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Abstract—The partial element equivalent circuit (PEEC) ap-
proach has been used in different forms for the computation of
equivalent circuit elements for quasi-static and full-wave elec-
tromagnetic models. In this paper, we focus on the topic of large
scale inductance computations. For many problems as part of
PEEC modeling, partial inductances need to be computed to
model interactions between a large numbers of objects. These
computations can be very time and memory consuming. To date,
several techniques have been devised to reduce the memory and
time required to compute the partial inductance entities, as well
as the time required to use them in a circuit analysis compute
step. Some of the existing methods use hierarchical compression
while some others are based on issues like properties of the inverse
of the partial inductance matrix. However, because of inherent
limitations, most of these methods are less suitable for PEEC
applications. In this paper, we present an approach which is based
on the compression of the partial inductance matrix utilizing the
QR decomposition of the far coefficients submatrices. The QR-de-
composed form is represented as a compressed SPICE-compatible
circuit. This yields an efficient and mathematically consistent
approach for reducing the storage and time requirements.

Index Terms—Fast solver algorithm, inductance, partial element
equivalent circuit (PEEC), QR decomposition.

I. INTRODUCTION

THE accurate modeling of inductive coupling is critical in
determining the electrical behavior of high speed, high per-

formance circuits. Consequently, the topic of inductance cal-
culation has gained importance over the years. The approxi-
mate analytical formulas employed to this end prior to the use
of numerical techniques, e.g., [1], suffer from a lack of accu-
racy in the solution of complex 3-D structures. The partial el-
ement equivalent circuit (PEEC) method was originally con-
ceived as a numerical integral equation-based approach for the
large scale accurate computation of inductances in integrated
circuits [2]. Progress has been made since then on various as-
pects of the methodology and new techniques have been devel-
oped with the contributions from many researchers. Today, the
approach has many applications from inductance calculations
to full-wave solution of combined electromagnetic and circuit
structures. Recently, the PEEC formulation including the partial
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inductances has been generalized for nonorthogonal geometries
using quadrilateral and hexahedral cells [3] or triangular dis-
cretization, e.g., [4], [5]. The PEEC model, complete with in-
ductive contributions , potential or capacitive contributions
(P), resistive part (R), and full-wave specific delays , is desig-
nated as ( , P, R, ) PEEC. In this paper, we concentrate on
the inductance specific applications namely ( , R) PEEC.

The PEEC inductive analysis entails the solution of a mostly
dense partial inductance matrix consisting of elements,
where is the number of entities generated by the discretization
of test structures. This presents an efficiency bottle-neck caused
by the unfavorable scaling in the time and memory re-
quirement for the computation and storage of . In addition,
since the circuit analysis step corresponds potentially to a ma-
trix solution it requires another step in time. In the past,
efforts were made to speed up the evaluation of the integrals
without a loss of overall accuracy [2], [6]. However, for large
problems, further speedup is desirable. The hierarchical fast
multipole method (FMM) was developed to compress the par-
tial inductance matrix first in [7] and later in [8] and [9]. The
FMM technique necessitates the construction of an oct-tree hi-
erarchy in 3-D resulting in cubical subregions, which enable
the construction and proper utilization of the multipole expan-
sions. An important aspect in this regard is that PEEC employs
rigorous integration routines so that the number of unknowns

is greatly reduced by the use of large aspect ratio PEEC
cells, where length to width ratios can exceed 1000:1. Cubical
subregions are, therefore, less desirable to group the high as-
pect ratio PEEC cells. The reduction of the cell aspect ratios
with the purpose of making it compatible with the FMM hier-
archy will generate an increased number of unknowns and is,
therefore, counter productive. The other existing techniques at-
tempt to sparsify the . Early attempts in sparsification [10]
showed that reasonable results could be obtained by omitting
inductive couplings. However, it was recognized that the spar-
sified matrix is no longer positive definite and a method
based on pseudo-image returns was devised [11]. This class of
method was improved for several years, e.g., [12]. The success
of the application of this approach is clearly problem-dependent
since it depends on the return path. Other methods were devised
like the use of an approximate inverse in the circuit solver
process [13]. This approach cannot be used for full wave PEEC
models since it is based on the inverse of the matrix. An-
other, method which uses a determined return path is given by
[14]. Many of these methods were tailored for bus-type struc-
tures which usually involve a large number of parallel bars. An-
other FFT-based approach has been applied to the specific case
of on-chip geometries with objects of a similar size [15].
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In this paper, the fast solution algorithm is based on an ap-
proach devised originally by Kapur and Long [16] which re-
duce both the computational complexity of constructing the ma-
trix as well as its solution process. The underlying reason con-
tributing to the dense nature of the partial inductance matrix
is that each PEEC inductor interacts with every other PEEC
inductor through a current controlled voltage source (CCVS).
Therefore, in a system consisting of PEEC cells, the number
of unique CCVS elements is . Using the QR com-
pression scheme, the total number of CCVS elements is re-
duced to . The entire geometry is first subdivided using
a density-balanced binary decomposition which accommodates
bounding boxes of any shapes and sizes. This choice of hier-
archical binary tree decomposition is particularly attractive for
grouping high aspect ratio PEEC cells. The number of CCVS
elements required to represent the interaction between partial
inductors in well-separated boxes can then be reduced using the
QR compression scheme. The compression theory is based on
the property of the Green’s function kernel embedded in the in-
tegral which generates the strength of the CCVS elements. The
contribution of this paper is, therefore, as follows:

