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Abstract—A new technique, the steepest descent-fast multipole ods [9]-[14], a general perturbative full-wave solution [15],
method (SDFMM), is developed to efficiently analyze scattering the small slope approximation [16], and a differential method
from perfectly conducting random rough surfaces. Unlike other [17]. A detailed bibliography of early analytic approaches,

prevailing methods, this algorithm has linear computational com- . t fi licati I . tal studi
plexity and memory requirements, making it a suitable candidate Interesting applications, as Well as experimental studies can

for analyzing scattering from large rough surfaces as well as Pe found in [1] and [18]-[21]. Since most of the analytic
for carrying out Monte Carlo simulations. The method exploits techniques have restricted regions of validity in terms of

the quasiplanar nature of rough surfaces to efficiently evaluate slope and roughness of the surface and are computationally
the dyadic Green'’s function for multiple source and observation very inefficient, often requiring the evaluation of many mul-

points. This is achieved through a combination of a Sommerfeld _. . . . . . .
steepest descent integral and a multilevel fast multipole-like tidimensional integrals, several rigorous numerical techniques

algorithm based on inhomogeneous plane wave expansions. Théhave been proposed. Of these, integral equation methods are
fast evaluation of the dyadic Green's function dramatically speeds probably the most prevalent, although the finite difference time

up the iterative solution of the integral equation for rough domain method [22], [23] and direct fast solvers [24] have
surface scattering. Several numerical examples are presented to been used as well

demonstrate the efficacy and accuracy of the method in analyzing

scattering from extremely large finite rough surfaces. A host of integral equation techniques are available for

analyzing scattering from 1-D rough surfaces. The magnetic
field integral equation (MFIE) [25] has been solved using the
conjugate gradient (CG) method. Other iterative techniques
have also been utilized and their performances compared in
|. INTRODUCTION [26]. Another approach to modeling rough surfaces involves

HE SCATTERING of electromagnetic waves by randorft periodic-surface method of moments (MoM) formulation
rough surfaces is a subject of great practical and i{]zj]. In order to.analyze large aperiodic sur_faces, fast tech-
tellectual interest [1]. Applications [2] include, but are nofidues are required to accelerate the solution of the MoM
limited to, remote sensing, long-range communications, radi§Stem. The banded matrix iterative algorithm-fast Fourier
astronomy, biomedicine, and surface physics. Random sfgnsform (BMIA-FFT) is an interesting multilevel algorithm
faces also exhibit several interesting scattering and polarizatfgiit accelerates matrix-vector products in the iterative solution
[3] characteristics. Primary among these are backscatterfifgth® MoM system and has been applied to the Monte
enhancement [4], [5] and the generation of localized mod&&rlo simulation of scattering from 1-D surfaces [28], [29]. A
6], [7]. different approach for expediting the solution of the MFIE for
Several analytical and numerical techniques have bet/gh surfaces involves a particular splitting of the propagator
developed for the efficient analysis of scattering by one- afgftrix that leads to the formation of a new second-kind
two-dimensional (1-D and 2-D) rough surfaces, which corgauation [30] that lends |Fself to a more efficient solution.
stitute 2-D and three-dimensional (3-D) scattering problenfanother MoM-based technique utilizes image theory to model
respectively. Two well-known analytical approaches are trll@homogenelt.les in a composite rough surface [31]. .
small perturbation method and the Kirchhoff technique [8]. The analysis of 3-D scattering from 2-D rough surfaces is a

Other approximate analytic methods include full-wave metk©@MPplex vector problem that requires more involved numerical
techniques. For large rough surfaces, solution of the MoM
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matrix representing the discretized Green’s function kernelerical simulation results are presented in Section VI, and
has an underlying structure that can be exploited to exped8ection VII contains our conclusions.

the computation of the matrix-vector product. As succinctly

stated in [34] and [35], “nature does not jUSt throw numbers 1. RANDOM ROUGH SURFACES MODEL DEVELOPMENT

at us.” The redundancy in these matrices has been exploited AND FORMULATION OF THE SCATTERING PROBLEM

by several researchers to derive powerful complexity-reducing

fast multipole methods (EMM's) [36]-[39] and related mul- This paper focuses on scattering frgm Gagsaan surfaces.
) . . These surfaces are chosen solely for illustration purposes as
tilevel algorithms [40], [41] for the low-frequency regime.

