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Abstract� In the use of the time-domain integral equation
(TDIE) method for the analysis of layered media, it is important
to have the time-domain layered medium Green�s function
computed for many source-to-field distances and time instants
. In this paper, a numerical method is used that computes the

mixed potential Green�s functions ( ) and ( ) for a
multilayered medium for many �s and �s simultaneously. The
method is applicable to multilayered media and for lossless or
lossy dispersive media. Salient features of the method are: 1) the
use of complex so that the surface wave poles are lifted off the
real axis such that pole extractions are not required; 2) the use
of half-space extraction so that the integrand for the Sommerfeld
integral decays exponentially along the axis to obtain fast
convergence of the integral; and 3) the use of the fast Hankel
transform so that the Green�s function is calculated for many
values of simultaneously. For a four-layer medium, we illustrate
the numerical results by a three-dimensional plot of ( )
versus and and demonstrate the space�time evolution of these
Green�s functions. For a maximum frequency range of 8 GHz, the
method requires only a few CPU minutes to compute a table of
100 (points in ) 168 (points in ) uniformly spaced values of

( ) on an 867-MHz Pentium PC.

Index Terms� Discrete transforms, Green function, nonhomoge-
nous media, time-domain analysis.

I. INTRODUCTION

THE LAYERED medium Green�s function in the frequency
domain has been studied extensively. This was due to

important applications such as geophysical probing [1] and
microstrip antenna analysis [2], [3]. Early work focused on
analytical techniques such as contour integration, asymptotic
methods, and vertical branch cuts to evaluate the Sommerfeld
integrals [4]. The focus recently is more on numerical tech-
niques for calculating the layered medium Green�s function
[5]�[7]. Li et al. have developed a fast algorithm using the
sparse-matrix/canonical grid method to solve for the impedance
matrix [8]. This method uses the fast Hankel transform (FHT)
[9]�[12] to speed up the evaluation of the Sommerfeld integrals
and the matrix pencil (MP) method to approximate the spatial
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Green�s function. The drawback of the method is that pole
extraction is required prior to application of the FHT, which
makes the method difficult to apply to multilayered media.
One method of speeding up the numerical computation of
Sommerfeld integrals for layered media, where the source and
field are on the surface, is the use of half-space extraction [13],
[14]. This causes the integrand of the Sommerfeld integral to
decay exponentially to speed up convergence significantly.

Recently, there is increasing interest in calculating the results
in the time domain as many applications use wide band pulses as
sources. For example, in the problem of interconnects on printed
circuit boards [15], high-speed digital pulses, which span a wide
frequency range, have to be analyzed on layered media to model
the effects of ringing, signal delay, and crosstalk. Other impor-
tant applications of time-domain analysis of layered media are
the analysis of wideband microstrip antennas and the effects of
ground penetration radar.

One way of solving these time-domain problems is the time-
domain integral equation (TDIE) method [16], [17], as opposed
to a direct discretization method like the FDTD. The TDIE is
usually used with the free-space Green�s function and also with
images for the case of layered media. Recently, the Cagniard-de
Hoop�s method is used for calculating the time-domain Green�s
function for layered medium. However, such a method is re-
stricted to nondispersive media and also becomes less useful for
multilayered media.

It is desirable to have fast computation of the layered medium
Green�s function for many source-to-field distances and time
instants as the TDIE requires the Green�s function for many

�s and �s.
In this paper, we present a method for calculation of the time

domain and in the mixed-potential integral
equation (MPIE) method for a multilayered medium where the
source and field points are both on the top surface as shown
in Fig. 1. The method is applicable for both lossless and lossy
multilayered and dispersive media. It also calculates for many
source-to-field distances and many time instants simultane-
ously. The salient feature of the method presented are as follows.

1) Complex is used [19], [20] so that the surface wave
poles are lifted off the real axis even for lossless
medium. This removes the need for surface wave pole
extraction, which can be complicated for a multilayered
medium.

2) Half-space extraction is used so that the integrand for the
non-half-space portion of the Sommerfeld integral decays
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Fig. 1. A layered media. The delta source is at the origin.

exponentially along the axis to have fast convergence
of the integral. Other methods that use quasidynamic ex-
traction have integrands that decay only as . Quasi-
dynamic extraction is the extraction of the quasidynamic
images. These �image� terms exist due to an approxima-
tion made for low frequencies [6].

