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A novel multilevel algorithm to analyze scattering from dielectric random rough surfaces is presented. This
technique, termed the steepest-descent fast-multipole method, exploits the quasi-planar nature of dielectric
rough surfaces to expedite the iterative solution of the pertinent integral equation. A combination of the fast-
multipole method and Sommerfeld steepest-descent-path integral representations is used to efficiently com-
pute electric and magnetic fields that are due to source distributions residing on the rough surface. The CPU
time and memory requirements of the technique scale linearly with problem size, thereby permitting the rapid
analysis of scattering by large dielectric surfaces and permitting Monte Carlo simulations with realistic com-
puting resources. Numerical results are presented to demonstrate the efficacy of the steepest-decent fast-
multipole method. © 1998 Optical Society of America [S0740-3232(98)00407-4]
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1. INTRODUCTION
The analysis of electromagnetic scattering by perfectly
conducting and dielectric random rough surfaces is a re-
search topic of fervent current interest.1 Applications2

arise in diverse areas, including remote sensing, long-
range communications, and surface physics. Specific ex-
amples include the modeling of soil, ocean, and ice sur-
faces; the simulation of quasi-random gratings for
infrared detectors; and the analysis and design of antire-
flection coatings for optical systems.

The analysis of three-dimensional scattering from two-
dimensional rough surfaces is a large-scale vector prob-
lem whose solution requires efficient and accurate nu-
merical techniques. The most popular approaches for
analyzing rough-surface scattering rely on integral equa-
tion formulations and method-of-moments- (MoM-) based
solution techniques. For large rough surfaces, solution of
the MoM equations by direct matrix inversion is imprac-
tical owing to the large CPU time and memory require-
ments associated with this procedure. The iterative so-
lution of the MoM system is also a time-consuming
process, with both the number of operations per iteration
and the memory cost associated with storing the matrix
scaling as O(N2), where N is the dimension of the sys-
tem. To expedite the iterative solution of electromag-
netic scattering problems, researchers have exploited the
underlying structure of the Green’s function kernel and
have developed techniques that facilitate the fast compu-
tation of MoM matrix–vector products.3–13 Two efficient
multilevel techniques are specifically geared toward the
analysis of scattering from rough surfaces. These meth-
ods have been used to compute the matrix–vector product
in O(N log N) operations by taking advantage of the fact
that rough surfaces are nearly planar (or quasi planar), to
alleviate the CPU time and memory burden. The first of
these techniques is the sparse-matrix flat-surface itera-
tive approach,14 which relies on Taylor-series expansions
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and the fast Fourier transform for accelerating the
matrix–vector product. This method has been applied to
the analysis of scattering from both perfectly conducting
and dielectric rough surfaces.15 The second approach
combines the fast-multipole method (FMM) with the fast
Fourier transform,16 and has been used for analyzing
scattering from perfectly conducting rough surfaces.
Other prevalent MoM-based complexity reducing tech-
niques for rough-surface scattering analysis include the
method of multiple ordered interactions17 and a direct
technique that utilizes reduced source representations.18

We recently reported the development of the steepest-
descent fast-multipole method (SDFMM)19 for the analy-
sis of scattering from perfectly conducting rough surfaces.
The SDFMM, a numerically rigorous technique, exploits
the quasi planarity of rough surfaces to reduce the com-
putational costs per iteration and memory requirements
to O(N). In this paper the SDFMM is extended to the
more general and complex problem of scattering by dielec-
tric rough surfaces. A PMCHW formulation20 (after Pog-
gio, Miller, Chang, Harrington, and Wu) is utilized, and
terms arising in an MoM matrix–vector product are cast
in the form of discrete inhomogeneous plane-wave expan-
sions arising from the representation of the pertinent
Green’s function along steepest-descent paths and from
the use of the FMM. Both electric and magnetic surface
currents, as opposed to the electric-current-based formu-
lation for analyzing perfectly conducting surfaces re-
ported earlier,19 need to be incorporated into the multi-
level formulation, and independent fast-multipole and
steepest-descent representations are required for each di-
electric region. The SDFMM permits the solution of ex-
tremely large dielectric rough surfaces and makes Monte
Carlo simulations feasible within realistic times. Sur-
faces modeled with as many as 191,530 current basis
functions have been solved with this approach.

This paper is organized as follows: Section 2 describes
1998 Optical Society of America



1878 J. Opt. Soc. Am. A/Vol. 15, No. 7 /July 1998 Jandhyala et al.
dielectric rough-surface modeling and the PMCHW for-
mulation of the scattering problem. In Section 3 the the-
oretical formulation of the SDFMM is developed and ap-
plied to the PMCHW equations. The computational
complexity of the technique and the memory require-
ments are also discussed. Section 4 describes numerical
results, and our conclusions are presented in Section 5.

