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ABSTRACT

An adaptive, multipole-accelerated technique is presented for the fast computation of
capacitances of conducting structures that reside in stratified dielectric media. This tech-
nique is an extension of a previously reported method of moments based approach that uses
a nonadaptive fast-multipole algorithm in conjunction with a closed-form Green’s function
for a stratified medium. In the proposed adaptive technique, the specific spatial arrange-
ment of the images introduced by this Green’s function is exploited to significantly reduce
the excessive memory requirements associated with the earlier technique. It is shown that
the reduction in memory is attained in such a manner that both speed and accuracy are not
adversely affected. © 1996 John Wiley & Sons, Inc.

1. INTRODUCTION

The computation of the capacitance matrices of
conducting structures embedded in stratified di-
electric media is critical for accurately modeling
interconnect structures and for ensuring the
proper functioning of electronic packages. Oh
et al. [1] have characterized capacitances of mi-
crostrip bends and crossovers using the method of
moments (MoM) in conjunction with a closed-
form approximation to the Green’s function for
stratified dielectric media. The fast-multipole
method (FMM) [2-6], a recently developed algo-
rithm for efficient evaluation of the potential due
to a given distribution of charges, has been em-
ployed in conjunction with the MoM to solve
capacitance problems involving conductors resid-
ing in a homogeneous medium [7-10], and in the
presence of finite-sized dielectrics [11, 12). The
latter studies utilize the expansion of the static
potential in terms of a free-space Green’s func-

tion in conjunction with an equivalent-charge for-
mulation for the dielectric interfaces [13]). The
fast computation of capacitances of conducting
structures embedded in a layered dielectric
medium is essential to the design of VLSI cir-
cuits. This problem was addressed by the authors
in refs. 14 and 15, where the FMM was utilized to
compute the capacitances of conductors residing
in a stratified dielectric medium, by incorporating
a closed-form approximation to the stratified
medium Greens’ function [1] into the FMM
framework. It was demonstrated that this tech-
nique is capable of solving capacitance problems
involving layered media with considerably more
numerical efficiency than non-FMM-based meth-
ods, whether they be direct or iterative, with little
or no compromise in accuracy. The major draw-
back of the FMM-based algorithm for stratified
media, introduced in ref. 14, over its free-space
counterpart [7-12] is its large memory require-
ment, which is discussed in section 3. In this
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follow-up communication, an adaptive algorithm
is presented that significantly reduces the memory
requirements over those of the nonadaptive,
FMM-based algorithm presented in ref. 14. This
reduction in memory is achieved by exploiting the
spatial distribution of images relative to the posi-
tions of the conductors in the computational do-
main of the FMM. The proposed adaptive FMM-
based algorithm produces capacitance matrix
entries that are as accurate as those produced by
the nonadaptive technique, and also does not
require any more CPU time than that required by
the earlier nonadaptive algorithm.

This communication is organized as follows.
Section 2 presents an MoM-based technique for
computing capacitances of conductors that reside
in a stratified dielectric medium, and summarizes
the nonadaptive FMM-based technique of ref. 14.
Section 3 outlines the proposed adaptive algo-
rithm and discusses its advantages over the non-
adaptive algorithm [14] in terms of memory re-
quirements. Numerical results are presented in
section 4, and section 5 contains conclusions and
suggestions for future work.

2. FORMULATION

Let n conductors reside in a stratified dielectric
medium. We seek the n X n capacitance matrix,
C, of this system, which satisfies:

q=Cp (1)

where q and p are column vectors of length n
containing the total charge on each of the con-
ductors, and the potential of each of the conduc-
tors, respectively. To compute C, an integral
equation is constructed in terms of the unknown
charge density, o(r), residing on each conductor
surface:

$ir) = [S G(r|r)o (') ds' (2)

where S is the conductor surface, ¢'(r) is the
known and impressed potential on S, and G{r | r")
is the spatial Green’s function for potential evalu-
ation in a stratified medium. o (r) is solved for by
invoking the MoM [8]. To this end, the conductor
surfaces are discretized into triangular patches,
and compactly supported basis functions (typically
pulse basis functions) are utilized to expand the
unknown charge density o (r). Point matching the

resulting equations at the centers of the patches
leads to a dense matrix equation relating V, the
vector of impressed potentials on the patches, to
I, the vector of expansion coefficients of the basis
functions:

