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Abstract In the use of the time-domain integral equation
(TDIE) method for the analysis of layered media, it isimportant
to have the time-domain layered medium Greens function
computed for many source-to-field distances p and time instants
t. In this paper, a numerical method is used that computes the
mixed potential Green s functions G, p,t and G4 p,t for a
multilayered medium for many p s and ¢ s simultaneously. The
method is applicable to multilayered media and for lossless or
lossy dispersive media. Salient features of the method are: 1) the
use of complex w so that the surface wave poles are lifted off the
real k, axissuch that pole extractions are not required; 2) the use
of half-space extraction so that the integrand for the Sommerfeld
integral decays exponentially along the k, axis to obtain fast
convergence of the integral; and 3) the use of the fast Hankel
transform so that the Green s function is calculated for many
values of p simultaneously. For afour-layer medium, weillustrate
the numerical results by a three-dimensional plot of pG, p,t
versus p and ¢ and demonstrate the space time evolution of these
Green sfunctions. For a maximum frequency range of 8 GHz, the
method requires only a few CPU minutes to compute a table of
100 (pointsin p) x 168 (pointsin t) uniformly spaced values of
G, p,t onan 867-MHz Pentium PC.

Index Terms Discretetransforms, Green function, nonhomoge-
nous media, time-domain analysis.

I. INTRODUCTION

HE LAY ERED medium Green sfunctioninthefrequency

domain has been studied extensively. This was due to
important applications such as geophysical probing [1] and
microstrip antenna analysis [2], [3]. Early work focused on
analytical techniques such as contour integration, asymptotic
methods, and vertical branch cuts to evaluate the Sommerfeld
integrals [4]. The focus recently is more on numerical tech-
niques for calculating the layered medium Green s function
[5][7]. Li et al. have developed a fast algorithm using the
sparse-matrix/canonical grid method to solve for theimpedance
matrix [8]. This method uses the fast Hankel transform (FHT)
[9] [12] to speed up the evaluation of the Sommerfeld integrals
and the matrix pencil (MP) method to approximate the spatial
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Green's function. The drawback of the method is that pole
extraction is required prior to application of the FHT, which
makes the method difficult to apply to multilayered media.
One method of speeding up the numerica computation of
Sommerfeld integrals for layered media, where the source and
field are on the surface, is the use of half-space extraction [13],
[14]. This causes the integrand of the Sommerfeld integral to
decay exponentialy to speed up convergence significantly.

Recently, thereisincreasing interest in calculating the results
inthetime domain as many applications use wide band pulsesas
sources. For exampl e, in the problem of interconnects on printed
circuit boards[15], high-speed digital pulses, which spanawide
frequency range, haveto be analyzed on layered mediato model
the effects of ringing, signal delay, and crosstalk. Other impor-
tant applications of time-domain analysis of layered media are
the analysis of wideband microstrip antennas and the effects of
ground penetration radar.

One way of solving these time-domain problemsis the time-
domain integral equation (TDIE) method [16], [17], as opposed
to a direct discretization method like the FDTD. The TDIE is
usually used with the free-space Green sfunction and also with
imagesfor the case of layered media. Recently, the Cagniard-de
Hoop smethod is used for cal culating the time-domain Green s
function for layered medium. However, such a method is re-
stricted to nondispersive mediaand also becomes|ess useful for
multilayered media.

Itisdesirableto have fast computation of thelayered medium
Green s function for many source-to-field distances p and time
instants ¢ as the TDIE requires the Green s function for many
psandts.

In this paper, we present a method for calculation of thetime
domain G,(p,t) and G 4(p,t) in the mixed-potential integral
equation (MPIE) method for a multilayered medium where the
source and field points are both on the top surface as shown
in Fig. 1. The method is applicable for both lossless and lossy
multilayered and dispersive media. It also calculates for many
source-to-field distances p and many time instants ¢ simultane-
oudly. The salient feature of the method presented are asfollows.

1) Complex w is used [19], [20] so that the surface wave
poles are lifted off the rea k, axis even for lossess
medium. This removes the need for surface wave pole
extraction, which can be complicated for a multilayered
medium.

2) Half-space extraction is used so that the integrand for the
non-half-space portion of the Sommerfeld integral decays
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Fig. 1. A layered media. The delta source is at the origin.

exponentially along the &, axis to have fast convergence
of the integral. Other methods that use quasidynamic ex-
traction have integrands that decay only ask, 32, Quasi-
dynamic extraction is the extraction of the quasidynamic
images. These image terms exist due to an approxima-
tion made for low frequencies [6].