Substantially more complex FMM-based techniques [42]_[4%1? proposed SDFMM technique is applicable to arbitrary

and related multilevel methods [50]-[53] have also been d asiplanar scatterers_ (those vyhose lateral dimensions are
. . ~much larger than their longitudinal extent). Random rough
veloped for wave scattering problems. All of these techniques : . 2 )
. T Surfaces with a Gaussian distribution are generated in a two-
compute only a small portion of the MoM matrix directly

. . tep process [21], [32]. An uncorrelated Gaussian distribution
and accelerate the computation of a matrix-vector product . . . . X
. . L IS’ obtained on a discrete 2-D regular grid and then filtered in
efficiently computing the contribution to the product from th . . . :
: L L e spectral domain using a Gaussian filter. The parameters
remainder of the MoM matrix in an indirect manner.

- . . associated with this process are the variaacef the zero-
Two extremely efficient multilevel techniques have been : X

: o ! mean Gaussian generator and the correlation lehgtt the
tailored specifically toward rough surface analysis. The

Tlier. The resulting rough surface heightz,y) follows the

methods take advantage of the fact that rough surfaces Al Sisti

« ” . , .~ statistics

nearly” planar (orquasiplanaj to alleviate the CPU time

and memory burden. The first of these techniques is the sparse (2(z,y)) =0 (1a)
matrix flat surface iterative approach (SMFSIA) [54], which 1oy 2 =[P y—y )2/

is a generalization of the BMIA-FFT [28], [29] method to (@ y)ala’ y)) = o7 (1b)

2-D surfaces. In this approach, a Taylor series expansionvi;here<.> denotes an ensemble average.

the vertical direction maps the problem to a flat 2-D surface. |n order to analyze scattering from these Gaussian surfaces,
The FFT can deal efficiently with the TOEp"tZ structure of thg finite sample surfacg of dimensionsL x L centered at the
interaction matrix on the flat surface. The resulting complexigyigin is considered. The illumination on the surface should be
of the SMFSIA isO(N log(V)). The second approach is basedpatially limited to avoid undesired edge effects when using
on combining the FMM with the FFT [21]. The FFT is utilizedsych finite surfaces to model essentially infinite ones. To this

in Conjunction with the FMM by forcing multipole-expansionend, a Gaussian-weighted sum of p|ane waves [21], [32] is
centers to lie on a 3-D separable Cartesian grid. The Flgfilized as the excitation
permits the computation of the matrix-vector product in an

2
efficient manner. The resulting algorithm, termed FMM-FFT, E;,.(r) = %
requiresO(N log(N)) CPU time per iteration. R ‘ T T
In this paper, a new technique, the steepest descent-fast mul- X Z Ginc(K)@ZK'T@ ihez o~ K Ko P2 /2
tipole method (SDFMM) is developed for the fast analysis of | K| <ko
3-D scattering from 2-D perfectly conducting rough surfaces. 2

The quasiplanar nature of rough surfaces is exploited to effi-

ciently express the free-space dyadic Green’s function in terifgere

of a rapidly converging Sommerfeld steepest descent integral. . . 1

Furthermore, the Hankel function arising in the integrand is Cinc(Ke, Ky, k) = \/m[kz’o"&”] 3)

evaluated efficiently for multiple source and observation points _ _

using a multilevel FMM-like algorithm based on an inhomoWith Ko = (Koz,0). Also, W' is the half-width of the beam

geneous plane wave expansion. Efficient and robust numerig8f typically equals’./4. _ S .