2. INTEGRAL EQUATION FORMULATION
FOR SCATTERING BY DIELECTRIC
ROUGH SURFACES
One often analyzes the scattering properties of a class of
rough surfaces by performing a Monte Carlo simulation
on a statistical ensemble of finite rough surfaces. These
surfaces are generated with the surface height z assumed
to be a random function of the lateral coordinates x and y,
with a specified distribution. For example, Gaussian
rough surfaces,16,21 which are considered in this paper,
are characterized by height profiles z(x, y) that satisfy

^z~x, y !& 5 0, (1a)

^z~x, y !z~x8, y8!& 5 s2 exp$2@~x 2 x8!2

1 ~ y 2 y8!2#/lc
2%, (1b)

where ^•& denotes an ensemble average, s is the rough
surface variance, and lc is the correlation length.

To formulate integral equations for a dielectric rough
surface, we follow the approach of Refs. 20 and 22.
Throughout this paper, a temporal dependency of
exp$2iv t% is assumed and suppressed. A finite rough
surface S, of dimensions L 3 L, formed at the interface
of two dielectric half-spaces is shown in Fig. 1. Incident
electric and magnetic fields Einc(r) and Hinc(r) excite S
from Region 1, and equivalent electric and magnetic sur-
face currents J(r) and M(r) are impressed on the rough
surface. In what follows, eq and mq , with q 5 1, 2, rep-

Fig. 1. Rough surface formed at the interface of two regions.
Regions 1 and 2 have distinct permittivities. Typically, Region
1 is free space.
resent the permittivity and the permeability, respec-
tively, of the half-spaces separated by the surface S.
Also, kq 5 v(eqmq)1/2, and hq 5 (mq /eq)1/2. For a finite
surface sample to be an accurate representation of an es-
sentially infinite interface, a spatially limited excitation is
employed so that edge effects are avoided. Specifically, a
Gaussian-weighted superposition of plane waves16,21 is
used:

Einc~r! 5
2pW2

L2 (
uKu < k1

êinc~K, kz!

3 exp~iK • r!exp~2ikzz !

3 exp~2uK 2 K0u2 W2/2!, (2)

êinc~Kx , Ky , kz! 5
1

~Kx
2 1 kz

2!1/2 ~kz , 0, Kx!, (3)

where K0 is the average wave vector in the transverse
plane. Also, r 5 ẑ z 1 r and K 5 (Kx , Ky), with Kx and
Ky being multiples of 2p/L. The dispersion relation
Kx

2 1 Ky
2 1 kz

2 5 k1
2 is satisfied. Typically, W

5 L/4.16 To obtain J and M, the PMCHW formulation
enforces the continuity of the tangential electric- and
magnetic-field components across S:

Einc~r!utan 5 ~L1 1 L2!J~r!utan 2 ~K1 1 K2!M~r!utan

(4a)

Hinc~r!utan 5 ~K1 1 K2!J~r!utan

1 S 1

h1
2 L1 1

1

h2
2 L2DM~r!utan (4b)

where the operators Lq and Kq are defined by

LqX~r! 5 E
S
ds8F2ivmqX~r8!

1
2i
veq

¹¹8 • X~r8!Ggq~r, r8!, (4c)

KqX~r! 5 E
S
ds8X~r8! 3 ¹gq~r, r8!, (4d)

and gq(r, r8) is the scalar Green’s function

gq~r, r8! 5
exp~ikqur 2 r8u!

4pur 2 r8u
. (4e)

The solution of the PMCHW [Eq. (4)] yields the electric
and magnetic surface current densities J(r) and M(r).
These current densities can be used to evaluate the scat-
tered field Escat(r) required in the computation of the bi-
static radar cross section (RCS), which is given by

sgd ~u, f! 5 lim
r→`

4pr2Sd ~u, f, r!