3) The FHT [9] is used so that the Green�s function is calcu-
lated for many values of simultaneously. This is impor-
tant because the use of the time-domain Green�s function
in the time-domain integral equation requires the results
of many values of .

4) The fast Fourier transform (FFT) is used for Fourier in-
tegration in to compute the Green�s function for many
time instants .

Although the listed methods are not new, the unique contri-
bution of this paper is the combination of all these methods
to calculate the time-domain layered media Green�s function
quickly for the case where the source and the field are on the
top layer.

In Section II, the evaluation of the Green�s functions in com-
plex frequency will be presented. The Green�s function is sepa-
rated into the half-space portion and the non-half-space portion.
The half-space portion is evaluated by vertical branch-cut inte-
gration. The non-half-space portion is evaluated using the FHT.
In Section III, the Green�s function is converted from the fre-
quency domain to the time domain via the FFT. In Section IV,
the choice of physical and numerical parameters will be dis-
cussed. We discuss the choice of and the sampling in-
tervals and domain of and such that one set of numerical
parameters give results that are accurate for all values of and
in the specified range. The choice of for the FHT will also
be described. In Section V, the numerical result for is
shown as a function of for a single-layer medium and as a
function of frequency for a four-layer medium. We also show

and for the four-layer medium as functions of
time for the case where complex frequency is used and the case
where real frequency is employed to show that the two methods
are in good agreement. To illustrate the technique for calculating

for many values of and simultaneously, we generate
a three-dimensional (3-D) mesh of versus and . It
is shown that it requires only a few CPU minutes using Matlab
to compute a table of 100 (points in ) 168 (points in ) uni-
formly spaced values of .

II. EVALUATION OF AND IN THE COMPLEX

FREQUENCY DOMAIN

Let the surface current be confined to a surface sheet in
the xy-plane and let the surface charge be . The Green�s func-
tions for the vector magnetic potential and the scalar electric
potential can be defined as follows:

For a multilayered medium shown in Fig. 1, and are
given by

(1)

(2)

where , , and .
and are the transverse electric (TE) and transverse

magnetic (TM) reflection coefficients, respectively, due to a
plane wave incident on the multilayered medium. and

can be calculated from equations found in [20].
It is apparent that (1) and (2) cannot be integrated directly as

there are surface wave poles on the axis. One way of over-
coming this difficulty is to add a small imaginary component to
the angular frequency to extend and to the
complex frequency. Let with [19], [20].
In this manner, the poles will be shifted off the real axis. Sub-
sequently, the inverse Fourier transform is taken in the complex

plane. Thus, the imaginary component of is compensated in
the time domain by multiplying the Fourier transformed results
of and by an exponential factor.

A. Half-Space Extraction of and

An efficient way to evaluate (1) and (2) is to extract the half
space. This means that the components of and due
to layers 0 and 1 only are evaluated separately, assuming that
layer 1 is infinitely deep. Because the angular frequency is
complex, the integration for the non-half-space portion can then
be performed on the real axis
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Fig. 2. Branch-cut integration paths for evaluation of G (�; !).

where

(3)

where

(4)

and are the reflection coefficients for TE- and
TM-polarized waves, respectively, incident on the boundary
between layers 0 and 1, where layer 1 is infinitely thick.

The half-space portion is extracted instead of the free space
portion, despite having a closed form for the latter. This is be-
cause the integrand for the non-half-space portion decays expo-
nentially with , whereas the integrand for the non-free space
portion decays as a power of . This affects the size of the do-
main of required for the FHT.

The integrals for and can be evaluated by in-
tegrating along the vertical branch cuts with branch points at

and
[14]. The branch-cut integration paths are shown in Fig. 2. The
integrals for and converge very quickly.
Details for the branch-cut integration for are found in

Fig. 3. Integration path for G (�; !).

Appendix I-A. The integrals for and
can be evaluated along the real axis.

B. FHT for Evaluation of and

Using complex frequency, the poles are moved off the real
axis as shown in Fig. 3. The integrands for and

are analytic functions that can be evaluated using
the FHT [9].

