 4,; receiving elements group, 2,; maxi-
mum separation D >~ 8MAx; and minimum separation
x>~ 2MAX. _

[21] Level 3: Z, 5, is dimension 4M x 4M; transmit-
ting elements group, 3;; receiving elements group, 13;
maximum separation x(n‘lgx 3: 16MAx; and minimum

separation xmm ~ AMAx. Z 1343 is dimension 4M x 4M,
transmitting elements group, 4;; receiving elements
. : H 1) ~ Ax
group, l;3; maximum separatlon Xmax = 16M. and
minimum_ separation x(, = 4MAx. 22 4, dimension
4M x 4M; transmitting elements group, 43, receiving
elements group, 23; maximum separation xp,,, = 16MAx;
and minimum separatlon x>~ 4 MAx.

[22] The ratio of xm)aX and xm)m is kept in constant of
each level. On the basis of steepest descent representa-
tion of Green’s function, the matrix rank of this block has
an upper bound of O (Appendix A). We apply UV to this
block as follows.

3. UV Decomposition With Sampling
Procedure to the Blocks

[23] Consider a matrix 4 of dimension n_x n. UV
decomposition tries to find the rank of matrix 4 and form
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the matrices U and V. The procedure is described as
follows: _

[24] 1. Pick ¢ columns uniformly of A4 to construct a
new matrix U, of dimension n X ry, 7o < n:

: Al i|7
0

where Zi/ is the ijth column vector of matrix 4, the series
number i; € 1,2,....n,j=1,2,

[25] 2.Pick i;th, zzth z,oth row vector of U, o to form
matrix W of dimension ry X ry:

Ty = [A,IA (30)

where T, 0i, is the ith row vector of matrix T.

[26] 3. Compute the “condition number” C,, of
matrix W. Unlike the traditional condition number we
define the condition number of matrix W as follows.

[27] Apply modified Gram-Schmidt algorithm [Golub
and Van Loan, 1989] for factoring

EOEO s

where Q, is the unitary matrix of dimension 7y x 7o; Ry
is the upper triangular matrix of dimension ry X _ry.

[28] The “condition number,” C,,, of matrix W is the
absolute value of the ratio of the first diagonal element to
the last diagonal element in matrix Ry:

Cwo = |R11/Rr0r0 |7

where Ry, is the first diagonal element of matrix Ro; R,
is the last diagonal element of matrix R.

[29] 4.1f C,,, is too large, such as greater than 1000, it
indicates that matrix 77, is nearly singular. In other
words, the column vectors of W are not totally inde-
pendent. Let »; = ry — 1, skip back to step 1. Construct
matrices U, and W1 R and compute the condition number
C,, of W,. If C,, is moderate, such as dozens or
hundreds then r; is the rank of matrix A; otherwise let
r, =1 — 1, skip to step 1 and do this procedure again,
until find 7;. Build U; and W,. The condition number Cy,
of W; is moderate. Thus 7; is the rank of matrix A.

[30] 5. If C,, is very small,_such as less than 10, it
means the column vectors of W, are entirely indepen-
dent. Let r; = ro + 1, skip back to step 1. Construct
matrices U; and 77 ,, and compute the condition number
Cy, of W,. If C,, is moderate, then 7y is the rank of
matrix A; otherwise let 7, = r, + 1, skip to step 1 again,

Wo = (32)

(33)
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until find condition number C,, of matrix W is moder-
ate. Thus r; — 1 is the rank of matnx A. o

[31] 6. Let the rank of matrix 4 is 7, matrix U and W is
of dimension n x r, and r X r, respectively,

U= [4:A;, - 4, (34)
—T
p— [2
W= , (35)
T, |
where ; € 1,2,....n,j=1,2,...r.

[32] An alternative method is discussed in the work of
Tsang et al. [2004], where the rank is determined by
coarse-coarse sampling and singular value decomposi-
tion (SVD).

[33] 7. Pick llth_,lzth, ..

construct matrix ¥ of dimension r X n:

,i,th row vector of matrix 4 to

Vi

1

<
Il

L%, |

where A is the ijth row vector of matrix A.
[34] 8. Bu11d _matrix ¥ of dimension 7 x n in terms of

matrix 7 and V.

V=W V (37)
Then 4 = UV.