(a) application of the QR compression algorithm in PEEC in-
ductive analysis to obtain linear time and memory scaling
in terms of increasing number of unknowns;

(b) representation of the QR compressed partial inductance
network using SPICE-compatible net-list.

Section II describes the basics of the PEEC inductive mod-
eling scheme. Section III explains the hierarchy used in the so-
lution process which determines the partial-inductance subma-
trices amenable to compression. Section IV describes QR ma-
trix compression for each such submatrix. Section V illustrates
the circuit representation of the compression technique and the
resultant SPICE compatible form. Finally, example results are
given in Section VI, followed by the conclusion.

II. PEEC INDUCTANCE MODELING AND COMPRESSION BASICS

The PEEC model is based on a conversion of the sum of
all electric field components at a point on an object (2.1)
into Kirchhoff’s voltage law by an appropriate integration.
This leads to a circuit which can be used to model Maxwell’s
equations for orthogonal or nonorthogonal structures [3]. For
the general volume model, the total electric field at a conductor
is given by

(2.1)

where is a potential applied electric field, is the current
density in the conductors, and are vector and scalar po-
tentials, respectively. The general full-wave volume (Lp, P, R,

) PEEC model, based on (2.1), includes voltage sources cor-
responding to the left-hand side and resistances, partial induc-
tances and capacitances corresponding to the right-hand side
terms [17]. A unit PEEC cell is illustrated in Fig. 1.

In this paper, we focus on pure inductance modeling, which
can be achieved simply by opening the capacitors and thereby
neglecting the scalar potential contributions. The complexity of

Fig. 1. Basic PEEC circuit, modeling electric field integral equation for a unit
PEEC cell. The resistor models the ohmic loss, the inductor and the CCCS model
the vector potential, and capacitor and current sources, in parallel, model the
scalar potential.

the remaining problem is dominated by the CCVS in Fig. 1. For
the th PEEC cell, the contribution of the CCVS element is given
by

(2.2)

where is the angular frequency, is the current through the
th inductive cell, and is the mutual inductance obtained

by a six-fold integral

(2.3)

In (2.3), represents the cross section of the rectangular volume
cell normal to the current direction, represents the volume,
is the position vector of any point inside the PEEC cell, and
represents the Green’s function.

The efficiency bottleneck associated with the traditional
PEEC solution involves the time required to compute the
coefficients of CCVS elements by (2.3) and storing
them in memory. This also results in the generation of a dense
modified nodal analysis (MNA) matrix, the solution of which
consumes time. These challenges are addressed by
taking advantage of the properties of the Green’s function.
Consider the interaction between a group of victim PEEC
inductors and another group of aggressor PEEC inductors.
Traditionally, this one-way interaction is modeled by
CCVS elements. However, if the two groups are well-separated
in space, the number of circuit elements required to represent
the interaction can be reduced by observing that the rank of
the interaction matrix is much less than or . The associated
steps in the entire process are as follows:

1) hierarchical grouping of PEEC inductors leading to
identification of the compressible interactions;

2) QR compression of the interactions identified in the pre-
vious step;

3) circuit representation of the QR compressed interaction
using SPICE-compatible net-list.
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Fig. 2. Hierarchical levels of binary tree geometry decomposition.

III. HIERARCHICAL GROUPING OF PEEC INDUCTORS

In this process, the major consideration is that the boxes gen-
erated from hierarchical subdivision should be capable of ac-
commodating the high aspect ratio PEEC cells. There are three
main criteria that can be applied independently to yield different
hierarchical grouping schemes [18]. They are enumerated as fol-
lows with popular choices.

1) Degree of decomposition:
• Binary decomposition: Each cell is divided into two

cells.
• Decomposition into orthants: Each cell is divided into

four cells (2-D) or eight cells (3-D).
2) Balance of decomposition:

• Spatial balancing: Each split is equidistant from the cell
boundary.

• Density balancing: Number of particles on each side is
equal.