V=171 3)

The MoM matrix, Z, is of dimensions M X M,
where M is the total number of patches. Eq. (3)
may be solved, either directly or iteratively, to
yield different columns of the capacitance matrix.
These columns are obtained by setting the im-
pressed potentials on the patches of a particular
conductor to unity and all others to zero, and
then summing up the resulting charges on patches
on the surface of each conductor.

It has been demonstrated in ref. 14, that the
use of the closed-form approximation, G, ((r|r’),
of the Green’s function, G{r|r'), in a manner
outlined in ref. 1, considerably simplifies the nu-
merical evaluation of the MoM matrix elements.
G, ((r|r') represents the potential due to a charge
residing in a stratified dielectric medium in terms
of the potential due to the genuine charge and a
finite number of images, all residing in a homoge-
neous medium, as shown in Figure 1.
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Figure 1. Images obtained from the use of the
closed-form Green’s function for multilayered dielec-
tric media. The genuine conductor is embedded in a
dielectric slab located in between z = 0 and z = d.



If an iterative method, such as GMRES [17], or
the conjugate gradient method [18], is used to
solve Eq. (3), evaluations of the matrix-vector
product, ZI_, where I is a vector of trial coeffi-
cients associated with the charge distribution on
the patches, are required. The product ZI, gener-
ates the potentials at the centers of the genuine
patches due to charges on all the patches corre-
sponding to the trial charge coefficient vector I,.
Using G,((r|r'), defined in ref. 14, this evalua-
tion is performed in the following manner:

Non
Z1, = 281, + }:1 Z"k 1, (4)
j=

where Z2 is the MoM matrix for a homogeneous
medium, and Z{" is the contribution due to
patches that correspond to the jth image. The
charge coefficients on the image patches are de-
pendent on I, and appear in eq. (4) as terms of
the form k1.

The direct evaluation of the matrix-vector
product in eq. (4) entails O(M?) operations per
iteration. The FMM may be invoked to evaluate
the matrix-vector product in eq. (4) in an ex-
tremely efficient manner, requiring only O(M)
operations per iteration, as shown in ref. 14,
Anderson’s FMM technique [6], which is based on
the use of Poisson’s formula to represent the
solution of Laplace’s equation, is used here and
in ref. 14. To facilitate the evaluation of the
matrix-vector product in eq. (4), the entire muiti-
conductor structure, and all of the image patches,
are enclosed in a large cubical volume, which is
recursively partitioned into eight smaller cubes.
For each cube at every level, an outer sphere
approximation is conducted. Consider a sphere
that encloses the cube and whose center coin-
cides with that of the cube. Given the potential
g(-) on the surface of this sphere S due to all the
sources residing in the cube, the outer sphere

formula:
h n+1
) e “’)}

xg(h,s) ds 5

1 o
W(r) = E[S[Eo(zn +1)

enables the computation of the potential W(r) at
any observation point r located outside S, where
r, is the unit vector pointing from the center of
the sphere toward r, h, is the radius of the
sphere, 7, is the distance from the center of the
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sphere to the point r and P,(-) is the nth Legen-
dre function. Outer spheres approximations for
progressively larger cubes are obtained by re-
peated use of eq. (5).

To evaluate the matrix-vector product in eq.
(4), observation points are aggregated in a man-
ner similar to that which is employed to aggregate
source points. However, the observation points
correspond to the centers of the genuine patches
only, whereas both the genuine and the image
patches comprise the sources. Consider a sphere
with surface S that encloses a cube and whose
center is the same as that of the cube. The
potential, W(r), at any point, r, inside this inner
sphere, S, due to sources outside it, can be ex-
pressed as:

=

t

1 0
‘I’(r)=—f[2(2n+l)
N

47 o0

r n
: ) P(s - rp)]

Xg(h;s)ds (6)

where g(-) is the potential on the surface of the
sphere S due to all sources outside it. At each
level, the inner sphere approximation for every
cube is constructed by considering the inner
sphere approximation for the parent cube and
adding to that the potentials due to outer spheres
from those cubes that are well-separated and
have not been accounted for in the construction
of the inner sphere of the parent cube [6]. Egs.
(5) and (6) are approximated numerically by re-
taining a finite number of spherical harmonics,
and utilizing nonproduct integration rules [19, 20],
as done in Anderson [6] and Jandhyala et al. [14].