3) The FHT [9] isused so that the Green sfunctionis calcu-
lated for many values of p simultaneoudly. Thisisimpor-
tant because the use of the time-domain Green sfunction
in the time-domain integral equation requires the results
of many values of p.

4) The fast Fourier transform (FFT) is used for Fourier in-
tegration in w to compute the Green s function for many
time instants ¢.

Although the listed methods are not new, the unique contri-
bution of this paper is the combination of all these methods
to calculate the time-domain layered media Green s function
quickly for the case where the source and the field are on the
top layer.

In Section 11, the evaluation of the Green s functionsin com-
plex frequency will be presented. The Green sfunction is sepa-
rated into the half-space portion and the non-hal f-space portion.
The half-space portion is evaluated by vertical branch-cut inte-
gration. The non-half-space portion is evaluated using the FHT.
In Section 11, the Green s function is converted from the fre-
guency domain to the time domain viathe FFT. In Section IV,
the choice of physical and numerical parameters will be dis-
cussed. We discuss the choice of Tm(w) and the sampling in-
tervals and domain of &, and w such that one set of numerical
parameters give resultsthat are accurate for all values of p and ¢
in the specified range. The choice of Iin(s) for the FHT will also
be described. In Section V, the numerical result for G, (p,w) is
shown as a function of p for a single-layer medium and as a
function of frequency for a four-layer medium. We also show
G 4(p,t) and G, (p, t) for thefour-layer medium asfunctions of
timet for the case where complex frequency isused and the case
where real frequency is employed to show that the two methods
arein good agreement. Toillustrate the techniquefor calculating
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G, (p,t) for many valuesof p and ¢ simultaneously, we generate
athree-dimensional (3-D) mesh of pG,,(p,t) versus p and ¢. It
is shown that it requires only afew CPU minutes using Matlab
to compute a table of 100 (pointsin p) x 168 (pointsin t) uni-
formly spaced values of G, (p,t).

[1. EVALUATION OF G 4(p,w) AND G, (p,w) IN THE COMPLEX
FREQUENCY DOMAIN

Let the surface current .J, be confined to a surface sheet in
the xy-plane and | et the surface charge be p. The Green sfunc-
tions for the vector magnetic potential A and the scalar electric
potential ¢ can be defined as follows:

Ay = / | / Ga(F 7)o (7 )’ dy
o) = [ [ Gurr o'y

For a multilayered medium shown in Fig. 1, G4 and G, are
given by

N k
Galp ) = — 1 /dkpk—pjo(kpp)(l—i-RTE) 1)
.0 z

J 1
Gy(p,w) = — dk,—
(p/W) 47r€0/ pkz
0
K2RTE 4 p2R™
ot BEEEE o) @
p
where p = /22 +y2, k, = \/ke + ky, and k. = \/kE — k%

RTE and R™ are the transverse electric (TE) and transverse
magnetic (TM) reflection coefficients, respectively, due to a
plane wave incident on the multilayered medium. RTF and
R™ can be calculated from equations found in [20].

It is apparent that (1) and (2) cannot be integrated directly as
there are surface wave poles on the k, axis. One way of over-
coming this difficulty isto add a small imaginary component to
the angular frequency w toextend G 4 (p, w) and G, (p, w) tothe
complex frequency. Let w = w’ + jw” with w” < 0[19], [20].
In this manner, the poleswill be shifted off thereal &, axis. Sub-
sequently, theinverse Fourier transform istaken in the complex
w plane. Thus, theimaginary component of w iscompensated in
the time domain by multiplying the Fourier transformed results
of G4 and G, by an exponentia factor.

A. Half-Space Extraction of G4 (p,w) and G, (p,w)

An efficient way to evaluate (1) and (2) is to extract the half
space. This means that the components of RTF and R™ due
to layers 0 and 1 only are evaluated separately, assuming that
layer 1 is infinitely deep. Because the angular frequency w is
complex, theintegration for the non-hal f-space portion can then
be performed on the real &, axis

Galp,w) =G (p,w)+GT (p,w)
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RIE and RIM are the reflection coefficients for TE- and
TM polarlzed waves, respectively, incident on the boundary
between layers 0 and 1, where layer 1 isinfinitely thick.