3) Definition of cell boundaries:
• Loose bounds: Boundary derived from split is defined as

the cell boundary.
• Tight bounds: Smallest parallelepiped enclosing cell-

points is defined as the cell boundary.
In this application, binary decompositions with density bal-
ancing and tight bounds known as tight-bound -D trees are
employed, similar to [16]. Every object is first dis-
cretized using coarse volumetric PEEC inductive cells [2], [3].
The smallest hexahedral box that encloses every PEEC induc-
tive filament is called the level-0 box as shown in Fig. 2 for a
Manhattan mesh. This is then recursively subdivided into two
boxes along the dominant coordinate, which is determined by
the maximum size of the parent box in the -, -, or -direction.
The position of split is evaluated as

(3.4)

where is the number of PEEC cells in the parent box to be
split and , , and are the , , and coordinates of the cen-
troid of the th PEEC cell. It should, therefore, be noted that the
split does not necessarily occur through the dominant coordi-
nate midpoint of the parent box, as can be observed from Fig. 2.
The entire geometry is decomposed in a binary tree hierarchy,
until the number of PEEC cells in the lowest level box does not
fall below a threshold value, usually chosen as 20.

Once the binary tree decomposition of the geometry is per-
formed, the box-to-box interactions to be compressed using the

QR-algorithm are identified using a look-up table called the
rank-map. Each entry of the look-up table gives an estimate of
the expected rank for the interaction and is, therefore, a func-
tion of the lengths, widths, and heights of the aggressor and
victim boxes and the distance between them. The generation of
the look-up table is a one time process, where the rank is de-
termined for the interaction submatrix of a random distribution
of basis functions in the source and observer boxes. The dimen-
sions of the boxes and the distance between them are altered
by unit increments and a map is generated from the ranks ob-
tained. Simple interpolation techniques are used for estimating
ranks wherever specific source-observer cell characteristics are
absent. The look-up table is again a function of the tolerance

in (4.6) specified by the user. Thus, the expected rank for
each box-to-box interaction is predicted. The algorithm for iden-
tifying the submatrices to be compressed for any given problem
is given as follows.

Algorithm 3.1 (Multilevel compressed matrix formation
algorithm) Let be the number of PEEC-inductive cells in
the victim box and be the number of cells in the aggressor
box. Let be the expected rank as predicted by the look-up
table for these victim and aggressor boxes then:

Step 1:

If

If

Construct the conventional dense circuit
representation for this interaction.

Else

Compress the circuit after constructing the dense
representation. The actual rank obtained is .

If

Keep the compressed circuit. Discard the
dense circuit. Goto Step 3.

Else

Keep the dense circuit. Discard the
compressed circuit. Goto Step 3.

Else if

Construct the compressed circuit from the sampled
rows and columns of the dense interaction. The
actual rank obtained is .
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If

Keep the compressed representation. Discard
the samples.

Else

Goto Step 2.

Else

Goto Step 2.

Step 2:

Consider the interactions between the children of the victim
and aggressor boxes. Goto Step 1.

Step 3:

If all interactions have been evaluated, then Finish.

Else consider another interaction. Goto Step 1.

The application of the algorithm results in the generation of the
following two lists of interaction submatrices:

• submatrices which should be represented in the original
dense form using traditional PEEC CCVS elements;

• submatrices which are amenable to compression and are
handled by the techniques described in Section IV.

IV. QR-BASED COMPRESSION SCHEME

The compression algorithm is based on the observation that
the number of degrees-of-freedom for the one-way partial
inductance interaction between two well-separated groups
of PEEC inductive cells is much smaller than the number of
cells in each group. In simple terms, the rows or columns
of the interaction submatrix have similar entries due to the
smoothness of the kernel in the partial inductance integral.
Singular value decomposition (SVD) of this matrix reveals that
the magnitude of the singular values falls off rapidly. The same
effect can be captured by QR decomposition, which is compu-
tationally less expensive. Let be the one-way inductive
interaction submatrix between aggressor PEEC cells in one
box and victim PEEC cells belonging to a well-separated
second box. We proceed by decomposing the matrix using the
modified Gram–Schmidt (MGS) algorithm as part of the QR
decomposition of the interaction submatrix. This is done with
a user-defined tolerance. Hence, we have

(4.5)

where is the rank of the submatrix for the given tolerance
such that

(4.6)

The key aspect is that the number of elements required to rep-
resent the interaction submatrix is reduced due to the low rank

, where . Consequently, the submatrix storage
requirement is reduced. However, if all elements of the dense
submatrix need to be computed using (2.3) prior to QR com-
pression, setting up the compressed representation is limited
by quadratic time. It has been shown in [16], that linear setup
time can be accomplished by constructing the QR representa-
tion from some sampled rows and columns instead of explic-
itly precomputing the entire submatrix. The procedure
used for computing the sampled rows and sampled columns

is considered next. To start with, the first column and the
first row are constructed by default as the starting set. Conse-
quently, other columns and rows are selected alternately, based
on all previously selected rows and columns according to the
following algorithm in linear time.