3. THE ADAPTIVE ALGORITHM

The nonadaptive fast multipole algorithm, dis-
cussed in the previous section, further termed
FMM, computes the potentials at the centers of
the genuine patches due to the charges on the
genuine patches and the equivalent charges on
the image patches. The overall memory require-
ment of FMM is in effect determined only by the
number of outer and inner spheres that need to
be stored. The remaining memory usage due to
the storage of interactions between patches in
cubes that are not well separated is negligible.
Moreover, for the FMM algorithm described in
ref. 14, the number of outer spheres typically far
exceeds the number of inner spheres. This is
because outer spheres are constructed for all



384  Jandhyala, Michielssen, and Mittra

cubes that contain genuine and /or image patches,
while inner spheres are constructed only for those
cubes that contain genuine patches. In fact, in a
worst-case scenario, the number of outer spheres
could exceed the number of inner spheres by a
factor equal to the total number of images per
conductor (which is typically near 20). Therefore,
the number of outer spheres is the dominant
factor in determining the total memory usage
when a stratified dielectric medium is involved. It
should be noted that, in the free-space case, the
number of outer and inner spheres are identical,
and that the introduction of a layered medium
does not effect the number of required inner
spheres. As will be shown in this section, the
specific spatial arrangement of the image charges
due to the stratified dielectric medium can be
exploited to substantially reduce the number of
outer spheres to be stored. This yields a more
efficient, adaptive, fast-multipole-based algo-
rithm, with memory requirements that “approach”
those of the more efficient free-space algorithm.
The new adaptive algorithm will be referred to as
AFMM.

The use of the closed-form Green’s function
leads to the presence of a finite number of im-
ages, as illustrated in Figure 1. The important
point to note is that, in many cases, a vast major-
ity of the cubes that contain only image charges

are far removed from the cubes containing gen-
uine charges. This suggests that, once the compu-
tational domain including all image patches is
recursively subdivided into cubes, there may be
many cubes that contain only image patches and
whose corresponding outer spheres are not used
in the construction of any inner spheres. Such
outer spheres only serve to construct the outer
spheres of the corresponding parent cubes. This
is illustrated schematically in Figure 2. The shaded
bold circles represent outer spheres of cubes that
contain only image patches and which are not
used to construct any inner spheres. From here
on, outer spheres that are required for creating
inner spheres are termed useful.

The above-described FMM algorithm requires
direct potential evaluation to construct the outer
spheres for all nonempty cubes at the finest level,
irrespective of whether these outer spheres are
useful or not. The finest level outer spheres are
then used to recursively construct outer spheres
for the parent cubes. These outer spheres at
coarser levels are constructed whether they are
useful or not. The approach followed in AFMM is
to bypass the construction of outer spheres that
are not useful. This is achieved in a recursive
manner, as follows. Every useful outer sphere is
constructed by adding up two distinct types of
contributions, as shown in Figure 3c. First, if any

