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Abstract—Spectral domain statistical analysis of RF circuits,
combining a circuit simulator, which models the circuit part and
a full-wave field solver, which models the passive elements, is pre-
sented in this paper. This paper first illustrates the importance of
the knowledge of correlation information in accurately modeling
the probability density functions (PDFs) of eventual objective
functions using a simple transmission line paradigm. Next, this
paper looks at the statistical study of on-chip RF passives using
the spiral inductor as an example. It is shown that larger process
variations necessitate modeling by means of a quadratic response
surface to preserve accuracy. This results in nonindependent
non-Gaussian nonclosed-form PDFs for the equivalent-circuit pa-
rameters of the passives. This paper then proposes a hierarchical
technique to perform statistical analysis of RF circuits based
on y-parameter representation for the circuit and the passive
element parts. The proposed technique obviates the need for opti-
mization steps to derive the equivalent-circuit parameters for the
electromagnetic objects and the need to compute the correlation
matrix between the circuit equivalent elements, while maintaining
accuracy. The proposed approach is illustrated for the statistical
analysis of an RF amplifier and its differential version operating
at 15.78 GHz. PDFs of various quantities of interest are derived
and yield measures are computed.

Index Terms—Correlation, electromagnetic field solver, Monte
Carlo, probability distribution function, process variations, RF cir-
cuits, spiral inductors, yield, y-parameters.

I. INTRODUCTION

HE increasing need for higher data rates is continuously
T pushing the carrier frequencies of communication sys-
tems higher. This trend is complemented by the scaling down
of device and interconnect dimensions that enables enhanced
functionality on a single chip. The flip side of this is the in-
creasing susceptibility of circuits to process variations which
produce lower yields. It is imperative that accurate modeling
schemes be developed in order to capture the impact of process
variations on the performance of circuits [1]. For RF circuits,
process variations affect the on-chip performance of both active
and passive components. This necessitates the inclusion of the
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effect of these variations on distributed interconnect based pas-
sives in modeling overall circuit performance. Full-wave elec-
tromagnetic (EM) analysis is required to accurately model the
on-chip passives commensurate with the increasing frequencies
of operation.

There has been a lot of work on statistical methods applied to
circuit and interconnect performance measures. One category
of work looks at the problems of clock skew and timing anal-
ysis in digital circuits [2]-[5]. The second category addresses
the problem of estimating the yield of the circuits based on per-
formance metrics like gain, slew rate, power, and noise figure
under process variations, and are primarily aimed at analog and
mixed signal circuits.

The work described in this paper falls into the second cate-
gory. The approach in [6] uses a combination of analytical tech-
niques and response surface methodology (RSM) to predict the
statistical behavior of performance measures from the distribu-
tions of lower level process parameters. In another approach
[7], response surfaces have been used with a technology com-
puter-aided design (CAD) approach to determine the spread of
circuit performance measures. In a recent work [8], the issues
pertaining to asymptotic evaluation of the probability density
function (PDF) of a random variable that can be expressed as a
second-order response surface have been addressed. The tech-
niques used in this work significantly speed up PDF evaluation
as compared to performing Monte Carlo analysis.

Compared to the literature on statistical variability in circuits,
little work has been undertaken in the area of statistical study
on the performance of devices and components requiring EM
modeling although this is of equal importance in present day
design for manufacturability analysis. The impact of variability
on board level signal integrity has been addressed in [9]. In an-
other work [10], a commercial field simulator and linear regres-
sion has been used to perform statistical analysis of filters on
substrates. It has been found that for large standard deviations
of parameters contributing to variability of on-chip passives,
quadratic response surfaces are more appropriate. These lead to
a noticeable deviation from the Gaussian profile for the desired
objective functions. This observation is true for both circuit and
EM variability [8], [11].

Specifically, there is no previous work that attempts to inves-
tigate the variability with respect to RF circuits, requiring the
use of a full-wave field solver for accurate modeling of the pas-
sive components such as spiral inductors and transformers.

This paper illustrates, using a transmission line example, the
importance of the correct correlation information between the
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Fig. 1. Illustrating the general correlated and non-Gaussian nature of the de-
rived circuit equivalent quantities.

derived circuit-equivalent quantities. It shows how the accurate
statistical analysis of coupled circuit-EM systems can be per-
formed without the need for extracting the correlation informa-
tion and the optimization steps required to extract the derived
circuit-equivalent quantities.