integration rules are developed to compute the steepest descefif? electric field integral equation (EFIE) is utilized to find

integral arising in conjunction with the multilevel FMM. A the field scattered by the surfagewhen excited by, (r)

complexity analysis is carried out to show that the proposed FeBoai(r J) = =t - Epne(r) rr cS (42)

technique ha®(N) CPU time and storage requirements. The ’ ’ ’

technique is numerically rigorous and its accuracy can kehere E,.,.(r, J) represents the scattered field generated by

controlled and traded off for computational efficiency. Severéte surface currentd and can be expressed as

numerical examples are shown to exhibit the accuracy and L

efficiency of the SDFMM. Eqooi(r,J) = 0
This paper is organized as follows. Section Il describes

rough surface modeling and the integral equation formulatidn this equationk, andrn, are the free-space wavenumber and

of the scattering problem. In Section IlI, the theoretical formimpedance and(r,r’) is the dyadic Green’s function given

lation of the SDFMM method is developed. Implementatioby

details of SDFMM interpolation and integration rules are

described in Section IV. Rigorous complexity and memory Gr,v') = {jJr %VV}

estimates for the SDFMM are developed in Section V. Nu- ks

"o / Glr.r') - J()dS', reS. (4b)
S

1

eiko |r—7'|
- 4c
Ag|r — 7| (4c)
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with I being the identity dyadic. The solution of the EFIE
yields the current density, which can be used to evaluate
the scattered field ... (r, J) required in the computation of
the bistatic radar cross section (RCS), defined as

drr2
0ap(f,$) = lim M

oo P&nc

©  yA

X

where P7¢ is the incident beam powe§(r) is the scattered
power density, andx and 3 denote the polarization of the

incident beam and the measured component of the scattered ! I
field, respectively. In a Monte Carlo simulation, the variance

of Esat(r,J) over several rough surfaces of the same root- l<— L —->l
mean-square (RMS) height is used to compute the noncoherent

part of the bistatic scattering coefficient [2], [21], [33].

. SDFMM ,T\ z M{J/-I\I"“’*“\l IH

To solve the EFIE (4), the unknown current densily

is approximated in terms of a linear combination of basiag. 1. SDFMM far-field interactions in a single-level implementation. The
functionsj, ,n = 1,...,N as rough surface of siz&d x L has been divided into blocks of dimensions
n B I x I centered in ther-y plane. There are a total df = 64 blocks. In

N this example, blocks are termed well separated if theyRBye = 2 blocks
AW, s ! apart. Circles represent inhomogeneous plane wave expansions. The block
= I . 6a) apart ep geneous plar -XP
J('r ) Z n J"(’r ) ( ) with its expansion shown as a black circle is in the far-field of blocks whose
n=1 expansions are represented by gray circles. The maximum peak-to-peak height

Substituting (4b), (4c), and (6a) into (4a) and testing t the rough surface i#, as shown. Centroids of all blocks are represented
. 9 AR . g Y small dark circles.
resulting equation with functiong,,,,m = 1,..., N, results

in a system of equations
_ Fig. 1). Matrix elements that do not adhere to this definition
Z-1=V (6b)  are termed far-field elements.

wherel represents the vector of unknown coefficiefits The impedance matrix is decomposed as

Zinn = (Fms Bocailr, ) (6¢) z=7+7" (7)

Vin = (Fins Bine(T)) (6d) _, _
) _ ) where Z° and Z contain all near-field and far-field in-
and(,) denotes surface integration. A popular choice for m%ractions, respectively. In the SDFMM, the matd is

functionsy,, and f,, is the Rao—-Wilton—Glisson (RWG) bas'scomputed and stored as in the regular MoM. Howeugt,
[55], which will be utilized here.

h . ! . ) is never computed since an efficient representatioE”otan
Solving the matrix equation using a direct solver, such

o ) 3 : > #2 obtained upon representidg(r,r’) using a diagonalized
LU decomppsmon, reqwreQ(N_ ) CPU time andO(N®)  yans|ation operator. To arrive at this new representaticf of
memory, while Krylov subspace iterative solvers, such as tho@&nsider two points ands’ residing in each other's far-field.

based on the CG [56] or biconjugate gradient (BiCG) [57], [58ﬂhe 3-D dynamic scalar Green’s function
techniques, tak€(/N?) memory and CPU time per iteration.