(

>r_/ genuine conductor
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Figure 2. Configuration of a part of the computational domain, comprising of the genuine
conductor and one image, as illustrated in the dashed box in Figure 1. A genuine conductor
is present in the upper half of the square, and one of the images is shown in the lower half.
Bold circles depict outer spheres for cubes containing image (source) patches only, while
light circles depict inner spheres for cubes containing genuine (source and observation)
patches. The shaded bold circles represent outer spheres that do not “interact” with the
inner spheres. The FMM algorithm uses these outer spheres only for constructing larger
outer spheres. AFMM bypasses the construction of these outer spheres to significantly
reduce the memory requirements of the algorithm.
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Figure 3. Construction of outer spheres in FMM and
AFMM. (a) A typical configuration in the computa-
tional domain. An outer sphere and the corresponding
child outer spheres are shown. The shaded circle repre-
sents an outer sphere that is not used to construct any
inner sphere. (b) In FMM, the outer sphere for the
parent cube is obtained by using the outer sphere
formula (dashed arrows) and summing the contribu-
tions from each of spheres corresponding to the child
cubes. (¢) In AFMM, the outer sphere for the parent
cube is constructed using the outer sphere formula
(dashed arrows) from those child cubes that have outer
spheres, and direct evaluation from the patches that
reside in the cube whose outer sphere has not been
constructed. The number of direct computations is the
same in (b) and (c), whereas one extra outer sphere is
computed, stored, and used in (b).

of the outer spheres corresponding to the child
cubes are useful (and therefore exist), contribu-
tions from such spheres are utilized in exactly the
same manner as in the FMM; i.e., by invoking the
outer sphere formula [eq. (6)]. Second, the poten-
tials due to patches in child cubes whose outer
spheres are not useful (and therefore do not
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exist) are evaluated directly on the surface of the
useful outer sphere that is to be constructed. The
recursion is initiated by using direct potential
evaluation to construct useful outer spheres cor-
responding to those cubes whose descendants
have no useful outer spheres. It is easily verified
that the number of direct potential evaluations
required in FMM and AFMM are the same;
however, FMM typically constructs, stores, and
uses many more outer spheres. Both techniques
require the same number of inner spheres. As
mentioned earlier, the major component of mem-
ory usage are the number of outer and inner
spheres. The fact that, for frequently encountered
structures, much fewer outer spheres need to be
stored in AFMM renders it more memory effi-
cient than FMM. The memory saving can be
considerable, depending on the specific configu-
ration of images. This is corroborated by the
examples shown in the next section. The AFMM
algorithm, when used in conjunction with an iter-
ative solver such as GMRES, necessitates the
identification of all required outer spheres prior
to the start of the iterative process. This is
achieved by performing one dry-run pass through
the original FMM to mark the outer spheres that
are called for during the construction of inner
spheres. No actual potential computations need
to be carried out during the dry-run, and there-
fore the computational overhead due to this dry-
run is negligible.

An g priori estimate for the savings in the
number of spheres to be stored can be derived for
a model canonical problem. Consider a conduct-
ing plate, of side d, placed above a parallel infi-
nite PEC at a distance of d/2. If h is the length
of the side of a cube at the finest level L, and
d=0Q'*h), ke{0,1,...,L}, then the outer
spheres that are actually utilized in AFMM while
constructing inner spheres are those at level k +
1. In AFMM, there are 22K72 + 22k+4 4 ... 4 22L
outer spheres for the plate and 2%*? outer
spheres for the image. In FMM, the total number
of outer spheres is 2(22¢72 + 22k+4 4 ... 422L),
The number of inner spheres in both methods is
(2%k+2 4 p2k+4 4 ... 4221 constructed for the
plate only. Hence, the relative memory saving
with AFMM is

{22(L —-ky _ 1}

3
22(L-—k) -1
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This figure is for a single image; the number of
images due to a stratified dielectric is much larger
(around 20) and a larger memory saving is there-
fore expected for realistic problems. This leads to
savings that are typically greater than 60%.

AFMM requires no more CPU time per itera-
tion than FMM does. In both FMM and AFMM,
most of the computation time is spent in the
construction of inner spheres rather than outer
spheres, and both algorithms require the con-
struction of an identical number of inner spheres.
Therefore, the fact that a smaller number of
outer spheres are required in AFMM does not
manifest itself in any significant reduction of CPU
time.

AFMM produces as accurate capacitance ma-
trix entries as the FMM. Inaccuracies in the FMM
and AFMM arise when truncating the number of
harmonics in the outer and inner sphere formu-
las, egs. (4) and (5). Because AFMM constructs
fewer outer spheres than FMM, one would expect
less error propagation. However, provided that a
sufficiently large number of harmonics is used in
both the AFMM and the FMM, the two tech-
niques produce nearly the same values.