The half-space portion is extracted instead of the free space
portion, despite having a closed form for the latter. Thisis be-
cause theintegrand for the non-half-space portion decays expo-
nentially with & ,, whereas the integrand for the non-free space
portion decays as a power of k,. This affects the size of the do-
main of k, required for the FHT.

The integrals for fo) and G{" can be evaluated by in-
tegrating along the vertical branch cuts with branch points at
k, = ko = (W + jw")/peo and k, = ky = (W' + juw")\/mer
[14]. The branch-cut integration paths are shown in Fig. 2. The
integralsfor GE4H)(/17 w) and GSJH)(/), w) converge very quickly.
Details for the branch-cut integration for G\H) are found in
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Appendix I-A. The integrals for GgN)(p,w = v + jw") and
Gq(JN)(,o, w = w’ + jw'") can be evaluated along thereal &, axis.

B. FHT for Evaluation of G&N)(p,w) and GE,N)(p, w)

Using complex frequency, the poles are moved off the real

k, axis as shown in Fig. 3. ThemtegrandsforG ( w) and
£N>(p,w) are analytic functions that can be evaluated using

the FHT [9].
Let the general form of (3) and (4) be

oo

flp) = /F<kp)kp‘]r/(kpp>dkp- ©)

0

Let p and k, be logarithmically spaced vectors such that

p = Rexp(ax) (6)
k, = K exp(—ay) )

where 2 and y are linearly spaced vectors.
Let
Hy(z —y) =0 ], (KRe“(“y))
Gly) =Ke  “F(Ke ™).
Equation (5) becomes a convolution integral of the form

oo

f(p) = Kae™** / dy H,(x — y)G(y).

This convolution can be efficiently solved using the Fourier
transform. Let

dy ™™ H, (y) ©)

dy e 72T G(y). ©)

g
/
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A closed form exists for (8)

- 1 (2
i,(s) = Z
/() = KR (KR

G(s) can beevaluated using the FFT. Itisimportant that G (y)
is effectively captured in the FFT window. In Section IV-B-2,
the choice of Im(s) for the FHT is described.

) Lt - o)

[1l. TRANSFORMING G 4(p,w) AND G,(p,w) TO THE
TIME DOMAIN

G4(p,w) and G,(p,w) are usualy not frequency limited
within the frequency band of interest. It is necessary to intro-
duce a frequency-limited source function to limit the frequency
range of the Fourier integration. Let the source function be a
Gaussian pulse function given by

bl (2]

The Fourier transform of x(t) is

x(t) =

X (w) = exp(—jwto) exp <_w172>

where tq is at the peak of the pulse function and 7 is a measure
of the pulsewidth.

Thus G 4 ,(p, t) can be evaluated from the Fourier transform
of the product of X (w) and G4 ,(p, w). If w = w' + jw”, then

1"
e~ v t

2w

/ dw'ejw/tX(w’—l-jw”)

X Ga(p,w +ju").

GA,’”(/)a t) =

Since
X(—w' +jwl,)GA7u(ﬂ7 _w/ +jw")
= [X (W + jw")Gau(p,o + ju")]".

It follows that

W't

GA,v(p: t) = ‘

x Re /dw’ej“/tX(w’ + jw")Gau(p, 0’ + 50" | . (10)
0

This result is logical, as we expect the function G 4 ,, to be
real in the time domain. The Fourier integral for G 4 ., (p, t) can
be efficiently evaluated using the FFT. In the FFT, the largest
value of w needed, denoted by wy,ax, isdetermined by X (w).

The results of G 4,,(p,w) for real w can be generated by
taking the FFT of G,,(p, t) and dividing by X (w).

IV. NUMERICAL IMPLEMENTATION

In this section, details will be provided on the choice of nu-
merical parameters for calculation of the numerical solution. A
single choice of numerical parametersis necessary for theentire
range of p and ¢ specified.
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A. Physical Parameters

Thethree physical parameters of the problem (aside from the
material dimensions and properties) are

1) wpmax, the maximum angular frequency;

2) pmax, the maximum distance from the source to the field

point (on the same plane);

3) tmax, the maximum time instant desired.

The maximum time evaluated will depend on the number of
frequency points N, and the angular frequency spacing Aw’

2w (N, — 1)
N,yAW

tmax =

B. Numerical Parameters

1) Choiceof Im(w): From (10), it is seen that aterm ¢=«"*
must be multiplied with the Fourier integral to get the value of
Gau(p,t). Sincew” isnegative, |w” tmax| must besmall so that
numerical errorswill not occur in the final result. Furthermore,
w" affectsthe distance the surface wave poles arelifted fromthe
k, axis. If w” istoo small, the FHT will be evaluated too close
to the poles, resulting in inaccurate results.