On-chip passive elements, though modeled by full-wave field
solvers, are represented by equivalent circuits consisting of R, L,
and C components to facilitate time-domain analysis. These ele-
ment values are determined by means of numerical optimization
or other extraction procedures from the S-parameters obtained
through full-wave field solver simulations [12], [13]. Each of the
equivalent-circuit elements will have a functional dependence
on some or all of the basic process variables, which are relevant
to the modeling of passive elements. Thus, the circuit element
values are, in general, correlated. This is illustrated in Fig. 1.

Such RLC models are unsuitable for spectral domain statis-
tical analysis of coupled circuit-EM systems because of the fol-
lowing issues.

e Variability in geometrical parameters such as metal width,
metal thickness, oxide thickness, and electrical parameters
such as substrate conductivity can be modeled accurately
only by full-wave field solvers.

* The parameters that are important for field solver simula-
tions are very different from those influencing the active
circuit behavior and they cannot be used directly in the
present framework for statistical analysis of circuits with
SPICE-like simulators.

» Extra optimization steps are needed to synthesize the
equivalent-circuit models.

* The need for accurate correlation matrices arises in order
to guarantee the accuracy of the PDFs of higher level pa-
rameters such as gain and return loss.

* Only a certain class of multivariate PDFs can be uniquely
specified by the mean vector and correlation matrix. The
Gaussian PDF is one primary constituent of this class. For
larger process variations, when the linear relationship is not
true, it is not possible to define the joint PDF of the vector

of derived circuit equivalent quantities in terms of the mean
and correlation alone.

All these issues are addressed by the methodology outlined
in this paper. This paper is organized as follows. Section II-A
describes the transmission line paradigm to illustrate the ef-
fect of not modeling the correlation between derived variables.
Section II-B looks at the statistical analysis of passive compo-
nents with the spiral inductor as an example. Section III dis-
cusses the methodology developed in this paper. Section IV
applies the methodology to compute the PDFs of quantities of
interest in an RF amplifier and also extends the same to the
differential version. Section V discusses the yield computation.
Finally, Section VI concludes the paper and enumerates the fur-
ther work to be undertaken in this direction.

II. NON-GAUSSIAN NATURE OF THE PDFs
AND ASSOCIATED ISSUES

A. Transmission Line Paradigm

A transmission line example is used to illustrate how an erro-
neous PDF is produced by not modeling the correct correlation
while using the derived variables. The transmission line consid-
ered in this example is a section of a microstrip with a nominal
Z (characteristic impedance) of 50 (2, terminated by a 50-Q
load. Empirical relations available in the literature [14] are used
to compute the properties of interest. Hence, with this example,
it becomes feasible to use Monte Carlo techniques for compar-
ison purposes since full-wave field solver simulations are time
intensive and not suitable for rapid Monte Carlo analysis. The
quantity of interest is taken to be the absolute value of the input
impedance (| Ziy,|). The microstrip is subjected to process vari-
ations in the form of the width of the trace (W) and the per-
mittivity (e,.) of the substrate between the trace and the ground
plane. At their mean values, the nominal design of Zy = 50 €2,
and consequently, |Z;,| = 50 € is produced.

Comparisons are now presented between various cases
enumerated below, taking the PDF of |Z;,| as the quantity of
interest.

Case 1: Variations are in basic process parameters W and ¢,
with Gaussian PDF.

Case 2: Variations in Zy and [ assuming independence.
These derived variables are not independent. This
represents the case where the covariance matrix for
the derived variables is not known, and therefore, as
an approximation, assumed independent. The idea
is to show that the resulting PDFs are erroneous if
the derived variables are used without the knowl-
edge of the covariance information.

Case 3: Variations in Zy and [, with the distribution taken
to be the joint PDF defined by the mean and covari-
ance matrix, which are obtained from a Monte Carlo
analysis using the basic process parameters.

Fig. 2 represents the three cases enumerated above. The stan-
dard deviation is taken to be 0.03 of the mean for all the param-
eters. The curves corresponding to Cases 2 and 3 almost com-
pletely overlap.

Fig. 3 represents the same three cases, but this time for larger
process variations. The standard deviation is taken to be 0.1 of
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Fig. 3. Error in the PDF for a nonlinear model of the objective function.

the mean for all the parameters. It can be seen that, in this case,
modeling through the derived variations by putting in the cor-
rect covariance matrix also yields a deviation in the PDF profile
from the correct case. This is because the correlation coefficient
accounts only for the linear dependence between two random
variables, while larger process variations lead to nonlinear rela-
tionships with the basic process parameters.