Pg
inc . (5)

Here Pg
inc is the incident beam power, Sd (r) is the scat-

tered power density, and g and d denote the polarization
of the incident and the considered scattered electric field,
respectively. In a Monte Carlo simulation the variance
of Escat(r) over an ensemble of rough surfaces possessing
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the same lc and s is used to compute the noncoherent
part of the bistatic scattering coefficient.2,16,23

3. STEEPEST-DESCENT FAST-MULTIPOLE
METHOD
To solve the PMCHW [Eq. (4)], the unknown current den-
sities J(r) and M(r) are approximated in terms of linear
combinations of a set of basis functions jn , n 5 1,..., N, as

J~r! > (
n51

N

In
1jn~r!, (6a)

M~r! > (
n51

N

In
2jn~r!. (6b)

Substituting relations (6a) and (6b) into Eqs. (4a) and (4b)
and testing the latter two equations with functions fm ,
for m 5 1,..., N, results in a 2N 3 2N system of equa-
tions:

Z̄ • I 5 V. (7)

Here the MoM matrix Z̄ has the form

Z̄ 5 F Z̄11 Z̄12

Z̄21 Z̄22G , (8a)

with the entries of the four N 3 N submatrices given by

Zmn
11 5 ^fm , ~L1 1 L2!jn&, (8b)

Zmn
12 5 ^fm , 2~K1 1 K2!jn&, (8c)

Zmn
21 5 ^fm , ~K1 1 K2!jn&, (8d)

Zmn
22 5 K fm , S 1

h1
2 L1 1

1

h2
2 L2D jnL . (8e)

Also, the vector of coefficients I is

I 5 S I1

I2 D , (9)

and the excitation vector V is given by

V 5 S V 1

V 2 D , (10a)

where

Vm
1 5 ^fm , Einc~r!&, (10b)

Vm
2 5 ^fm , Hinc~r!&. (10c)

The Rao–Wilton–Glisson basis24 is chosen for both jn and
fm .

An iterative solution of Eq. (7) is expensive, since both
the CPU time per iteration and the memory scale as
O(N2). For large-scale problems one needs to develop ef-
ficient fast algorithms to alleviate the computational bur-
den. To this end the SDFMM is introduced, based on our
earlier work on electric-field integral equations for per-
fectly conducting surfaces.19 The key differences be-
tween the dielectric problem considered here and those
considered in our previous work are that (i) both electric
and magnetic currents feature in the equations, (ii) both
electric and magnetic fields need to be evaluated in a mul-
tilevel manner, and (iii) each dielectric half-space re-
quires a different Green’s function and therefore has to be
treated separately.

The SDFMM is an algorithm that facilitates the com-
putation of electromagnetic fields at N locations on a
quasi-planar surface that are due to N sources on that
surface with an operation count that scales more favor-
ably than the O(N2) measure of a classical evaluation
scheme. This multilevel technique relies on a recursive
grouping of sources and observers similar to that used in
a standard multilevel FMM.10,7 However, in contrast to
the FMM, the SDFMM exploits the quasi-planar nature
of the surface through a steepest-descent-path represen-
tation of the Green’s function, thus eventually leading to
an O(N) algorithm, as opposed to the O(N log N ) cost of
an FMM employed for the same purpose.

In a single-level implementation of the dielectric
SDFMM, the rough surface is embedded in a block of di-
mensions L 3 L 3 H, where H 5 2 max@u z(x, y)u#. This
block is divided into smaller blocks of dimensions l 3 l
3 H, as shown in Fig. 2. No partitioning is carried out
in the z direction, and z coordinates of the block centers
are determined by the average heights of the rough-
surface portion that is present in each block. A matrix
element is classified as a near-field element if the corre-
sponding basis and testing functions reside in blocks that
are separated by less than a prespecified number of
blocks. All other elements are termed far-field elements.
This classification is used to formally decompose the im-
pedance matrix Z̄ as

Z̄ 5 Z̄8 1 Z̄9, (11)

Fig. 2. SDFMM far-field interactions in a single-level imple-
mentation. The dielectric rough-surface of size L 3 L has been
divided into blocks of surface dimensions l 3 l. These blocks
have the z coordinate of their center (small dark circles) deter-
mined by the mean height of the portion of the rough surface
they enclose. These circles represent plane-wave expansions.
The block with its expansion shown as a black circle is in the far
field of the blocks with expansions represented by gray circles.
The maximum peak-to-peak height of the rough surface is H.
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where Z̄8 and Z̄9 contain near- and far-field interactions,
respectively.

In the SDFMM the action of Z̄8 on a vector is computed
classically. However, we compute the product of Z̄9 with
a vector indirectly and rapidly, without ever generating
the matrix. This is achieved as follows. The three-
dimensional dynamic scalar Green’s function gq(r, r8) is
first expressed in a contour integral form by means of the
Sommerfeld identity25:

exp~ikqur 2 r8u!
4pur 2 r8u

5
i

8p E
2`

`

dkzq exp@ikzq~z 2 z8!#H0
~1 !