For rough surfaces, the SMFSIA [54] and FMM-FFT [21] cikolT—T|
algorithms perform matrix-vector products with(N log V) g(r,r")
complexity since both approaches use FFT's as a part of
their formulation. In the rest of this section, the néw.N) b ¢ int ‘ it |t 59 ing th
SDFMM algorithm (CPU time and memory) based on a hybri?n € cast Into a contour ntegral form [59] using the
Sommerfeld integral-fast multipole approach, is presented. ommerfeld identity

A single-level implementation of the SDFMM proceeds Lo
very much like that of a standard FMM by embedding the = _ L/ dkzeik‘(Z_Z,)Hél)(/{; lo=7r) (9
rough surface into a block of dimensiofisx L x H, where ~ 4rlr—7/[ 87 /_ .
H = 2max(|z2(x,y)|) and by partitioning this block into
smaller blocks of dimensioris< x H (Fig. 1). SinceH < L, Wherez, 2" and p,p’ are the cylindrical coordinate represen-
it is assumed that the block is never partitioned alongzthe tation of r,7’. We seek to approximate the above integral
direction. Furthermore, sincg(z,y)) = 0, all block centers numerically by using quadrature rules. This is most expedi-
reside in thez-y plane. Based upon this partitioning, a matrixntly performed along the steepest descent path (SDP) when
element is termed a near-field element if the correspondit@g— #’| is large. To this end, we let
basis and testing function reside in blocks that are separated
by no more thanBy; blocks in both lateral directions. (see  H{Y(k,|p — p'|) = H{ (k,lp — p/])e*eP=#1  (10)

(8)

- Ag|r — 7|

ko |T =T
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SO thatﬁél)(a:) is a nonoscillating function when is large. source. The Hankel function can then be expressed as

Then W 1 o o
1 j ~ ik (p—p.)-&

Hy (E|p = p')) =§/0 dep it (Pe)

% T(kﬁf),é, Pe — pa)eik;(aﬂ('”a—,ﬂ,)'g
(11) P

girr) = / o™ =BG (k| p—p' el
7

— o0

By letting k. = ko cosav, k, = ko sin «, the above becomes ~ 1 wf,rpm otk (p—pe)-8
. 2T ot
g(r.r') = _Lg_o dovsin BV X T (KD, 30, pe — pa) s’ 0ep )55
T Jr
o / 17a)
X (ko sina|p — p/|)etkolT =Tl cos(a=6) (12 . . , (
(ko lp—p'|) (12) D) — kéj)ﬁﬁ-k,&)% (17b)
wheref = tan~1(|p — p'|/(z — #')). The saddle point is at where
«a = 6. However, since) =~ 7 /2 for a quasiplanar structure, P
we evaluate the integral along an approximate SDP through 7(/{/(71)73,7 Pe—Pa) = Z Hf,l)(/f,(;j)mc - pal)
a = 7 /2 defined by p=—"
x ¢iPlO—¢=w/2] (17¢)

ikolp — p'| cos(av — 7/2) = ikolp — p'| — *  (13)
whereP is the number of integration points required for spec-
H i fmm H H
since this path can be used as a common one for all sourli@b integration,w; are the quadrature weights (typically

and observers residing in any of the blocks. Upon deformir tained from equispaced ru!es on a cwclg [6@), and p.
. . are FMM block centers, and is the translation operator that
the integrand along the SDP, we obtain

depends on the complex wavenumber, spectral angle, and the
il L do X displacement between source and observation blocks. Also,
glr,r') = =g etle] / ds g sina g 5 = Ecosg+gsing, andeos 8 = &-(p. — pa)/|pe — Pal.
8 —oo s On using the above equation in conjunction with (4) and (16),
X (kosinalp — p’|)e‘52(z”“:(z—z'). (14) the dyadic Green’s functioG(r,7’) can be represented in the
SDFMM formulation as