The following observations can be made by considering the
above two graphs. In the first case, the process variations are
small. It can be shown by regression fit that the following linear
relationships hold over the range of basic process parameters
considered. As an example, for (2), the maximum error is 0.22%
and the mean error is 0.05%. Equation (3) expresses the desired
objective function in terms of the basic random variables, which
are independent and Gaussian. Equation (4) expresses the de-
sired objective function in terms of the derived random vari-
ables, which are jointly Gaussian for this case as follows:

Zo = —18.4918W — 9.9201¢, + 107.1319 (1)

B = 0.4847W + 0.0109¢, + 0.1107 )
| Zin| = —28.0659W — 15.3133¢, + 137.6809  (3)
| Zin| = 1.5448Z, + 1.031803 — 28.3869. (4)

Equation (3) expresses the required objective function in
terms of the basic process variations, while (4) does the same
in terms of the derived variations. The mapping onto the final
objective function space from the basic variables space or
the derived variables space will be exact. Knowing the PDFs
of W and ¢,, the mean vector and the covariance matrix for
the random vector (Z, 3) can be easily calculated. Since the
relationships are linear, this defines an exact (almost within
the small regression error) bivariate Gaussian PDF for (Zj, (3).
Hence, it is possible to determine the PDF of the desired objec-
tive function through derived variables alone [in this example,
through (4)].

For the other case of larger process variations, the error in
modeling through linear regression is large (mean error in Z
is 9.91%). Quadratic response surface yields errors below 1%.
The relationships between the derived quantities and the basic
process parameters are no longer linear. To uniquely determine
the PDF of such derived quantities, it is necessary to specify
more than the first two moments [15]. Thus, the mapping onto
the final objective function from the derived variables space will
be incorrect. Therefore, the PDF and the measures derived from
them such as yield will be inaccurate. The same facts are true for
the circuit equivalent parameters of electromagnetically mod-
eled on-chip passive components.

B. Statistical Performance Analysis of Spiral Inductors

This section focuses on the statistical study of on-chip spiral
inductor performance using a full-wave field solver based on
the Pogio—Miller—Chang—Harrington—-Wu-Tsai (PMCHWT)
formulation discussed extensively in [16]. Spiral inductors
assume paramount importance in the design of many critical
blocks such as low-noise amplifiers (LNAs), transformers,
delay lines, and voltage-controlled oscillators. As analog and
RF technologies progressively scale downwards, process varia-
tions directly impact spiral inductor performance.

Three independent variables have been selected for the
statistical analysis of spiral inductors in this work; the track
width of the metal layer in which the inductor is fabricated, the
oxide thickness, and the substrate conductivity—all following
Gaussian statistics. Details on the inductor dimensions and the
response surface accuracy can be found in [11]. It is also shown
in [11] that the PDFs of the derived variables such as the series
inductance and series resistance assume non-Gaussian nature
for larger process variations.

Results for the series inductance (L) for two types of varia-
tions are presented in Fig. 4.

It is noticeable that the obtained PDF for the extracted induc-
tance L is non-Gaussian for larger variations. To confirm this,
the skewness of the PDFs for L and R are calculated. The skew-
ness of a PDF (which is a measure of the non-Gaussian nature
of the PDF), k, is defined as follows [5]:

_ Bl(X —p)’]
o mat )
o

For the 5% input standard deviation, the skewness of L and
R are 0.28 and 0.25, respectively. For the 10% input standard
deviation, these are 0.55 and 0.48, respectively, depicting the
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non-Gaussian nature of these PDFs. These two derived vari-
ables L and R are also correlated since they both depend on
the same independent parameters through different functional
forms (e.g., both L and R depend on the track width ).

III. STATISTICAL ANALYSIS METHODOLOGY

A. Statistical Coupled Circuit-EM Formulation

Consider a general system where the circuit part (modeled
by a SPICE-like circuit solver) and the EM part (modeled by
a full-wave EM field solver) are coupled through contacts as
shown in Fig. 5. The EM surface is divided into two subsurfaces
Sem and Sck to define the contacts. The details are presented
in [17].