[35] From the first-level, we bu)lld UV decompom(tlon
W(lth sam]ghng (procedur)e to (2)1]31 21141 24,0 23,5,
Z360 Za6» Zs7,» Zssg» Zesg, - next the second

=0 =) = =0 =0
level, do that of to Z Ly Zayays 23,5, ZL3,6,0

@) S0 s@) s@) P Tk
Zg6 L5,7,0 Zs,8,5 Leyg, -- -5 until the pth level. Thus

we can do matrix-vector product with it.

4. CPU Complexity and Memory
Requirement for Decomposition
of Matrix Column Multiplication

[36] Next, we illustrate the computational steps of the
product of impedance matrix Z and a column vector b.
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Figure 3. Comparison between UVMLP method and
exact solution. Here 2 = 2.0\, [ = 20.0x, Ax = 0.1\, and
; = 11.46°. (top) Real part. (bottom) Imaginary part.

Generally, the rank is dependent on distance d, surface
slope [Tsang et al., 2001, equation 4.1.113] and block’s
size; for convenience, suppose each submatrix’s rank of
r = constant. —(0)—
[37] 1. Compute Z b by direct multiplication. The
number of computatlonal steps is 3MN — 2M*. The
0
is 3N — 2(M2 .
Ui s, (V3,0 where Uis,»
=(1) =
Vi3, are the UV decomposition of Z1 3,0 b is the
subvector of b corresponds to the multlphcatlon with

Z, 3,- The number of computational steps is M + rM =

memory for storing % ) =
[38] 2. Compute Z, 3 b=

TSANG ET AL.: UV MULTILEVEL PARTITIONING METHOD, 1
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=1 =1
2rM. The memory for storing U <1 )3 and Vi )3 is rM +
M = 2rM. =(1) =
[39] 3. Compute Z; 4 b = U1 4 (Vl 4 b) where Ul 4

V<121 are the UV decomposition of Z] 4,0 b is the
subvector of b corresponds to the mult1phcat10n with

Z . The number of computatlonal steps is M + rM =

ZrM The memory for storing U, 4, and Vi l is rM +
rM = 2rM. (1) =
[40] 4. Compute Z2 4 b= U2 41(V214 b) where U2 4
=

V;l are the UV decomposition of Z2 4,0 b is the
subvector of b corresponds to the multlphcatlon with

Z21 4,- The number of computatgngl steps is 1rM +rM =
2rM. The memory for storing U, , and V, , is rM +
rM = 2rM.

=(HU
[41] 5. For the first-level upper maltrlx V4 o there are

(L/2 — 1) submatrices similar to Z, 5 , Z; 4 and Z, 4,
respectively. Thus the number of computational steps
for Z = bis (LI2 — 1)2rM + 2rM + 2rM) = 3#(N —
2M). The memory requirement is (L/2 — 1)(2rM + 2rM +
2rM) = 3r(N — 2M). —()2

[42] 6. Compute the first-level lower matrix Z = b.
The number of computational steps is (L/2 — 1)2rM +
2rM + 2rM) = 3r(N — 2M). The memory requirement is
(L2 — 1)2rM + 2rM + 2rM) N5 3r(N — 2M).

[43] 7. Compute Zl )3 b= Ul 3 (V1 3 b) The number
of computational steps is 27M + 3rM = 4rM. The

=(2 =2
memory for storing U (1 ; and V(1 )3 is 2rM + 2rM = 4rM.

[44] 8. Compute ZE l b= 5242(V<1222b) The number

of computational steps is 2rM + 2rM = 4rM. The
memory for storing U 522‘2 and V<12312 is 2rM + 2rM = 4rM.

a0t §

-40 i

bistatic scattering coefficient (dB)
o ¥
o
1

‘ED 1 1 I 1 1 L L 1 1
80 60 40 -20 0 20 40 B0 80

scattering angle (degrees)

Figure 4. Bistatic scattering coefficient of the rough
surface. Here 0, = 11.46°.
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~1000 L1} 1000 2000 3000
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L I
~3000 -2000

0.15

0.1r

0.05F

imag ( Z-b)
=]

=
F=]
h

-0.15

1000 0 1000 3000

surface length x (M)

2000

Figure 5. Comparison of one matrix-vector product
using UVMLP and SDFMM. (top) Real part. (bottom)
Imaginary part.

-2 = =02 =02 =
[4s] 9. Compute Z, , b = U, 4 (V,,4,0). The number
of computational steps is 2rM + 2rM = 4rM. The

memory for storing U ; l and V; i is 2rM + ZrM 4rM.