Efficient quadrature rules can be developed for computing ~ ; M D '
the above integral, with the number of pointg; determined G(r,r') = T6.2 Z Z witwim g
by the exponential decay in the integrand and the phase j=1j'=1
variation, governed in turn byz’ — z|. These rules are <_ k(j>k(j)> D 1
developed and examined in Section IV. Using such a rule, X I I ‘
the above integral can be approximated as

kO
. .1.(3) v

x T (k9,351 po — pa)e’® =T (18a)

i itolod | N () B 9 = kD p+ kD3, 18b
g(r,r') = 2’ kole=r'| Z wjdkgﬁ)Hél) p P TR (18b)

i=1 _ Fig. 2 shows a schematic representation of the dyadic Green’s

x (K9|p - p’|)@—5?eik§”(z—/) (15) function evaluation in the SDFMM. We conclude that, if the
mth testing anchth basis functions are in each other’s far-field,
then from (6¢),Z/

mn

i _ : . . . can be expressed as
where k,(ﬁ) = kosinay; and sincea is a function of s via P

e . i i . nsd P )
D o B S T S S S s [ g 0
. Msd ) J—' . _ k(])k(])
o)~ o S WD HE (D~ p) . x T (k. 357, p. — pa) <I R )
j=1 | o ' (16) y / o' i eik(j>'(’ra—',',)' (19)
The Hankel function occurring in the above integrand can s

be computed efficiently for several source and observatiqfq inhomogeneous plane wave expansions above are
locations through a generalization of the free-space FMM [49nenaple to aggregation and disaggregation processes
[34] by using the addition theorem and transforming to aghalogous to those in standard FMM's, refer to [42]-[46].
inhomogeneous plane wave basis. The rough surface is dividefe computational complexity of a matrix-vector product
into blocks lying on a plane. Sources lying in each block aigvolving Z is substantially reduced in FMM methods by
represented by plane wave expansions located at the ceontsing the diagonal translation operator and by utilizing the
of each block, irrespective of the particuladocation of the fact that the far-field plane wave expansions can be produced
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Outgoing (sources) Incoming (observers)

SD expansion

FMM decomposition

Diagonal translation

Fig. 2. Schematic SDFMM representation of the dyadic Green’s function. A rough surface has been divided into blocks, and two such blocks agd represent
by their SDFMM expansions, shown as spheres. For each block, fields produced by sources in that block are represented by a hybrid SDFMM formulation.
The SD integration is represented by the short bold arrowg (n number), while the FMM spectral integration is shown as thinner arrafvsin(

number) lying on a plane. The long bold arrow represents the diagonal translation operators, translating an amount of information proporéonal to th
productngq P. At an observation block, incoming inhomogeneous plane waves are utilized to obtain the field value at the center of the block through
the use of another combined SDFMM integration.

independently, irrespective of the location of source araway from this point, a new variabk is introduced as
observer locations.

The SDFMM implementation utilizes a multilevel FMM- ="~
like algorithm for inhomogeneous plane waves analogous to V2(lp - p'|)
existing free-space multilevel FMM’s [45]. In this case, th%nd therefore
rough surface is divided hierarchically into blocks lying in
the z-y plane, irrespective of the height of the rough surface, Re(¢) = _kolp =Pt | ko(2' = 2)? (23)
by recursively dividing each block into four smaller blocks. 2 4lp - p'|

The block at the coarser level is termed tharent and the d the double-sided tial d f the int q

derivative blocks are itshildren Plane wave expansions ar 'nh e‘d ouft E’S',e exp\%nen |a/ gcay_g teT;ln egrand on

shifted to centers of parent blocks, and incoming spectra grger side ot = (2 =2)/( 4 [p=pf|) is evi ent. theregion
integration is thus restricted to a small region around this

shifted to centers of child blocks. Distinct translation operatoP . ) . X .
oint. For multiple source and observation points, the location

are utilized at each FMM level. At the finest level, source?