3~krqur 2 r8u!, (12)

where krq 5 (kq
2 2 kzq

2)1/2, r 5 ẑ z 1 r, and r8 5 ẑ z8
1 r8. The Hankel function can be factored as

H0
~1 !~krqur 2 r8u! 5 Ĥ0

~1 !~krqur 2 r8u!exp$ikrqur 2 r8u%,

(13)

Let rc 5 ẑ zc 1 rc and rc8 5 ẑ zc8 1 rc8 be the coordinates
of the centers of the source and the observation blocks, re-
spectively, and let r1 5 ẑ zc 1 r and r18 5 ẑ zc8 1 r8. We
can write Eq. (12) as

gq~r, r8! 5 2
i

8p E
2`

`

dkzq exp@ikzq~dz 2 dz8!#

3 Ĥ0
~1 !~krqur 2 r8u!exp@ikrqur 2 r8u

1 ikzq~zc 2 zc8!#, (14)

where dz 5 z 2 zc and dz8 5 z 2 zc8 . By letting kzq
5 kq cos a and kpq 5 kq sin a, we have

gq~r, r8! 5 2
ikq

8p E
G
da sin a exp@ikzq~dz 2 dz8!#

3 Ĥ0
~1 !~kq sin aur 2 r8u!

3 exp@ikqur1 2 r18ucos~a 2 u1!#, (15)

where u1 5 cot21@(zc 2 zc8)/ur 2 r8u#, with 0 < u1 < p.
The saddle point is at a 5 u1 . In anticipation of the ag-
gregation of source points within a source block and the
disaggregation of field-evaluation points within an obser-
vation block, we choose a particular steepest-descent path
(SDP) defined by

ikqur1 2 r18ucos~a 2 uc! 5 ikqur1 2 r18u 2 s2, (16)

where uc 5 cot21@(zc 2 zc8)/urc 2 rc8u# On deforming the
integrand along the SDP, we obtain

gq~r, r8! 5 2
ikq

8p
exp~ikqur1 2 r18u!

3 E
2`

`

ds
da

ds
sin a exp$ikzq~dz 2 dz8!%

3 Ĥ0
~1 !~kq sin aur 2 r8u!

3 exp$ikqur1 2 r18u@cos~a 2 u1!

2 cos~a 2 uc!#%exp$2s2%. (17)
The function Ĥ0
(1)(kq sin aur 2 r8u)exp$ikqur1 2 r18u@cos(a

2 u1) 2 cos(a 2 uc)#% varies slowly for large arguments.
Efficient quadrature rules that require a small number
n (sd),q of points can be developed for computing the above
integral, as the integrand decays exponentially and both
dz and dz8 are small for a quasi-planar structure. The
above integral can then be approximated as

gq~r, r8! 5
i

8p
exp~ikqur1 2 r18u!

3 (
j51

n~sd !,q

wjq
~sd !kpq

~ j ! exp@ikzq
~ j !~dz 2 dz8!#

3 Ĥ0
~1 !(krq

~ j !ur 2 r8u)exp$ikqur1 2 r18u

3 @cos~a j 2 u1! 2 cos~a j 2 uc!#%exp~2sjq
2 !,

(18)

where krq
( j) 5 kq sin aj , kzq

( j) 5 kq cos aj , and wjq
(sd) and sjq

are the weights and locations, respectively, associated
with the numerical integration rule. The index j labels
the integration point.

From Eqs. (13), (16), and (18), we have

gq~r, r8! '
i

8p (
j51

n~sd !,q

wjq
~sd !krq

~ j !H0
~1 !(krq

~ j !ur 2 r8u)

3 exp@ikzq
~ j !~z 2 z8!#. (19)

The Hankel function in relation (19) can be computed ef-
ficiently for several source and observation locations
through a generalization of the free-space FMM10,26 to an
inhomogeneous plane-wave basis. The rough surface is
divided into blocks lying on a plane. Sources lying in
each block are represented by plane-wave expansions lo-
cated at the center of each block, irrespective of the par-
ticular z location of the source. The Hankel function can
then be expressed as

H0
~1 !(krq

~ j !ur 2 r8u)

5
1

2p
E

0

2p

df exp@ikrq
~ j !~r 2 rb! • ŝq#

3 T (krq
~ j ! , ŝq , rb 2 ra)exp@ikrq

~ j !~ra 2 r8! • ŝq#

5
1

2p (
j851

Pq

wj8q
~fmm! exp$ikrq

~ j !~r 2 rb! • ŝj8q%

3 T ~krq
~ j ! , ŝj8q , rb 2 ra!exp@ikrq

~ j !~ra 2 r8! • ŝj8q#

(20a)

kq
~ j ! 5 krq

~ j !ŝjq 1 kzq
~ j !ẑ, (20b)