In the best case, where FMM constructs no
outer spheres that are not used in the construc-
tion of inner spheres, AFMM and FMM are
identical. However, as mentioned earlier, when
dealing with typical structures the vast majority of
outer spheres are redundant, in which case the
AFMM will require substantially less memory
than the FMM without any adverse effects on
CPU time or accuracy. The relatively simple mod-
ification suggested in this section has a tremen-
dous impact on memory usage; on a given com-
puter platform, AFMM can solve much larger
problems than the FMM can.

4. NUMERICAL RESULTS

The above-described FMM and AFMM algo-
rithms are used in conjunction with the GMRES
iterative method, leading to two iterative solution
techniques. To compare the memory require-
ments, CPU times, and accuracy of the adaptive
algorithm (termed AFMM-GMRES) with that of
the nonadaptive algorithm (termed FMM-
GMREYS), these two methods are employed to
obtain the capacitance matrices of the structures
shown in Figure 4, namely a conducting plate, an
airbridge, a 10-conductor microstrip crossover,
and a 4-conductor bus crossing, all embedded in a
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Figure 4. Structures to be used for testing the FMM-
based capacitance computation algorithms, The struc-
tures are a conducting plate (a), an airbridge (b), a
10-conductor microstrip crossover (c), and a 4-conduc-
tor bus crossing, all embedded in a dielectric slab of
infinite extent with thickness 5 X 107> m with a rela-
tive permittivity of 5. The dielectric is backed by an
infinite ground plane.

dielectric of finite thickness which is backed by a
ground plane.

Table I shows the number of outer and inner
spheres required to be stored in FMM-GMRES
and AFMM-GMRES. As mentioned in section 3,
practically all the memory usage of these algo-
rithms is due to storing outer spheres. In all
cases, there is a substantial memory saving of at
least 38% and, in many cases, it is much higher.
As the number of cubes used in the fast-multi-
pole algorithm is increased, the percentage mem-
ory saving achieved by using AFMM over FMM is
increased, and is as high as 80% in one case.
Another advantage of AFMM-GMRES is that a
larger number of levels can be used in the fast
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TABLEIL. Memory Requirements of the Two Fast-Multipole-Based Methods
Total Number of Number of Outer Number Percentage
Number of Outer Spheres in Spheres in of Inner Saving in
Problem Cubes FMM-GMRES AFMM-GMRES Spheres Memory (1%)
Plate 4681 2371 1372 234 383
-do- 37,449 5371 1396 434 68.5
-do- 299,593 8971 2172 634 70.8
Airbridge 4681 1256 628 136 45.1
-do- 37,449 6081 1972 484 62.6
-do- 299,593 24,721 3680 1632 79.8
5 X 5 microstrip 4681 2204 1156 217 433
crossover

-do- 37,449 10,475 2776 865 67.9
-do- 299,593 25,254 4612 1782 76.4
4-conductor 4681 1458 823 182 38.7

bus crossing

multipole algorithm without expending memory,
thereby reducing the number of patches that are
present in cubes that are not “well-separated” at
the finest level. This in turn implies that the
number of direct interactions to be computed is
also reduced. Furthermore, as discussed in sec-
tion 3, the number of outer spheres required in
AFMM-GMRES, “approach” the number of in-
ner spheres. Although the ratio of outer to inner
spheres is still greater than 1, it is not close to the
number of images which is the case with the less
memory-efficient FMM-GMRES. The memory
requirements of AFMM-GMRES are therefore
closer to those of the free-space fast-multipole
algorithm (where the number of outer and inner
spheres is the same) than FMM-GMRES.

Table II shows a comparison of the CPU times
required by the two methods for the different
problems. A total of 4681 cubes (four levels) are
used in the fast-multipole algorithms. AFMM-
GMRES and FMM-GMRES require nearly the
same CPU time in all the cases considered, as
discussed in section 3. As shown in ref. 14, the

FMM-GMRES technique is itself much faster
than the non-FMM-based direct or iterative
methods.