The system equations can be written as follows, with MIIN A
and EM denoting single variables that represent matrices in the
discussion to follow:

Zl 1 Z1 2 0 i Vem
Zyy Zo2 C e =1 0 (6)
0 CT MNA ckt Vekt

where Zq7 is the usual method of moments (MoM) matrix
whose elements can be interpreted as the equivalent partial im-
pedances. Z12 denotes the scalar potential contribution due the
coupling current at Sgyp, Zo1 denotes the potential contribution
from the EM surface current at Sck. Finally, the matrix Zgo
represents the scalar potential contribution to Sck due to the

coupling current. A sparse rectangular matrix C is introduced
as connection matrix to enforce the generalized Kirchoff’s
current law and Kirchoff’s voltage law. This two-by-two
system is a self-consistent definition of the EM interactions
with a circuit section. To complete the coupled formulation, a
sparse rectangular matrix is introduced as connection matrix
to enforce generalized Kirchoff’s current law and Kirchoff’s
voltage law. This matrix has one nonzero element per row to
select the potential of the circuit node associated with a contact
triangle. The transpose matrix selects the coupling current and
adds it to the Kirchoff’s current law equation of the circuit
node at the contact. The modified nodal analysis (MNA) matrix
represents circuit interactions for linear RLC elements and the
linearized small-signal models of nonlinear elements such as
diodes and transistors. The system unknowns i, j., and ckt
relate to surface equivalent currents, coupling currents, and
circuit voltages and currents, respectively. The right-hand-side
excitation vector consists of the tested incident EM field, the
strengths of independent voltage, and current sources [18].

In the presence of process variations, the matrix elements be-
come random entries, depending on the process parameters. Let
a represent the vector of process parameters affecting the circuit
part and 3 represent the vector of process parameters affecting
the EM part. The above equation is then modified as

Z11(B) Z12(B) 0 i(a, B)
Z21(B) Z22(P) C je(a,B)
0 CT MNA(a)| | ckt(a,p)
Vem
=l o |. 7
Vckt

The eventual objective functions (gain or return loss of an RF
amplifier) needed are functions of the excitation vk (assuming
that the EM excitation is zero—signifying that the EM elements
are used as passive elements and that there is no external radi-
ation) and the currents i, j., and ckt. One way to solve this
problem would be to express all the matrix elements in (7) as
functions of the parameters in the process parameter vectors a
and B, and obtain a symbolic inverse for the matrix and then
solve for the objective function desired. The PDF of the objec-
tive function can then be determined from such a relation. It
can be easily seen that this method is not feasible beyond very
small matrices. Hence, a port-model-based approach is used to
circumvent this difficulty.

The port model is a widely used approach for circuit designers
to include EM effects. In addition to being used as a fully cou-
pled solver, the formulation presented in [17] can also be used
in a manner similar to port-model approaches. Equation (7) can
be recast in the following form:

M) e [ ] - [] @
CT MNA(a)| |ckt(a,B)| | Veks

where EM contains the matrices, Z11, Z12, Z21, and Zz5 from
6). C', i, and v/ are the extensions of their corresponding
entry in (6) In (8), lettmg v = 0, the coupling current un-
knowns i can be eliminated from the first set of equations and
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the rest of the system can be written in Schur complement form
as

(MNA(a) — CTEM(B)"'C )ckt(a, B) = Ve (9)

where it is assumed that there is no external excitation to the
EM part of the system such as an incident wave. The term
C'TEM(a, B)~1C’, therefore, parameterizes the EM object.
Thus, it facilitates replacing of the EM object by a port-based
network parameter such as the y-parameter used in this paper.
This will inherently capture all the full-wave effects and permit
a highly accurate analysis of the coupled circuit-EM system.
The dependence on the process parameters @, 3 are captured
through deterministic sampling through the response surface
models. Port calibration is an important issue and if the port
impedance differs from the nominal value of 50 €2 in a statistical
fashion that can introduce errors in the PDF. It is pronounced
with the usage of “wave ports,” which are common in some
commercial simulators. In this particular work, the solver is
based on a coupled EM-circuit formulation in [17], which
models the electrically small ports as measurement points.
These are more appropriate sources for modeling the behavior
of passive elements in an RF circuit environment.

B. y-Parameter-Based Combined Circuit-EM Statistical
Analysis Method

The proposed methodology for statistical analysis of coupled
circuit-EM systems relies on the flow summarized in Fig. 6. The
sources of variation in the circuit part and associated EM ob-
jects are identified a priori. The circuit and EM parts are decou-
pled at the points where the EM objects connect to the circuits,
thus defining ports. Steps 1 and 2 compute the y-parameters for
the circuit and EM parts. Steps 3 and 4 generate response sur-
faces. Steps 5 and 6 compute the y-parameters of the circuit and
EM parts, which are required in the rapid Monte Carlo analysis,
while step 7 combines the y-parameters and computes the de-
sired objective function. The output of step 7 is used to bin the
samples and to furnish the PDFs of the overall circuit perfor-
mance measures.