Let the general form of (3) and (4) be

(5)

Let and be logarithmically spaced vectors such that

(6)

(7)

where and are linearly spaced vectors.
Let

Equation (5) becomes a convolution integral of the form

This convolution can be efficiently solved using the Fourier
transform. Let

(8)

(9)

Authorized licensed use limited to: University of Washington Libraries. Downloaded on July 13, 2009 at 15:48 from IEEE Xplore.  Restrictions apply.



1562 IEEE TRANSACTION ON ANTENNAS AND PROPAGATION, VOL. 51, NO. 7, JULY 2003

A closed form exists for (8)

can be evaluated using the FFT. It is important that
is effectively captured in the FFT window. In Section IV-B-2,
the choice of for the FHT is described.

III. TRANSFORMING AND TO THE

TIME DOMAIN

and are usually not frequency limited
within the frequency band of interest. It is necessary to intro-
duce a frequency-limited source function to limit the frequency
range of the Fourier integration. Let the source function be a
Gaussian pulse function given by

The Fourier transform of is

where is at the peak of the pulse function and is a measure
of the pulsewidth.

Thus can be evaluated from the Fourier transform
of the product of and . If , then

Since

It follows that

(10)

This result is logical, as we expect the function to be
real in the time domain. The Fourier integral for can
be efficiently evaluated using the FFT. In the FFT, the largest
value of needed, denoted by , is determined by .

The results of for real can be generated by
taking the FFT of and dividing by .

IV. NUMERICAL IMPLEMENTATION

In this section, details will be provided on the choice of nu-
merical parameters for calculation of the numerical solution. A
single choice of numerical parameters is necessary for the entire
range of and specified.

A. Physical Parameters

The three physical parameters of the problem (aside from the
material dimensions and properties) are

1) , the maximum angular frequency;
2) , the maximum distance from the source to the field

point (on the same plane);
3) , the maximum time instant desired.
The maximum time evaluated will depend on the number of

frequency points and the angular frequency spacing

B. Numerical Parameters

1) Choice of : From (10), it is seen that a term
must be multiplied with the Fourier integral to get the value of

. Since is negative, must be small so that
numerical errors will not occur in the final result. Furthermore,

affects the distance the surface wave poles are lifted from the
axis. If is too small, the FHT will be evaluated too close

to the poles, resulting in inaccurate results.
Let

2) Choice of for the FHT: Referring to (8) and (9), it
is useful to have an imaginary part of to ensure convergence
of the Fourier integrals. Let .

To ensure convergence of

(11)

To ensure convergence of

(12)

Refer to Appendix II for the derivation of the two inequalities.
Since (11) is more restrictive than (12), (11) is the range for .
The second author has found that works quite well
in practice.

3) Choice of Other Numerical Parameters for and for
the FHT: The following are guidelines for the choice of the
domain for :
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Fig. 4. Comparison between the amplitude of scalar potentialG (�; !)withG computed from direct numerical integration and the FHT. Relative permittivity
of substrate " = 12:6, substrate thickness h = 1 mm, and frequency f = 30 GHz.

Fig. 5. Comparison between the real and imaginary part of the scalar potential G (�; !) with G computed from direct numerical integration and the FHT.
Relative permittivity of substrate " = 12:6, substrate thickness h = 1 mm, and frequency f = 30 GHz.

is the thickness of each layer. was chosen with the con-
sideration that after half-space extraction, the integrand for the

non-half-space portion of the Green�s functions decay exponen-
tially as . Note that and are linearly spaced vec-
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Fig. 6. Real and imaginary parts of G (�; !) as a function of frequency. Source-to-field distance � = 3:75 cm, permittivity of dielectric layers " = 2" ,
" = 4" , " = 7" , " = 11" , and thickness of each dielectric layer h = 1:3 mm.

tors. The second author chose the number of points for the FHT
to be 8192.

The range of is determined from , the maximum
source-to-field distance required. From (6), it can be deduced
that

4) Choice of Numerical Parameters for Frequency and
Time: The method for estimating is based on the max-
imum time of the signal that needs to be evaluated. (After

, the signal can be considered to have zero value.) To
prevent aliasing in the time-domain

The number of points in is given by

round

The time spacing and the maximum time interval are determined
from and

V. NUMERICAL RESULTS

A. FHT for as a Function of Using Complex
Frequency

The results shown will be mainly for . The results for
can be obtained in a similar manner. The FHT is tested using
complex frequency. Figs. 4 and 5 show against for

computed using the direct numerical integration and FHT.
The comparison between the two sets of results is excellent. The
parameters for testing are similar to that found in [8]. The dielec-
tric constant is , the thickness of the dielectric layer
is mm and the operating frequency is GHz. The
substrate is a single dielectric layer with a perfect electric-con-
ducting ground plane beneath. The imaginary part of the angular
frequency is , where is chosen as
40 GHz. The FHT is performed using 8192 points in with

.