T (krq
~ j ! , ŝq, rb 2 ra)

5 (
p52Pq

Pq

Hp
~1 !(krq

~ j !urb 2 rau)exp$2ip@u 2 fq 2 p/2#%,

(20c)

where Pq is the number of integration points required for
the azimuthal spectral integration, wj8q

(fmm) are the quadra-
ture weights, ra and rb are FMM block centers, and T is
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the translation operator that depends on the complex
wave number and spectral angles in region q and on the
displacement between source and observation blocks.
Also, ŝq 5 x̂ cos fq 1 ŷ sin fq and cos u 5 x̂ • (rb
2 ra)/urb 2 rau. Finally, the MoM-matrix entries in Eq.
(8) can be formally obtained in the new inhomogeneous
plane-wave basis from

^fm , Lq jn& 5
i

16p2 (
j51

n~sd !,q

(
j851

Pq

wjq
~sd !wj8q

~fmm!krq
~ j !

3 E
S
drfm exp@ikq

~ j !
• ~r 2 rb!#

3 T (krq
~ j ! , ŝj8q , rb 2 ra)F Ī 2

kq
~ j !kq

~ j !

kq
2 G

3 E
S
dr8jn exp@ikq

~ j !
• ~ra 2 r8!#, (21)

^fm , Kq jn& 5 2
1

16p2 (
j51

n~sd !,q

(
j851

Pq

wjq
~sd !wj8q

~fmm!krq
~ j !

3 E
S
dr@fm 3 kq

~ j !#exp@ikq
~ j !

• ~r 2 rb!#

3 T (krq
~ j ! , ŝj8q , rb 2 ra)

3 E
S
dr8jn exp@ikq

~ j !
• ~ra 2 r8!#. (22)

The above interactions are depicted schematically in Fig.
3(a). While computing a matrix–vector product, we can
group source and observation terms independently
(through their plane-wave spectra) rather than by indi-
vidually combining the effect of single source-observer in-
teractions. Furthermore, plane-wave spectrum informa-
tion at different levels is recycled, as in standard
FMMs.10,26 These steps result in substantial CPU time
and memory savings. If exact SDP paths are used for
each pair of block interactions at each level, complex in-
terpolation operators and nondiagonal translation opera-
tors will be necessitated, thus increasing bookkeeping
and memory costs. In our implementation, uc 5 p/2
SDP’s are chosen, as in our earlier work.19 However, the
fact that block centers may be locally clustered around a
nonzero z coordinate is utilized to factor out extraneous
phase oscillations. Such a procedure potentially permits
the simulation of rougher surfaces than is possible with-
out the factorization.

In a multilevel SDFMM, the rough surface is recur-
sively divided into blocks, through the hierarchical parti-
tioning of a block (the parent) at a coarse level into four
blocks (the children) at a finer level. As shown in Fig.
3(b) for a two-level case, plane-wave expansions are
shifted to centers of parent blocks, and incoming spectra
are shifted to centers of child blocks. Such an operation
is termed an FMM tree traversal. Distinct translation
operators and steepest-descent rules are utilized at each
FMM level. For the dielectric problem, two regions with
distinct material characteristics need to be considered in-
dependently, thus leading to two separate FMM trees and
tree traversals. Moreover, it can be shown that the effect
of both the electric and the magnetic surface currents in a
particular region can be accounted for through a single
tree formation and traversal. Also, magnetic fields at the
observer locations are obtained through transforming
each plane-wave component of the computed electric field
[see Eq. (22)].

A note is in order on the interpolation and integration
methods used in the SDFMM. The SDP integration uses
a simple equispaced rule to determine wjq

(sd) . The num-
ber of points is determined by the required accuracy and
progressively increases as the roughness of the surface in-
creases. We derive the truncation points on the SDP by
equating the integration errors for the shortest and long-
est distances for which the rule is used at any given level.
Typically, n (sd),q is ;20 at the finest level [with blocks of
area O(4p2/k2

2)] and diminishes at coarser levels. The
truncation points progressively move inward toward the
point a 5 p/2 1 i0 [see Eq. (15)] at coarser levels. An-
other parameter, Pq , is proportional to the minimum
number of harmonics, determined by the Nyquist crite-
rion, required for representing fields that are due to
sources residing in a block of a given size.27 This number
is proportional to the linear dimensions of the block. To
obtain Pq , a multiplicative oversampling factor is re-
quired if we are to control the error in the multipole ex-
pansion, and this oversampling rate diminishes as the
block size increases. Typically, this oversampling factor
is close to 3 at the finest level and steadily diminishes to