[46] 10. For the second-level upper matrlzx Z ) , there

are (L/2° — 1) submatrices similar to Z, 5 , Z and
( ) 1,3, 1,4,

Zy4, resp(ectlvely Thus the number of computational
steps for 7 bis (L/2* — D)(@rM+4rM+4rM)=3r(N —
4M). The memory requirement is (L/2> — 1)(4rM + 4rM +
4rM) =3r(N — 4M). @)1

[47] 11. Compute the second-level lower matrlx Z b
The number of computational steps is (L/2* — 1)(4rM +
4rM + 4rM) = 3r(N — 4M). The memory requirement is
(L/2* — 1)4rM + 4rM + 4rM) = 3r(N — 4M).

RS5010

40

30¢

20+

surface height ( A )
I [mm]

20F

S0F

-1000 0 1000 2000 3000

surface length x (1)

D 1 1
-3000 -2000

Figure 6. A single realization of a composite rough
surface profile. Ax = 0.1\ and N = 65,536.

E48] 12. With the similar manner, compute Zil b=

Ui, 4 VI 3, b) in the ith-level upper matnx The number of
computational steps is (2" 'M) + 12" M) =2 rM. The

memory requlrement 1s r(2 1% ) +(r(2’ M) =27rM.
[49] 13. Compute Z1 4, b= Ul 4,(V1,4.0). The number of
computational steps is (2" 'M) + (2" 'M) = 2'rM. The

memory requirement 1s r(2’ ! M) )+ r(Z’ M) =27rM.
[so] 14. Compute Z2 4 b= U2 4 (V2 4, b). The number of

computational steps is (2"~ 1M )+ (2 lM )=2'rM. The

memory requirement is r(2’ M)+ rQ7'M) = 2'rM.
[51] 15. There are (L/2' — 1) submatrices similar to

=0 =0 =)

Zi35 214 and Z, 4, respectively. Thus the number of

computational steps for Z 7" bis (L2"— D)Q'rM+2'rM +

10— T T T T T T T T

A0F

20}

30+

bistatic scattering coefticient (dB)

-40

40 B0 40 20 0 20 40 &) &0
scattering angle (degrees)
Figure 7. Bistatic scattering coefficient for one realiza-

tion, using the composite rough surface as shown in
Figure 6. Here 6; = 11.46°.
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(a) —<— preprocessing time (s)

10° (b) —w— time of matrix-vector product (s)
(¢)—%— number of iterations
(d) —&— total time (s)

10° (e) —@— memory usage (Mb)

10°

10'

1 O(i ------------

10" Pl

10°
number of surface unknowns

Figure 8. Some variables as a function of number of
surface unknowns. (a) Preprocessing time of UV
decomposition with sampling procedure. (b) Matrix-
vector product time of UV decomposition. (¢) Number of
iterations. (d) Total CPU time to solve the matrix
equation for the induced surface current. (¢) Memory
usage for storing the UV decomposition.

ZirM ) = 3r(N — Z_iM ). The memory requirement is
(L2 — H2'rM + 2’rA;IL+ 2'rM) = 3r(N — 2'M).

[s2] 16. Compute Z = b. The number of computational
steps is (L/2" — 1)2'rM + 2'rM + 2'rM ) = 3r(N — 2'M).
The memory requirement is (L/2" — 1)2'rM + 2'rM +
2'rM) = 3r(N — 2'M). The total number of steps is

P
N = (3MN —2M?) +2) " 3r(N — 2'M)
i=1
= (3MN —2M?*) + 6rpN — 12rM (2? — 1)
= M(3N — 2M + 12r) + 6rN[log, (N/M) — 2].
(38)
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Table 3. Rank Table of UVMLP?

Upper Matrix Lower Matrix

Minimum
Rank
in Level i

Maximum
Rank
in Level i

Minimum
Rank
in Level i

Maximum
Rank

Level i in Level i

NelNeL IR e R O R S
AL b wLWWLWWLWW
LW L LW W W W W WW W W
PO LLWWLWW
W W W LW W W W W WWWwWw

“Simulation parameters are: 4 = 10.0x, /= 100.0\, Ax=0.1X, and 0; =
11.46°. The number of elements in the first-level group is M = 16.

Since M, r < N, the total number of steps is of O(N
logoN). The total memory requirement is

P
Memoryi = (3MN —2M?) +2> " 3r(N — 2'M)
i=1
=M(3N —2M + 12r)
+ 6rN|log, (N/M) —2].

It is also of O(N log,N).