- . of the maximum will shift and the “spread” will be related to
lying in each block are represented by plane wave expans L .
gtl)o%tl the block center P yep wave exp |cﬁj — 2z|/(\2|p — p'|). The phase variation of the integrand

is mainly governed by the imaginary part ¢f which, for

Z =z

(22)

small ¢ is
IV. IMPLEMENTATION DETAILS FOR SDFMM o
INTEGRATION AND INTERPOLATION RULES Im(¢) = iko(z" — Z)t' (24)
This section examines in detail the implementation and per- V2

formance of numerical integration rules for SDP integratiolthe number of points for an integrand composing several
As will be demonstrated, these rules have to satisfy certajpurce and observation points will be influenced by the phase
validity conditions in order that the integration be compatiblgariation. As(z' — z) increases, the phase varies more rapidly
with the use of the FMM. Specific features incorporated intgnd more points are required in the rule. This is akin to the
the multilevel FMM are also discussed. These include t%mp“ng theorem required for perfect interpolation, where a
use of optimal bandlimited interpolation and the truncatiofrger frequency component entails a denser sampling due to
of translation operators based on bandlimited windowing. the increased Nyquist rate. The fact that one is working with a
To examine the nature of the integrand in the SDP integrabugh surface implies thdt’ — z) will be small compared to
we use the small argument approximationcb(a — 7/2) the lateral dimensions of the surface, and therefore, a robust

whena — /2 in (13), to get numerical integration can be performed using a small number
2 of points.
. L (a—7/2) 5 ; _ i . .
thkolp—p |f st (20) It is tempting at first glance to utilize one of the readily

available integration methods [60] for the purpose of SDP
By letting (1 —4)t//2 = a — 7/2, wheret is real along the integration. Unfortunately, this approach leads to an invalid
SDP in the vicinity of the saddle point, the overall exponeritile in the present context. Interactions between FMM blocks
¢ = —s? +ik.(» — 2') in (14) has a real part defined by  at a particular level are restricted to a range. Interacting blocks
kol — 2t kolp — pl|2 are those that are in each other’s far-field and whose parent

Re(¢) = ~02 — 20t Sl =P (21) blocks are not [37], [42]. The SDP integration must be valid for
V2 2 all source-observation displacements in the interacting range.

The exponential term therefore has its largest magnitude T4tis means that fixedset of integration weighta* (obtained
t= (2 —2)/(v/2|p - p'|). To examine the exponential decayfrom standard quadrature rules [60]) and Iocatiohﬁé) (or
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TABLE |
OPTIMAL UPPER BOUNDS ON |#| FOR NUMERICAL SDP NTEGRATION

Maximum height Nsd Optimal bound of |¢|

0.1 5 0.75

0.1 10 1.05

0.1 15 1.34

1.0 5 0.7

1.0 10 1.08

1.0 15 1.35

1.0 20 1.56

2.0 10 1.10

2.0 15 1.35

2.0 20 1.53

2.0 25 1.70

Error surfacg o Performance of integration rules
x107° b - )
2 i | SN oo
1.5-] IIIIIIIIIIIIIIIII 107 \\\ e - -z=20 1
05 % "lllllllllllllllllllllllll 107 N N .
0.1 ~ N N N

10°% AN . N
Lateral distance 2 -01 Height 10’75 v = o 2

Number of points

Fig. 3. Accuracy of the numerical SDP integration. The FMM block has a
size of I\ x 1\. Lateral distances and heights are in units\of Fig. 4. Accuracy of integration rules. The FMM block has a size ®fxd
AN, pmin,i = 2A, andpmax,c = 6. Heights are in units oh.