Fig. 3. Schematic description of a single-level and a two-level
SDFMM: (a) SDP integration (short bold arrows), azimuthal
FMM spectral integration (thinner arrows), and diagonal trans-
lation operators (long bold arrow). At an observation block, an-
other combined SDFMM integration is used to find field values in
the block. (b) In a two-level SDFMM, inhomogeneous plane-
wave expansions are shifted to centers of parent blocks, and in-
coming plane-wave spectra are translated (thin arrows) to cen-
ters of child blocks. Two kinds of interaction are possible, one at
the fine level and another at the coarser level, as shown. Dis-
tinct SDP rules, FMM integration points, and translation opera-
tors (bold arrows) are used at each level. In a multilevel
SDFMM, such an approach would be continued across several
levels.
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near unity after 4 levels. The integration weights wj8q
(fmm)

are determined by a simple equispaced Pq point rule.
Finally, the interpolation required in the multilevel
SDFMM is performed independently in the SDP and
FMM portions. A Lagrange interpolation is used for the
SDP part, and a prolate- or Chebychev-accelerated Di-
richlet interpolation is used for the FMM.27

In a previous paper we rigorously showed that the com-
putational complexity and memory requirements of the
SDFMM when applied to the analysis of scattering from
perfectly conducting rough surfaces are O(N).19 This
proof can easily be extended to the present problem in-
volving dielectric rough surfaces. However, here we
adopt a more physical approach to arrive at the same
complexity measure. Consider Fig. 4, where a cross sec-
tion of a two-dimensional rough surface is shown. The
SDFMM blocks residing at the finest level and at a
coarser level are depicted in Figs. 4(a) and 4(b), respec-
tively. The number of inhomogeneous plane-wave com-
ponents n (sd),q needed to perform the SDP integration at
a given level is proportional to the angle that the obser-
vation region subtends at the source region; if the obser-
vation region moves closer, more points will be required
in the SDP integration rule. If block sizes and minimum
block separations are fixed at the finest level, then,
clearly, at any coarser level, the angle subtended by an
observation region is smaller than that at a finer level.
In conclusion, the number of SDP integration points at
any level is never larger than that at the finest level. In-
creasing the size of the rough surface, while keeping sur-
face roughness and finest-level block sizes constant, will
not increase the required number of SDP integration
points. The cost of SDP integration per block is thus
bounded, independent of the number of unknowns. In
fact, the angle roughly halves each time one moves up a
level; hence the number of points required for SDP inte-
gration roughly decreases initially by a factor of 2 as one
moves to a coarser level, until this number saturates
quickly to a small constant value.19 The remaining con-
tribution to the computational complexity of the SDFMM
arises from the multilevel two-dimensional FMM. The
computational labor required per block roughly doubles
as the block size doubles.6,7 Here block size refers to the
circumference or linear dimensions of a block. The in-
crease in computation is due to an increase in the number
of sampling points (n (sd),qPq) required for correctly repre-
senting fields that are due to sources within a block. All
four children of an SDFMM parent block are nonempty.
Therefore the total computation per level diminishes by a
factor of 2 at a coarser level, thus yielding an overall cost
proportional to N. The use of a standard three-

Fig. 4. SDFMM blocks at (a) the finest level (b) a coarse level.
The effective angle between a source and an observation block is
reduced as one goes to coarser levels.
dimensional FMM in place of the SDFMM would result in
an O(N log N) complexity. This is because the total
number of harmonics required increases by a factor of 4
as one goes to a coarser level (proportional to the surface
area of the block). Thus the computation per level re-
mains constant and proportional to N, thus making the
overall cost over log N levels scale as O(N log N). Physi-
cally, the extra log N term appears because a standard
FMM does not exploit the angle reduction discussed
above and illustrated in Fig. 4.

4. SIMULATION RESULTS
In this section several numerical results are presented
that demonstrate the efficacy of the SDFMM in analyzing
scattering from dielectric rough surfaces. The computing
platform used is a single R8000 processor on an SGI
Power Challenge, with 2 Gbytes of RAM and an average
throughput of 60 MFlops.