Let
W tmax = — 0.3
03
tmax

2) Choiceof Im(s) for the FHT: Referring to (8) and (9), it
is useful to have an imaginary part of s to ensure convergence
of the Fourier integrals. Let s = s’ + js”.

To ensure convergence of H,,(s)

Y e v
o <s' < . (11)
To ensure convergence of G(s)
" a
—. 12
s < o (12)

Refer to Appendix 11 for thederivation of thetwo inequalities.
Since (11) is more restrictive than (12), (11) istherangefor s”.
The second author hasfound that s” = —a /4 works quitewell
in practice.

3) Choice of Other Numerical Parameters for k, and p for
the FHT: The following are guidelines for the choice of the
domain for k,,:

a =0.0003
10
kp max — 1Nax <5kmax; F)
()
ymm - - IOg -
a a
Ymax = 2ymin
X=Yy.
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Fig.4. Comparison between the amplitude of scalar potential with (V) computed from direct numerical integration and the FHT. Relative permittivity
of substrate . , substrate thickness mm, and frequency GHz.
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Fig. 5. Comparison between the real and imaginary part of the scalar potential with (V) computed from direct numerical integration and the FHT.
Relative permittivity of substrate . , Substrate thickness mm, and frequency GHz.

h isthethickness of each layer. k, max Waschosen withthecon-  non-half-space portion of the Green sfunctions decay exponen-
sideration that after half-space extraction, the integrand for the tially asexp(—2k,h). Notethat x and y arelinearly spaced vec-
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1 p =0.0375m, e = 2e0, €, = 480, €= 780, g, = 1120, h=0.0013m

15 T T T

v

G(H)(f)
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frequency (Hz) x10™
Fig. 6. Rea and imaginary partsof (F) as afunction of frequency. Source-to-field distance cm, permittivity of dielectric layers 0,

0, and thickness of each dielectric layer

2 0y 3 0y 4

tors. The second author chose the number of pointsfor the FHT
to be 8192.

The range of p is determined from p,,.., the maximum
source-to-field distance required. From (6), it can be deduced
that

R = Pmax exp(_axmax)-

4) Choice of Numerical Parameters for Frequency and
Time: The method for estimating Aw’ is based on the max-
imum time of the signal #1;,,;¢ that needs to be evaluated. (After
timit, the signal can be considered to have zero value) To
prevent aliasing in the time-domain

Au < 2T _ .7 '
2imit  tlimit

The number of pointsin w is given by

2w
Nw — d max ]
roun < A )

Thetime spacing and the maximum timeinterval are determined
from Aw’ and Nw

_ 2
" N, AW
tmax = (N — 1)At.

At

mm.

V. NUMERICAL RESULTS

A. FHT for G, (p,w) as a Function of p Using Complex
Frequency

The results shown will be mainly for G,,. Theresultsfor G 4
can be obtained in a similar manner. The FHT is tested using
complex frequency. Figs. 4 and 5 show G, (p,w) against p for
GT(,N) computed using the direct numerical integration and FHT.
The comparison between the two sets of resultsisexcellent. The
parametersfor testing aresimilar tothat found in[8]. Thedielec-
tric constant ise,. = 12.6, the thickness of the dielectric layer
ish = 1 mm and the operating frequency is f = 30 GHz. The
substrate is a single dielectric layer with a perfect electric-con-
ducting ground plane beneath. Theimaginary part of theangular
frequency w isw” = —0.3(fmax/50), where fi,.x ischosen as
40 GHz. The FHT is performed using 8192 points in k, with
Im(s) = —(a/3.57).

B. Evaluation of G, (p,w) asa Function of Frequency

Fig. 6 shows the real and imaginary parts of G,(UH)(p, w) cal-
culated using complex w and half-space extraction. The phys-
ical parameters used for testing are: p = 3.75 cm, 1 = 2¢y,
g9 = 4eq, €3 = Teg, €4 = 1leg, and A = 1.3 mm. The sub-
strateisafour-layer dielectric with aperfect electric conducting
ground plane below the fourth layer. The branch-cut lengths are
set at 10/h.