equivalentlyk?)) have to be valid for aangeof 2’ — = and of size I\ x 1) (where A denotes a free-space wavelength)
p— p'in (16), rather than simply. fora s_ingle intggrand. nd a maximumz’ — z| of 0.1%, the error surface generated by
The method used here to derive optimal equispaced ruﬁ;@ suggested approach is shown in Fig. 3. As is evident, the
for the above purpose is the following. The parameters to Qﬁ'or reduces ak’ — 2| reduces and is practically independent
determined are the number of pointg, in the rule as well as p — p. In exactly the same manner, optimal equispaced
the limit of the integration variablein (14). Itis observed that r;jes can be developed for different FMM levels and different
the numerical error is largest for the maximum valugz0f-z|  yough surface heights. Moreover, the number of poinis
(which is when the integrand has the greatest oscillation§y. determined by the acceptable error and is a function of
Also, the range of interaction of FMM blocks at a particula{he roughness_ The dependence of integra‘[ion errongn
level! specifies lower and upper limits gn-p’, termedp.,in,;  and rough surface height is seen clearly in Fig. 4. The FMM
and pmax,, respectively. The exact limit of for integration block is of size & x 1)\, pming = 2), and pmax; = 6. For
at level! is determined in an optimal manner for a givery the same case, the optimal value tpfwhich minimizes the
by forcing the errors in integration to be identical in the case&sror, is a strong function af.4, as can be seen from Table I.
whenp — p’ = pyin @nd p — p’ = puax . For FMM blocks Moreover, this optimal value is not as strongly influenced
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by the height, which is what was postulated earlier in this 1s-
section.

For the implementation of the multilevel FMM, interpola-
tion rules are required to obtain sampled values of inhomoge- *°
neous plane wave spectra that are utilized at coarser FMM o-
levels. For this purpose, optimal bandlimited interpolation 5
[61] is utilized. In this approach, kernels based on prolate-
spheroidal or Chebyshev functions are used to interpolate -
bandlimited functions. In the SDFMM, these same functions -*3
are also utilized as windowing functions for sparsifying the
diagonalized translation operator.

14

V. COMPUTATIONAL COMPLEXITY
ESTIMATES FOR THE SDFMM Fig. 5. Sample rough surface. All dimensions in units\of
To analyze the computational complexity and memory re-
quirements of the SDFMM, assume a rough surface of dimend the cost of in-level translatiod§” is given by
sionsL x L A?, with a maximum peak to peak height &, 9 g 2
modeled usingV unknowns. Let the number of FMM levels 17 = Can &) PO (2B + 1)°09), (29)
be f. At any intermediate level, the number of blocks is We can assume tha{éf’l) is independent of the level and,
denoted byb'?) and the size of each block i) x 19 A2, pance. equals?). This is in keeping with the observations
Furthermore, let the number of points used for the steep@stiier in this paper, where it was shown that the number of
descent integration and the number of spectral angles requib%;ims for steepest descent integration is dependent mainly
by the FMM ben(y and P, respectively (see Figs. 1 andon the rough surface height. The number of spectral angles
2). Finally (g-independent) constants are denotedbywhere required depends on the block size and roughly double as the
¢ is some integer. The following relations hold: block size doubles [61]. Therefore, in this complexity analysis,
we let P(9) = 2P+1) The overall cost of the SDFMM is

b9 = (L/169)? (25a) P
J9=1) — o(9) (25b)  Igppmm = La+ L+ Y (19 + 1) (30a)
J = (logy(L/1D)). (25c¢) g=0

I = (2Bgi + 1IN (ItD)?
The upper bound, on the total number of near-field inter- SDFMM = (2Bai +1) (l ) =

actions is given by + 0V PON[C; + Cs(2Byi +1)?]  (30D)
I, = (2Bdi + 1)2N2(l(f)/L)2. (26&) and, therefore
1 = O(N). (30c)
Moreover, L? = C;N and, therefore o SDFMM . |
It is evident that the cost of each matrix-vector product is
I; = (2Bg + 1)2N(1(f))2/01_ (26b) O(NV) and the total memory requirements (storing near-field