Casting these details in algebraic form will clarify this even
further. Let GG represent a high-level circuit performance mea-
sure, for example, the gain of an LNA. Let y;ciy, 2 = 1 to Nej,
and Yjem, j = 1 to N, represent the y-parameters of the circuit
part and the EM parts, respectively. From network theory, it is
possible to write the general form of a desired objective function
G, which is a terminal quantity such as gain, return loss, input,
or output impedance as

G = fl(ylcirv Y2cir - - -y Ylem; Y2em; - - )
f2(ylcir7 Yacir - - -y Ylems Y2ems; - - )

(10)

Here, f1 and f> are functions involving one or more of the
circuit and EM y-parameters. Their general form is that of poly-
nomials in multiple variables. This is illustrated by the (18) in
Section III-C. In this case,

(1)
12)

1= Yeir + y221)
fo = (Y11eYeir + (Y116Y22¢ — Y126Y211))-

Variability information Variability information

for process parameters for parameters
EM _
MNA ()= SPICE Full-Wave <-EM(/3)
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or ports or all
@ with EM elements @ EM elements
Y . Y
Response Correlation Response
Surface Matrix Surface
Generation Generation

®yy

Circuit
y-parameter y-parameter

Extraction Extraction

N/

Merging
circuit & EM
y-parameters

¢

PDF(s) of circuit performance metrics

EM

Fig. 6. Flow to extract PDF of circuit performance metrics.

Again, each of these y-parameters are expressible as response
surface models of the underlying Gaussian random variables,
which represent the process variations. Thus, in a hierarchical
manner, the eventual performance measure can be expressed as

G = gl(plcimchir <+ 3y Plems P2ems - - )
gZ(plcir7p2cir ---3Plem;P2em; - - )

13)

where Dicir, Plem; - - - » represent the basic process-dependent
parameters for the device and the EM structures. It is to be noted
that while (10) is exact, (13) is approximate, owing to regres-
sion errors. They can be minimized by constructing higher order
models for the y-parameters in terms of the basic process vari-
ables. Expressing the y-parameters in terms of the input vari-
ables requires constructing the response surface. RSM is a very
popular interpolation method used in many branches of engi-
neering [19]. Methods such as space mapping [20] and artificial
neural networks [21] are also very effective in providing this
kind of a nonlinear mapping from the input process parameters
and the y-parameters. The RSM approach is undertaken owing
to the simplicity of the implementation and sufficiency of the
accuracy for statistical analysis.

If the objective function y depends on a vector of input vari-
ables [z1, xa, ..., x,], a quadratic or second-order response for
y in terms of the input variables implies that y is expressible as

y=ao+a’x+x'Bx (14)
where x is the n column vector of the input variables, a is the
n column vector of the linear term coefficients, and B is the
n X n matrix for the coefficients of the nonlinear terms. Let
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there be m evaluations of the objective function. For a linear
response surface, the coefficients are determined by minimizing
the least square error of a typically overdetermined system by
the solution to the equation

A = (XTX)"'xXTv (15)
where X is the matrix of size m x (n+ 1) where the first column
is all 1’s and the remaining entries are formed from the values of
the input variables z; corresponding to the particular objective
function evaluation. The vector v is comprised of the observed
values of the objective function. The second-order response sur-
face is constructed similarly by introducing new variables for
the square and cross terms.

The idea is to capture the eventual objective function in
terms of the basic process parameters to facilitate the sampling
process. They may or may not exhibit Gaussian statistics.
Gaussian assumption is used in this paper because of its
ubiquitous usage. Methods exist to generate samples from
independent non-Gaussian PDFs [15].

The usage of the y-parameter approach provides seamless in-
tegration between EM and circuit modeling strategies while ad-
dressing all the issues mentioned in Section I.