5. Results and Discussion

[53] In this section, we illustrate results of scattering
from random rough surfaces with Gaussian correlation
function. All cases are based on TE case except that
Figure 9 (bottom) is TM case. First, we illustrate a case
of RMS height 2 = 2.0\, correlation length / = 20.0X,
incident angle 6; = 11.46° = 0.2rad; Ax = N10, the
number of unknowns N = 4096, and the surface length

Table 2. Comparison of CPU Time and Memory Usage for Different Number of Unknowns®

Time per
Matrix Memory
Number of Preprocessing Vector Time per Number Total Usage,
Unknowns Time, s Product, s Iteration, s of Iterations Time, s Mbytes
8192 5 0.14 0.33 18 12 272
16,384 13 0.36 0.75 24 34 55.6
32,768 27 0.68 1.51 33 83 124.4
65,536 60 1.56 3.26 49 233 268.9
131,072 133 3.36 7.41 96 870 602.0

Simulation parameters are: 4 = 10.0X, / = 100.0x, Ax = 0.1X, and 6, = 11.46°.
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bistatic scattering coefficient (dB)

Sso vy
-80 -60 -40 -20 0 20 40 60 80

scattering angle (degrees)

bistatic scattering coefficient (dB)

Ssob— v vy
-80 -60 -40 -20 0 20 40 60 80

scattering angle (degrees)

Figure 9. Bistatic scattering coefficient from the rough
surface of 20 realizations at 0, = 80° with 7 = 3.0\, / =
6.0\, and L = 6,553.6X. (top) TE polarization. (bottom)
TM polarization.

L =410X. We apply Conjugate Gradient method (CGM)
as the iterative procedure. We use a single processor of
2.4 GHz and 1 G RAM memory. To show the validity of
our method, we compare the results with that of using
equation (3). Figure 3 illustrates the comparison of
results of surface unknowns solved by UVMLP and
the original impedance matrix. These figures show that
the results of UVMLP method are in a good agreement
with the exact solution. We also show the bistatic
scattering in Figure 4.

[s4] Next we compare the result of matrix-vector
product ¢ = Zb between UVMLP and SDFMM, where
Z is the impedance matrix, b is the incident wave vector,

TSANG ET AL.: UV MULTILEVEL PARTITIONING METHOD, 1
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as shown in equation (3). The parameters are 2= 0.1\, [ =
1.0X, Ax = N10 with N = 65536. The surface length L is
more than 6500X\. The incidence angle is 0, = 11.46°.
Figure 5 illustrates the matrix-vector product results
between UVMLP and SDFMM. The two results are in
a good agreement.

[s5] Figure 6 shows a composite rough surface profile.
The composite rough surface has a small-scale roughness
(hy = 1.0\ and /; = 3.0)\) superimposed on a large-scale
roughness (4, = 10.0x and /, = 100.0X\). N = 65536, Ax =
N10. 6; = 11.46°. Figure 7 shows the bistatic scattering
coefficient for one realization, using the composite rough
surface as shown in Figure 6.

[s6] In Figure 8, we illustrate the CPU time of UV
decomposition preprocessing, matrix-vector product, the
number of iterations, the total CPU time and the memory
requirement as a function of number of surface
unknowns. For these examples, the incident angle is
0; = 11.46° with 7 = 10.0\, / = 100.0x, Ax = N10.
The number of unknowns, N, ranges from 8192 to
131072. We list in Table 2 the CPU and memory data
of Figure 8 for convenience.

[57] Consider the case with 2= 10.0\, /= 100.0X, Ax =
M10. Incident angle is 0; = 11.46°. N = 131072 and L is
more than 13100X\. The total solution time is 14.5 min
for 96 iterations. The preprocessing costs 133 s and it
takes about 7.4 s per iteration. Table 3 illustrates the
maximum and minimum rank of the blocks in each level.
We see that the rank is low and is roughly of same order
for all the levels of impedance matrices. We note that the
case from 65536 unknowns to 131,072 unknowns has a
total CPU close to 4 times because the number of
iterations has doubled. In the future, we will study the
reduction of iterations by near-field preconditioning
[Huang et al., 2004].

[s8] We next study the case of large incidence angle
and the case of TE and TM polarizations. In Figure 9, we
illustrate the bistatic scattering coefficients of a TE case
and a TM case, respectively, from a random rough
surface for 0; = 80°, & = 3.0\, [ = 6.0\, Ax = \/10 with
N =65536. The results are averaged over 20 realizations.
The average CPU times per iteration are 5.11 and 5.33 s,
and the average numbers of conjugate gradient iterations
are 146 and 143 for the TE and TM case, respectively.