interactions and incoming and outgoing spectra at all levels)
An initial step for the computation of far-field contributionsare alsaO(V). Owing to the exponential decay characteristics
is the projection of sources, which involves computing plaref the SDP and FMM integration rules, the computational cost
wave spectra at the centers of finest level blocks. The ndat a matrix-vector product i©(N In ¢~1) for an arbitrary and
step is the recursive generation of higher level spectra, whiftked error tolerance o¢.
involves spectrum interpolation and center translation. A dual
step is the anterpolation of incoming spectra at finer levels and VI
center translation. In-level translations using the diagonalized
translation operator are also necessitated to obtain completd€ SDFMM has been developed in this paper to analyze
incoming wave spectra. At the finest level, plane wave specfigattering from random rough surfaces, although it is in
need to be backprojected to obtain actual field values. TRENCiple applicable to a more general class of quasiplanar
overall far-field computation cost is calculated as follows. THEructures. In this section, results of applying the SDFMM

. NUMERICAL RESULTS

total cost of projection and backprojectidp is given by to solve scattering problems, specifically, involving Gaussian
rough surfaces are presented. Single RCS and Monte Carlo
I, = 02n££)p(f)N_ (27) simulation results as well as CPU time and memory require-

ments are presented.
The cost of all center translations and interpola- To validate the SDFMM approach, a comparison is made

tion/anterpolationZ?’ at level g is with results obtained by using the standard MoM technique.
The rough surface used for this purpose, shown in Fig. 5,
19 = C3n!9) PO (28) has a roughness = 0.5\ and correlation length, = 1.5).
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Fig. 7. Monte Carlo simulation: Copolarized bistatic scattering coefficient.

A Gaussian beam is incident t= —10°. A Monte Carlo simulation is carried out for an ensemble of
50 rough surfaces of size 3\% 5.9, with ¢ = 0.5 A andi. =

Its size is 3.9 x 3.9\. The density of discretization is ten NN . o
nodes per). Finest level blocks of size O5x 0.5\ are 1.5\. The excitation field is a Gaussian beam similar to the one

used, and the residual error stopping criterion for a transpodh€ above problem, witht” = L/4 = 1.475). The problem

free quasiminimal residual (TFQMR) [58] iterative solver jdNvolves N = 10325 unknowns and requires approximately
10~2. The parameteBy; should be as small as possible fop2 h of CPU time for the complete S|mulat|on.0n a 60 MFIo'p
greatest efficiency. HoweveBy; = 1 has been shown to beSGI Power Challenge. The noncoherent bistatic scattering
unsatisfactory in standard FMM’s [34], whilBy; = 2 give coefficients for the cross-polarized and copolarized cases are
very good results. For the SDFMM, we ug®y; = 2, after depicted in Figs. 7 and 8. Backscattering enhancement (at
ensuring that we have sufficiently accurate SDP integrati§n= —10°) is clearly observed for both cases.

rules for the given range of lateral displacements. A GaussianT© Verify the O(N) CPU time and memory estimates
beam lying in ther-~ plane and having no amplitude variatiofor the SDFMM, scaling tests are carried out using larger
in the y-direction is used as the excitation. The beam i®ugh surfaces. The results of these tests are as follows.
incident at an angle of P0from the vertical with a positive Setup times for rough surface computations, which include
z-component (i.e.§ = —10°). The half-width of the beam is the computation of the near-field portion of the MoM matrix
W = L/4 = 0.975), and its electric field vector is polarizedand the computation of plane wave expansions at the finest
in the z-z plane. The solution using the SDFMM produces kvel, are depicted in Fig. 9. As suggested by the analysis
current densitysolution that is within 0.5% of that producedin the previous section, the setup time scales approximately
by solving the standard MoM. Fig. 6 depicts the RCS resultgearly with problem size. The CPU time for a matrix-
which are practically identical. vector product is shown in Fig. 10. The scaling of memory
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computational cost i® (N Ine~1). A tradeoff exists therefore
between accuracy and efficiency.

Further generalizations to the analysis of dielectric rough
surfaces, anisotropic materials, and planar multilayered mi-
crowave circuits are currently under study. Efficient multilevel
block-based preconditioners are also under development.
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