C. Proposed Methodology Applied to a Transmission Line

In this section, the same transmission line paradigm is used to
illustrate the proposed methodology. Let the transmission line
be taken as the electromagnetically modeled system (though
it is modeled through empirical equations as pointed out in
Section II-A). The transmission line is terminated by a load
resistance (7;) of 50 2, which is taken to be the circuit part. The
y-parameters (it is possible to use other network parameters
too) of the transmission line are given as

coth(~vl
Y11 = Y22 = % (16)
0
cosech(~l
Y12 = Y21 = % )
0

where v denotes the complex propagation constant and [ de-
notes the length of the transmission line. In the case of the ac-
tual coupled circuit-EM systems, these y-parameters are avail-
able as outputs from the field solver. The y-parameter of the cir-
cuit part (ycir) is just (1/7;). The objective function of interest,
namely, |Zi,|, can then be computed using the relationship ob-
tained from simple network theory as

1
(1 + Y22t <—>>
Yeir
1 .
Yiie + (Y11eY22e — Y12ey21e) Yo

The subscript ¢ refers to the transmission line and the subscript
cir refers to the circuit part, which is just a load resistance in this
example. In order to capture the eventual objective functions in
terms of the basic process variables, it is necessary to express
the y-parameters of the transmission line part and the circuit
part in terms of their corresponding basic variables representing
the process variations using response surfaces.

Zin = (18)
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Fig. 7. Comparison of the Monte Carlo method with analytical model with the
response surface-based y-parameter technique.
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Fig. 8. Single-ended RF amplifier schematic.

Quadratic modeling is used to express the y-parameters of the
transmission line in terms of its basic process variations, namely,
W and ¢,.. The circuit part in this particular case does not need
any response surface modeling.

Fig. 7 compares the PDFs obtained from Monte Carlo anal-
ysis and the proposed methodology for the case where the stan-
dard deviation is a fraction 0.1 of the mean. The two curves
completely overlap. This verifies the proposed decoupled ter-
minal parameter-based method by a direct comparison with the
Monte Carlo method.

IV. RF AMPLIFIERS

A. Single-Ended RF Amplifier

The proposed methodology has been applied to the statistical
analysis of performance metrics of a single-ended RF amplifier
shown in Fig. 8 [22]. The circuit represents an RF amplifier de-
signed in a 0.18-pm RF CMOS process with a center frequency
(fc) of 15.78 GHz and a bandwidth of 900 MHz. The voltage
gain in the absence of process variations is 17 dB. The minimum
achievable noise figure is 1.92 dB. In this paper, random varia-
tions in gate—oxide thickness, zero body-bias threshold voltage,
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Fig. 9. y-parameter port definitions for the single-ended RF amplifier circuit.

and reduction in channel length have been taken into account.
The dependence of zero body-bias threshold voltage on oxide
thickness is captured using correlation between these BSIMv3
SPICE MOSFET model parameters. Intra-die variations have
not been taken into account in this paper.

An automated flow has been developed to extract all the
necessary y-parameters of circuit without the EM objects with
Fig. 8 being one such example. A black box approach inherent
in y-parameter extraction automatically encapsulates all the
intrinsic parasitics of the MOS transistors.

Response surfaces are constructed for each of the y-parame-
ters by means of a three-variable full factorial design.

The interconnection between the circuit and three inductors
for the aforementioned circuit is outlined in Fig. 9. There are
four sets of y-parameters, one belonging to the circuit and the
other three belonging to the inductors, respectively. The circuit
y-parameters are identified by the superscript ¢, while the y-pa-
rameters of the three inductors are superscripted by 1L, 2L, and
3L, respectively. For Inductorl, the y-parameters are inclusive
of the source admittance Y;,, in Fig. 9. The system of linear equa-
tions that need to be solved in order to calculate all the node
voltages of the circuit can be expressed in matrix form as

Y5+ y3y Yo . Y13 V1
Y31 Y32 + Y11 Y33 . V2
Y51 Y32 Y33 + Uil U3
— Y31 Vin
= 0 (19)
0
Gain = 03
Vin
_ 1L c ,c _ ¢ oC _ ¢ 2L
_ Y21 (y21?/32 Y31Y22 — Y31Y11 ) (20)

A
The term A represents the determinant of the matrix in-
volving circuit and EM y-parameters. Similarly, quantities like
input and output impedance and input reflection coefficient
are calculated by using closed-form expressions in terms
of both circuit and EM y-parameters. Random samples are
generated for the basic independent process parameters. The
corresponding realizations of circuit and EM y-parameters are
then computed using the various response surface relations. The
final objective functions are evaluated from the y-parameter
relations such as the one in (20).

Histogram of the gain in dB
1« for the 5% input standard deviation case
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Fig. 10. PDF of the gain for input standard deviation of 10% of the range.
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Fig. 11. PDF of the gain for two different variations at f. (from [11]).