Table 4. Average CPU Time Over 20 Realizations at 0; = 80°
With & = 3.0\, / = 6.0\, and L = 6553.6\"

Preprocessing Time, s

Number
Near uv Time Per of Total
Polarization Field Decomposition Iteration, s Iterations Time, s

TE 12 82
™ 13 85

5.11 146
5.33 143

840
960

The tolerances of residuals (L norm) are less than 1%.
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Table 5. Rank Table of a Realization at 0, = 80° With 4 = 3.0,
1= 6.0\, and L = 6553.6X

TE ™

Upper Matrix Lower Matrix Upper Matrix Lower Matrix

Level
i rankp,. rank, rankay ranko, rank .y rankg, ranknay rankpni,

1 7 3 7 3 7 3 7 3
2 10 3 10 3 11 3 11 3
3 14 3 14 3 11 4 11 4
4 10 3 10 3 11 4 10 4
5 8 4 8 4 9 4 8 4
6 6 4 6 4 7 4 7 4
7 6 4 6 4 6 4 6 4
8 5 4 5 4 5 4 5 4
9 5 4 5 4 5 4 5 3
10 5 4 5 4 5 4 5 4
11 6 5 6 5 5 3 5 5

The CPU are shown in Table 4. The tolerances of
residuals (L? norm) are less than 1%. There are only
slight difference of CPU and number of iterations from
realization to realization. Comparing with the case of & =
10.0X, / = 100.0\, we find that the CPU per iteration is
more, because the surface is rougher and the slope is
bigger. The rank table is given in Table 5 and shown an
increase in rank. We have also compared between b and
the direct product of original Z,,, and our solution 7, in
(3). Both are in a good agreement. For cases of moderate
RMS height, as done in Figure 5, we have made
computations using the SDFMM code we have written
using page 212 to 242 of [Tsang et al., 2001]. Since this
is based on our own version of SDFMM, the CPU
comparison with UV may not be a fair comparison.
Within this context of uncertainty, the present UV
method is substantially faster. Also, for the case of large
RMS height as done in Figure 9, we cannot run the
SDFMM code because of the large memory requirement
in near field for a single processor.

6. Conclusions

[s59] The UVMLP method is presented for rapid solu-
tion of integral equation. It achieves the reduction of the
CPU and memory requirement for matrix-vector multi-
plication. On the other hand, the forward and backward
method [Chou and Johnson, 1998] emphases on reduc-
tion of number of iterations. A recent method of charac-
teristic basis functions [Sun et al., 2003] emphasizes on
the drastic reduction in basis functions. In addition, the
UVMLP method operates on submatrixes of the imped-
ance matrix using tabulated values of Green’s values,
thus it is applicable to all types of Green’s functions. The
method has also been applied to volume scattering by
large number of cylinders of moderate size where the UV
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method is directly applied to the Green’s function of
higher-order partial waves [75sang and Li, 2004].

Appendix A: Upper Bound of Rank From
Green’s Function Analysis

[60] Let the transmitting points of a group be at x,,, n
1, 2,---,N, and the receiving points of a group be at x,,,
m=1, 2, --,N,. Without loss of generality, let x,, > x,,.

[61] Then, using the steepest descent Green’s function
[Tsang et al., 2001, p. 214], g(7,, ) is a N,. X N, matrix,
and

. 0
1
grmyrn :Ezexp

g=1

Xx,) sin oy

— ik(zm — z4) cOS 0y ) Ay, (A1)
where o, is the discretization of the steepest descent
path, and Q is the number of dsicretziation angles. The
choice of Q is based on the rule defined for steepest path.

[62] We can define the mth element of the nth column
of the g(7,,, 7,) matrix by

(&) (A2)

= g(Fm, 7).

[63] Let the gth column vector @, be defined such that
its mth element (i.e., the mth row) of the vector @, is
— ikzy cos o) Aay.  (A3)

(a,),= # exp (ikxy sin oy

[64] Then, we have

€,),, Z exp (—ikx, sin oy, + ikz, cos oy ) (a,) , -
(A4)
Thus
%
& = Z Cgly; (AS)
q=1
where
Cug = exp(—ikx, sin o + ikz, cos o). (A6)

[65] This means the columns of the impedance matrix
block, g(7,,, 7,), can be expressed as linear combination
of Q column vectors. This puts the upper bound of the
rank of g(7,,, 7,) at Q. On the other hand, the rank table
in Table 3 shows the rank is less than Q.
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