The entries of the capacitance matrices ob-
tained by FMM-GMRES and AFMM-GMRES
are compared with those obtained by using the
direct LU decomposition technique. A total of
4681 cubes (four levels) are used in the fast-multi-
pole algorithms. Four harmonics are used in the
outer and sphere formulas [eqgs. (4) and (5)]. The
error tolerance in GMRES is set to 1073, For the
conducting plate, LU decomposition produced a
capacitance value of 71.9 pF, while FMM-GMRES
gave a value of 72.3 pF, and AFMM-GMRES
yielded a value of 72.0 pF. For the airbridge,
Table 11T shows that both the FMM-based tech-
niques produced equally accurate results. The
first row of the capacitance matrix for the 10-
conductor microstrip crossover problem is shown
in Table IV. All three techniques produced al-
most exactly the same values; the relative mean
square errors for the entire capacitance matrix
are 0.82% for FMM-GMRES and 0.78% for

TABLEII. CPU Times, on a DEC-Alpha, for Computing the Capacitance Matrices of the Structures Shown

in Figure 4
Number of Total Number of FMM-GMRES AFMM-GMRES
Problem Conductors Patches CPU Time (min) CPU Time (min)
Plate 1 4200 0.79 0.75
Airbridge 2 37,296 2,77 2.35
5 X 5 microstrip 10 20,160 9.75 9.27
crossover
4-conductor 4 78,624 11.91 11.61

bus crossing
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TABLEIII. Capacitance Matrix Entries of the
Dielectric-Embedded Airbridge

TABLEYV. Capacitance Matrix for the 4-Conductor
Bus Crossing (Element Values in pF)

Matrix LU FMM-GMRES AFMM-GMRES
Entry (pP) (pF) (pF)
C, 3078 30.81 30.81
Ch, —219 ~2.15 ~2.15
Cp 4020 40.19 40.19

AFMM-GMRES. The entries of the capacitance
matrix for the four conductor bus crossing is
shown in Table V. Again, the three methods
produced nearly identical results; the relative
mean square errors for the capacitance matrix
are 0.50% for FMM-GMRES and 0.48% for
AFMM-GMRES.

5. CONCLUSIONS AND SCOPE FOR
FUTURE WORK

In this article, the adaptive AFMM algorithm for
the capacitance computation of structures em-
bedded in a stratified medium has been intro-
duced, and a study comparing the memory usage,
CPU time requirements, and the accuracies of
the AFMM and the nonadaptive FMM algo-
rithms has been carried out. The memory re-
quirements of both the FMM and AFMM algo-
rithms are essentially determined by the number
of outer and inner spheres that need to be stored.
For typical structures, FMM requires a much
greater number of outer spheres than inner
spheres. It is shown that, for those structures,
AFMM requires far fewer outer spheres than
FMM, which results in large savings in overall

TABLEIV. First Row of the Capacitance Matrix for
the Dielectric-Embedded Microstrip

Matrix Entry Value (pF)
Cy 20.9
Cy -0.1
Cy 0.0
Cuy 0.0
Cs, 0.0
Cei -0.6
Coy ~06
Cgy -0.6
Cy -0.6
Cios -0.6

13.0 -0.1 0.0 -09
-01 13.0 -0.1 -11
0.0 -01 13.0 -0.9
—0.9 -1.1 -0.9 16.0

memory requirements. In terms of the number of
outer spheres required for computations involving
structures in layered dielectric media, AFMM is
much closer to the efficient free-space algorithm
than to its stratifited media FMM predecessor.
These memory savings are dependent on the
number of levels used in the fast-multipole algo-
rithm. As more levels are used, the relative mem-
ory saving achieved by using AFMM over FMM
increases, and it was observed to be as high as
80% in one case in which 299,593 cubes (six
levels) were employed. The reduced memory re-
quirement of the AFMM algorithm enables one
to tackle larger problems on a given computer
platform than is possible by using the FMM algo-
rithm. AFMM also requires no more CPU time
and produces as accurate results as does the
FMM algorithm.

The results presented in this article are for a
single dielectric layer. However, the technique
discussed both herein, and in ref. 14 can be
readily extended to the multilayer case, and this
extension is currently being implemented.
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