To validate the SDFMM, it is applied to the problem of
scattering from a relatively small rough surface, and the
RCS obtained is compared with that from a standard
MoM. The surface dimensions are 5.5l2, with s 5 0.4l
and lc 5 1.0l, where l is the free-space wavelength.
The dielectric constant of region 2 is e2 5 3 1 0.1i, thus
making the surface dimensions equal to 16.4l2 in the di-
electric. In this and all other numerical examples shown
in this section, finest-level blocks of size 0.15l 3 0.15l
are used in the SDFMM, unless otherwise stated. Also,
we assume throughout this section that e1 5 1, i.e., that
the incident wave impinges on the interface from a free-
space region. The small rough-surface problem involves
4,485 unknowns. A normally incident Gaussian beam
(u 5 0) is used as the excitation. For this and the other
numerical examples, the electric-field vectors of the com-
ponents of the Gaussian beam are polarized in the x –z
plane. The angle u specifies the angle between the beam
and the z axis, with negative values indicating an inci-
dent beam with a positive x component. A transpose-free
quasi-minimal residual iterative solver28 is used with
both the SDFMM and the MoM. As can be seen from
Fig. 5, the RCS results are in very good agreement.

We examine the CPU time and memory requirements
of the SDFMM by applying it to progressively larger prob-
lems. The rough surfaces used for this purpose are char-
acterized by s 5 0.4l and lc 5 1.5l and form the inter-
face between half-spaces composed of free space and a
dielectric with e2 5 2. The SDP integration rules used
in this case are designed for surfaces that have a maxi-
mum roughness of s 5 1.0l, and therefore the results for
memory and time usage are representative for all sur-
faces that have any smaller roughness. Figure 6 depicts
the CPU time required for a matrix–vector product. The
CPU time required for direct matrix–vector multiplica-
tion, in a standard iterative solution of an MoM system of
equations, scales as O(N2). The SDFMM, on the other
hand, requires CPU time proportional only to O(N), as
suggested in the previous section. The break-even point
is near 33,000 unknowns. Nevertheless, it is still advan-
tageous to employ the SDFMM for much smaller prob-
lems, as will be explained later in this section.
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A standard iterative MoM solution entails storage of
the entire MoM matrix. This leads to prohibitively large
O(N2) memory requirements, as can be seen from Fig. 7.
If we use a computer with 2 Gbytes of memory, the larg-
est solvable problem would have approximately N
5 16,000 unknowns. The SDFMM has far more eco-
nomical memory requirements, scaling as O(N). A prob-
lem involving N 5 191,000 unknowns can be accommo-
dated in 1.8 Gbytes of memory, as is clear from Fig. 7.

The overall CPU time required for solving the integral
equation consists of two dominant portions. One is pro-
portional to the product of the cost of a matrix–vector and
the number of iterative steps required. The second is the
initial setup time, which in the case of a standard MoM is
the matrix-fill time, while for the SDFMM, it is the
matrix-fill time for the near-field part Z̄8 and the inhomo-
geneous plane-wave projection generation time for the
far-field portion. As shown in Fig. 8, the setup time rises
extremely steeply, with an O(N2) growth for the standard
MoM, and is as high as 200 min for a moderately sized
10,000 unknown problem. The SDFMM has a far more
gradual O(N) growth. For small rough-surface prob-

Fig. 5. Comparison of RCS results obtained by MoM (solid
curve) and SDFMM (* ). The dielectric rough surface is of di-
mensions 5.5l2, with s 5 0.4l and lc 5 1.0l, where l is the
free-space wavelength. The dielectric constant is e2 5 3
1 0.1i, thus making the surface dimensions equal to 16.4l2 in
the dielectric. A finest-level box size of 0.15l 3 0.15l is used in
the SDFMM.

Fig. 6. Matrix–vector product times for direct multiplication
and the SDFMM, as a function of problem size.
lems, the setup time for the standard MoM can far exceed
the iterative solution time. Therefore, even for small
problems, the overall solution time can be much larger for
the MoM than for the SDFMM. Thus it is advantageous
to use the SDFMM even below the break-even point. In
practice the SDFMM works faster than the MoM for sur-
faces requiring ;N 5 5,000 or more unknowns. The
speedup and memory savings become dramatic as the
problem size increases; for an N 5 191,530 unknown
case, a standard iterative MoM solution would entail
practically impossible CPU time requirements of 80 min
per matrix–vector product and 1,200 h for matrix fill and
would require 325 Gbytes of memory. The SDFMM cor-
respondingly needs only ;14 min for a matrix–vector
product, 3 h for setup, and 2 Gbytes of memory.

We have observed that using finest-level blocks of size
0.3l 3 0.3l leads to matrix–vector products that are
nearly twice as fast as those with finest-level blocks half
this size. However, this advantage is offset by both
memory requirements and setup times growing by a fac-
tor of 3 or more.