The authors in [23] propose an automated technique to
combine two subcircuits characterized by their transfer func-
tions, utilizing a general interconnection template for outlining
connectivity between the subcircuits. The transfer function of
smaller subcircuits are then combined in sequence to generate
transfer functions for larger circuits.

Results are now presented for the circuit performance mea-
sures. For the 5% input standard deviation variation, the PDF is
shown in Fig. 10 as binned results from the Monte Carlo anal-
ysis on the gain expression discussed in (20). The number of
bins is 100 giving a bin size of 0.0323 dB. Subsequent PDFs
are shown as continuous curves obtained by connecting the mid
points of the bins.

Fig. 11 represents the PDF of the gain for two different types
of variations—standard deviation of 5% and standard deviation
of 10% of the total range considered for all the varying param-
eters, respectively. PDFs for the absolute value of the voltage
gain and the gain in decibels are shown and both are observed
to be skewed. This emphasizes the fact that the skewness is not
arising due to expressing the gain in decibels. An interesting ob-
servation is that the gain mostly worsens from the mean design
in the presence of process variations, and this effect is enhanced
by taking into account the variability in the EM objects. This
is attributed to the fact that any process variation will tune the
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PDF of the input reflection coefficient
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Fig. 12. PDF of the S1; in decibels for two different variations at f. (from

[L1D).

TABLE I
SKEWNESS FOR THE DIFFERENT PDFS OF RF AMPLIFIER PERFORMANCE

Amplifier performance | Input 0=0.05Range | Input o=0.1Range
Gain -1.51 -2.14
S11 -0.94 -1.73
Zout -1.73 -2.10
PDF of Gain
25 - r ,
27 —No variability in the EM objects
--- Variability in the EM objects
(=4
‘® 1.5}
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Fig. 13. Effect of EM variability on the PDF of gain at f. (from [11]).

amplifier away from the designed center frequency thereby in-
curring a loss in gain at that frequency.

Fig. 12 depicts the PDFs for the input reflection coefficient for
the same two types of variations. A calculation of the skewness
is undertaken for all the PDFs and are summarized in Table 1.
Kurtosis of a PDF is defined as its the fourth central moment.
The kurtosis values for these PDFs range from 4.9 to 9.5, de-
picting a significant deviation from the kurtosis of a Gaussian
PDF that has a value of 3.

Next, the statistical analysis is done without and with the vari-
ability in the EM modeled objects. It can be seen in Fig. 13 that
variability in EM objects affects the PDF of the gain signifi-
cantly. The circuit variability has been kept the same in both
cases. All variations are 10% input standard deviation, as ex-
plained previously.

Vdd

Fig. 14. Differential RF amplifier schematic.

B. Differential RF Amplifier

The proposed methodology has also been applied to the sta-
tistical analysis of performance metrics of a topologically sym-
metrical differential RF amplifier shown in Fig. 14 working at
the same frequency as the single-ended RF amplifier consid-
ered earlier. This example has been studied in detail in [24]. The
Ita1r is chosen such that the g,,, of the transistors remain the
same, thus providing a differential gain of 17 dB [25]. The dif-
ferential pair is partitioned into two halves—Ileft and right—and
the process parameters are assumed to be perfectly correlated
between the transistors within the respective halves. A corre-
lation coefficient of 0.8 has been assumed between the pairs of
similar parameters across the two halves. Itis to be noted that the
response surfaces for the y-parameters are built for the half cir-
cuit once only. The final objective functions are then expressed
in terms of two sets of circuit and EM y-parameters for the left
and right halves to model the mismatch. The samples for the
two sets of y-parameters are then generated from these models,
while preserving the correlation between the process parameters
for the two halves. This approach facilitates reusability without
sacrificing accuracy.

Using network analysis, the quantities like differential gain,
input and output impedances, the differential return loss, and
the common mode rejection ratio, can all be expressed in terms
of the y-parameters of the blocks similar to Fig. 9. Results are
presented for the PDFs of the differential gain and differential
return loss in Figs. 15 and 16, respectively.

The PDF in Fig. 15 appears choppy towards the larger values
of the gain. This can be explained as follows. Due to process
variations, the center frequency of the amplifier moves away
from the designed f.. Hence, the gain is lowered at the original
center frequency at which the study is made. A result of this
is the number of samples beyond the nominal gain decreasing
dramatically. Therefore, maintaining the same bin size will
yield a choppy PDF. If the bin size is increased for gain
beyond the nominal value, again the PDF appears choppy
because of the larger spacing between the bins. Hence, the
noisy PDF appearance in this figure has a physical origin. The
noise appearing in Fig. 16 is numerical noise, which can be
eliminated by using more samples and correspondingly smaller
bin sizes.
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Fig. 15. PDF of the differential gain for two types of variation (from [24]).