Fig. 7 shows the real and imaginary parts of GT(JN)(/)7 w) cal-
culated using direct numerical integration and the FHT. The
FHT evaluated 8192 points in p and cubic spline was used to

Authorized licensed use limited to: University of Washington Libraries. Downloaded on July 13, 2009 at 15:48 from IEEE Xplore. Restrictions apply.



TSANG et al.: EVALUATION OF THE GREEN S FUNCTION FOR THE MPIE METHOD 1565

« 10" p=0.0375m, e, =2¢, ¢, = 4£0, e,=78y 8, = 11(»:0, h=0.0013m

! ' ! ! ! ' x direct !

— FHT

o
2

Re(G (1)
o

I I I ! I I
0 0.5 1 15 2 2.5 3 35 4
frequency (Hz) x10%

X direct
— FHT

| 1 1 |

1 1 1 1
0 0.5 1 1.5 2 25 3 3.5 4
frequency (Hz) x10"
Fig. 7. Real and Imaginary partsof (V) as afunction of frequency. Source-to-field distance cm, permittivity of dielectric layers 0,
2 0, 3 0, 4 o, and thickness of each dielectric layer mm.
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Fig. 8. Rea and Imaginary partsof as a function of frequency. Source-to-field distance cm, permittivity of dielectric layers 0»
2 0r 3 0, 4 o, and thickness of each dielectric layer mm.
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Fig. 9. v as afunction of time. Source-to-field distance cm, permittivity of dielectric layers 0, 2 0, 3 0y 4 0,
thickness of each dielectric layer mm, and pulsewidth ps.
interpolate the value at p = 3.75 em. The value of Im(s) = k"
P
—a/3.997. The agreement between the results calculated from
the two methods is excellent. The maximum relative error is
0.859%. The mean relative error was 0.252%. The parameters
V
used are the same as for the G(UA)(mw) case. c
Fig. 8 showstherea and imaginary parts of G.,(p,w), which 2 >
isthe sum of GE,H)(p7 w) and av (p,w). For the graph labeled c
direct , the GT(JN)(p, w) portion is computed using numerical !
integration instead of the FHT. HKHKXKAKXK K’
k k P
0 1

C. Evaluation of G,,(p, t) and G 4(p, t) asa Function of Time

Fig. 9 shows G,(p,t) as a function of time. This is the
G, (p,w) shown is the previous subsection that has been mul-
tiplied by X (w) and fast Fourier transformed. The parameters
used for X (w) are 7 = 20 psand ¢ty = 2.57. The comparison
ismade with a G, (p, t) function that is evaluated in frequency
domain using real w and with GS,N)(p,w) integrated along the
Sommerfeld integration path (SIP), as shown in Fig. 10. The
comparison G, (p,t) function is Fourier transformed using
direct numerical Fourier integration rather than the FFT. The
agreement between the two sets of resultsis excellent.

Fig. 11 shows G 4(p,t) as a function of time. G4(p,t) is
obtained in a similar way to G,,(p, t). The agreement between
the two sets of results is excellent. Small errors can be seenin
the two sets of results. The main source of error isdiasing. The
time-domain Green sfunctionisactually not limited intimeif a
frequency limit isimposed. A time limit must be approximated
so that afrequency sampling interval can be obtained. Sampling

o

Surface Wave Poles

Fig. 10. TheSIP.

more points in frequency is likely to increase the accuracy but
lengthen the run time of the algorithm.

Fig. 12 shows pG,(p,t) as afunction of both p and ¢. The
pulsewidth — used was 100 ps. The maximum frequency was
set at 8 GHz. The same four-layer multilayer medium described
in the previous section was used. pG,,(p,t) was evaluated for
100 pointsin p and 168 pointsin ¢. The results took 2 min and
51 s to evaluate in Matlab (to within a relative error of 10~3
for the branch-cut integrations) on an 867-MHz Pentium PC.
In comparison, using real frequency and numerical integration,
generating the same mesh to the same accuracy would take ap-
proximately 3 h. The results show the space time evolution of

Gy(p ).
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Fig. 11. A as a function of time. Source-to-field distance cm, permittivity of dielectric layers 0, 2 0, 3 0, 4 0,
thickness of each dielectric layer mm, and pulsewidth ps.
p*Gv(p,t) at €, =2¢,8,= de,e,=78, €, = e, h=0.0013m, 1=100ps
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Fig. 12. 3-D meshof asafunction of both and . Permittivity of dielectric layers 0, 2 0, 3 0y 4 o, thickness of each

dielectric layer mm, and pulsewidth ps.
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