The SDFMM has been applied to analyze scattering
from large dielectric rough surfaces, and three results are
depicted in Figs. 9, 10, and 11 for single surface realiza-
tions. The first surface has an area of 162l2, with s
5 0.2l and lc 5 1.5l.

A Gaussian beam is incident at u 5 215°, and the di-
electric constant of the surface is e2 5 2, thus making the
surface dimensions equal to 324l2 in the dielectric. The
surface is modeled with 151,046 unknowns. The copolar-
ized bistatic RCS in the x –z plane is shown in Fig. 9.

Fig. 7. Memory requirements for the standard MoM and the
SDFMM, as a function of problem size.

Fig. 8. Comparison of matrix-fill time for the standard MoM
and setup time for the SDFMM, as a function of problem size.
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The specular peak is visible alongside other smaller ones
produced as a result of noncoherent scattering from the
rough surface. A larger surface is modeled to obtain the
RCS depicted in Fig. 10. In this case the area is 205l2.
The surface is only mildly rough with s 5 0.05l and lc
5 1.0l. A Gaussian beam is again incident at u
5 215°, and e2 5 2, thus making the surface dimen-
sions equal to 410l2 in the dielectric. This problem re-
quires 191,530 unknowns. The specular peak is rela-
tively much stronger than in Fig. 9, which is expected,
since the surface has a relatively smooth nature. An-
other surface of the same area, but with s 5 0.4l and lc
5 1.5l, is modeled, and the RCS is shown in Fig. 11. A
Gaussian beam is incident at u 5 245°. Here, owing to
the moderately large roughness, there are several scatter-
ing peaks that are strong, including the specular one.
The added roughness of this surface manifests itself in
the number of iterations required for the TFQMR itera-
tive solver to converge; 142 iterations are required as
compared with 103 for the previous example.

Fig. 9. Copolarized bistatic RCS for a dielectric rough surface of
area 162l2, with s 5 0.2l and lc 5 1.5l, where l is the free-
space wavelength.

Fig. 10. Copolarized bistatic RCS for a dielectric rough surface
of area 205l2, with s 5 0.05l and lc 5 1.0l, where l is the free-
space wavelength.
To demonstrate the suitability of the SDFMM for car-
rying out Monte Carlo simulations, 50 moderately large
rough surfaces (each modeled with 20,650 unknowns) are
analyzed, and the variance of the scattered field is used to
predict the bistatic scattering coefficient. It should be
noted that for a truly useful Monte Carlo simulation, one
should use a larger number of realizations as well as
larger surfaces. However, this example serves to demon-
strate the capability of the SDFMM on our laboratory
computational platform, which does not permit the solu-
tion of multiple large problems in reasonable times. The
example considered here uses surfaces of area 22.3l2,
with s 5 0.4l and lc 5 1.5l, where l is the free-space
wavelength as before. The dielectric constant e2 5 2,
thus making the surface area 44.6l2 in the dielectric. A
Gaussian beam is incident at u 5 245°. Even with this
small number of samples and small surface size, back-
scattering enhancement is visible in the copolarized scat-
tering coefficient as depicted in Fig. 12. Finest-level
boxes of size 0.3l 3 0.3l were used to accelerate the

Fig. 11. Copolarized bistatic RCS for a dielectric rough surface
of area 205l2, with s 5 0.4l and lc 5 1.5l, where l is the free-
space wavelength.

Fig. 12. Copolarized bistatic scattering coefficient obtained
through a Monte Carlo simulation involving 50 realizations of
rough surfaces of size 22.28l2, with s 5 0.4l and lc 5 1.5l,
where l is the free-space wavelength.
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matrix–vector product computation. Each matrix–
vector product required 46 sec, and an average of 96
TFQMR iterations were needed per surface.

5. CONCLUSIONS
A new multilevel algorithm, the SDFMM, has been shown
to permit the rapid analysis of scattering from dielectric
rough surfaces. This method has O(N) CPU time and
memory requirements and is sufficiently fast to permit
large-scale rough-surface simulations within reasonable
times. The technique is rigorous and permits a tradeoff
between accuracy and efficiency. The application of the
SDFMM to a variety of dielectric rough-surface problems
is being studied; these include the analysis of rough ab-
sorbers for infrared detectors and optical devices and the
study of solar panels. Further generalizations to micro-
wave circuits with finite dielectric substrates and ground
planes are currently under development. Advanced pre-
conditioning techniques for reducing the number of itera-
tions required for convergence are also being examined.
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