B. Evaluation of as a Function of Frequency

Fig. 6 shows the real and imaginary parts of cal-
culated using complex and half-space extraction. The phys-
ical parameters used for testing are: cm, ,

, , , and mm. The sub-
strate is a four-layer dielectric with a perfect electric conducting
ground plane below the fourth layer. The branch-cut lengths are
set at .

Fig. 7 shows the real and imaginary parts of cal-
culated using direct numerical integration and the FHT. The
FHT evaluated 8192 points in and cubic spline was used to
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Fig. 7. Real and Imaginary parts of G (�; !) as a function of frequency. Source-to-field distance � = 3:75 cm, permittivity of dielectric layers " = 2" ,
" = 4" , " = 7" , " = 11" , and thickness of each dielectric layer h = 1:3 mm.

Fig. 8. Real and Imaginary parts of G (�; !) as a function of frequency. Source-to-field distance � = 3:75 cm, permittivity of dielectric layers " = 2" ,
" = 4" , " = 7" , " = 11" , and thickness of each dielectric layer h = 1:3 mm.
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Fig. 9. G (�; t) as a function of time. Source-to-field distance � = 3:75 cm, permittivity of dielectric layers " = 2" , " = 4" , " = 7" , " = 11" ,
thickness of each dielectric layer h = 1:3 mm, and pulsewidth � = 20 ps.

interpolate the value at . The value of
. The agreement between the results calculated from

the two methods is excellent. The maximum relative error is
0.859%. The mean relative error was 0.252%. The parameters
used are the same as for the case.

Fig. 8 shows the real and imaginary parts of , which
is the sum of and . For the graph labeled
�direct�, the portion is computed using numerical
integration instead of the FHT.

C. Evaluation of and as a Function of Time

Fig. 9 shows as a function of time. This is the
shown is the previous subsection that has been mul-

tiplied by and fast Fourier transformed. The parameters
used for are ps and . The comparison
is made with a function that is evaluated in frequency
domain using real and with integrated along the
Sommerfeld integration path (SIP), as shown in Fig. 10. The
comparison function is Fourier transformed using
direct numerical Fourier integration rather than the FFT. The
agreement between the two sets of results is excellent.

Fig. 11 shows as a function of time. is
obtained in a similar way to . The agreement between
the two sets of results is excellent. Small errors can be seen in
the two sets of results. The main source of error is aliasing. The
time-domain Green�s function is actually not limited in time if a
frequency limit is imposed. A time limit must be approximated
so that a frequency sampling interval can be obtained. Sampling

Fig. 10. The SIP.

more points in frequency is likely to increase the accuracy but
lengthen the run time of the algorithm.

Fig. 12 shows as a function of both and . The
pulsewidth used was 100 ps. The maximum frequency was
set at 8 GHz. The same four-layer multilayer medium described
in the previous section was used. was evaluated for
100 points in and 168 points in . The results took 2 min and
51 s to evaluate in Matlab (to within a relative error of
for the branch-cut integrations) on an 867-MHz Pentium PC.
In comparison, using real frequency and numerical integration,
generating the same mesh to the same accuracy would take ap-
proximately 3 h. The results show the space�time evolution of

.
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Fig. 11. G (�; t) as a function of time. Source-to-field distance � = 3:75 cm, permittivity of dielectric layers " = 2" , " = 4" , " = 7" , " = 11" ,
thickness of each dielectric layer h = 1:3 mm, and pulsewidth � = 20 ps.

Fig. 12. 3-D mesh of �G (�; t) as a function of both � and t. Permittivity of dielectric layers " = 2" , " = 4" , " = 7" , " = 11" , thickness of each
dielectric layer h = 1:3 mm, and pulsewidth � = 100 ps.

Authorized licensed use limited to: University of Washington Libraries. Downloaded on July 13, 2009 at 15:48 from IEEE Xplore.  Restrictions apply.