PDF of the differential return loss
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Fig. 16. PDF of the differential return loss for two types of variation (from
[24]).
V. YIELD COMPUTATION
Letp = [p1,p2......, s represent the vector of various de-

sired performance measures that are needed to qualify the yield
measure. Let C' denote the hypercube in n dimensions that en-
closes the range of all these performance measures. This is de-
fined by the limits of performance measures for each of the per-
formance measures, whereby p; . < p; < p;__ . Let the joint
PDF of the n performance measures be fp(p). The yield mea-
sure Y is then the integral

Plaax Prmax
Y :/ / IpP,..p,(P1,- . pn)dpy ... dpy
P1 P

@1)
(22)

"min

=Lﬁ®®

The integral in (21) can be computed in a Monte Carlo fashion
from the samples for the performance measures, which are gen-
erated from the closed-form expressions similar to (13). This
has been applied to two different scenarios.

* On-chip inductor: Here, the inductor connected to the drain

of the MOSFET in Fig. 8 is taken as an example. The mean
inductance is 0.2079 nH and the mean quality factor (Q)

Yield Diagram for the On-chip Inductor

20 T
: All Inductors
* Good Inductors

19

18

17

Quality Factor

15

14} i ; ; 1

0.2 0.21 0.22 0.23 0.24

Inductance in nH

Fig. 17.
ductor.

Yield diagram for 10% input standard deviation for the on-chip in-

TABLE II
YIELD TABLE (FROM [11])

[ Circuit Performance | Input 0=0.05Range | Input o=0.1Range |

Gain > 16 dB 89.28% 70.45%
S11 < -15dB 96.58% 77.85%
Overall 86.23% 50.06%

Yield diagram for the single-ended RF amplifier
0

| i All Amplifiers
-5 - Good Amplifiers

i

Return loss in dB
N
3]

-50 L H L H H H H
10 1" 12 13 14 15 16 17 18

Gain in dB

Fig. 18. Yield diagram for 10% input standard deviation for the single-ended
RF amplifier.

is 16.8. Under process variations, if the inductance is re-
quired to be within 5% range of the mean and if the desired
Q factor is to be at least 15, the yield can be computed to
be 91.5%. The yield diagram is shown in Fig. 17. This is a
scatter diagram showing L and Q) under process variations.
The good inductors (the ones that satisfy the yield criteria)
are plotted in the darker shade, while the lighter shade rep-
resents all the inductors.

* Single-ended RF amplifier of Section IV-A. Table II sum-
marizes the yields for different criteria of performance
parameters of the single-ended RF amplifier discussed in
order to demonstrate the effect of process variations.

The yield diagram is shown below in Fig. 18 for a 10%
input standard deviation.
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VI. CONCLUSION

This paper has proposed a hierarchical methodology for sta-
tistical analysis of RF circuits with the passive elements mod-
eled by a full-wave EM solver. Employing circuit models for
these passive elements for statistical analysis using SPICE-like
circuit simulators presents some challenges. These issues are
illustrated by using a simple transmission line analogy. It is
shown by the statistical analysis of the on-chip spiral inductors
that the same issues are true for the passive elements modeled
by a field solver. To circumvent these issues, a technique based
on decoupled terminal parameters has been proposed. The even-
tual objective functions are captured in terms of the independent
basic process parameters. This facilitates a rapid Monte Carlo
analysis on the closed-form expressions in order to obtain the
desired PDFs. This further enables calculation of yield measures
based on criteria for multiple objective functions. An automated
flow has been developed to do the statistical analysis on different
performance parameters of an RF amplifier and its differential
version.

Future work will focus on hierarchical and adaptive response
surface generation to minimize the number of calls to the field-
solver library-based methods to expedite the PDF extraction
and the application of the proposed methodology to larger-scale
subsystems through multilevel hierarchical methods. Usage of
rational polynomial fitting techniques for S-parameters, such
as asymptotic waveform evaluation, in conjunction with a fast
full-wave solver enables generation of accurate time-domain re-
sponse using the robustness of spectral-domain solvers. It is
proposed that these techniques be used to generate PDFs of
time-domain-based objective functions of coupled circuit EM
systems.
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