Algorithm 4.1 (Reduced computation QR): Let
be the indices of the rows and

be the indices of the columns chosen
already as shown in Fig. 3(a), such that ;

and ; . The
th row and the th column are chosen through

the following steps.

Step 1:

vectors, each of length are
constructed as in ,

.

Step 2:

vectors, of length are constructed from
the already existing entries of the nonselected columns which
were formed during row selection, as indicated by circles in
Fig. 3(a). These vectors are of the form

where and

Step 3:

For each vector formed in Step 2, where , we
obtain a value corresponding to

(4.7)

Step 4:

The maximum entry of the vector obtained in the
previous step is obtained and the column corresponding to this
maximum value is chosen as the th column.

Step 5:

vectors, each of length are
constructed as in ,

.
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Fig. 3. Selection of new row and column.

Step 6:

vectors, of length are constructed
from the already existing entries of the nonselected rows which
were formed during column selection, as indicated by circles
in Fig. 3(b). These vectors are of the form

where and

Step 7:

For each vector formed in Step 6, where ,
we obtain a value corresponding to

(4.8)

Step 8:

The maximum entry of the vector obtained in the
previous step is obtained and the row corresponding to this
maximum value is chosen as the th row.

From experience, we choose the number of sampled rows and
columns to be twice the expected rank of the interaction com-
pute in (4.1). Once the sampled columns and rows are formed as
shown, the following steps are used to finally obtain the desired
QR form of the matrix in (4.5). First, is formed by the
MGS process as

(4.9)

where is the number of samples chosen. Matrix is ob-
tained from , such that the indices of the chosen rows are
the same as the ones used to construct from . Under such
conditions

(4.10)

To solve for , is decomposed using MGS into a uni-
tary matrix and an upper triangular square matrix

(4.11)

Using (4.11) and the properties of , (4.10) can be written
as

(4.12)

From (4.12), can be extracted by back-substitution since
is a square upper triangular matrix.

V. PEEC CIRCUIT INTERPRETATION OF QR REDUCTION

The QR compression described in Section IV will result in a
compressed circuit representation of the one-way inductive cou-
pling between a group of aggressor and victim PEEC inductive
cells:

(5.13)

The same is true in the time domain where we have
. It should be noted that for the general case the sub-

matrix is not necessarily a square matrix. A circuit illus-
tration of the conventional mutual coupling in one direction is
given in Fig. 4.

We notice that the coupling from the aggressor currents,
to , has been represented as four CCVS elements in each of
the three victim partial inductance branches, to . From
Section IV it is evident that the mutual coupling between well-
separated PEEC inductive cells can be represented as

(5.14)

We want to emphasize that the new interpretations of the com-
pressed partial mutual inductance submatrix, given in this sec-
tion, do not necessarily obey the usual concepts of conventional
partial inductance matrices like symmetry and positive definite-
ness. However, the external terminal behavior is the same as
the original matrix. Here, we simply assume that and are
interpreted circuit elements like controlled current or voltage
sources and partial inductances. The new compressed partial in-
ductances are called so, since they satisfy the same terminal be-
havior as their conventional counterparts.

We have some choices for the interpretation of (5.14) as an
equivalent circuit. In the first choice, which we call the QL form,
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Fig. 4. Circuit interpretation for conventional inductance matrix.

Fig. 5. Circuit interpretation, where R represents partial inductances.

the part of the QR product is considered to represent the in-
ductances. The resultant equations are given by

(5.15)

where intermediate voltage sources are generated from the ag-
gressor currents using the elements of R, which can, therefore,
be treated as partial inductances. The factors which con-
stitute the Q, map the voltage sources to the voltage drops
in the inductive branches and, therefore, can be represented as
SPICE-compatible VCVS. This interpretation is illustrated as
an equivalent circuit in Fig. 5. By comparing the equivalent cir-
cuit in Fig. 5 with Fig. 4, we see that the conventional coupled
sources have been replaced by an equivalent circuit consisting
of new controlled sources and partial inductances which are the
result of the QR algorithm. Importantly, the number of circuit
elements required to represent the interaction has been reduced
from to .

The other circuit representation scheme is the LR option,
where R is interpreted as CCCS elements and Q represents the
partial inductances

(5.16)

Here again, the compressed mutual inductance matrix is sym-
metric and the properties of the original inductive couplings are
maintained. As is evident from Fig. 6, the circuit has a set of

CCCS elements, whose function can be intuitively explained
as grouping a large number of currents into an equivalent small
number of currents for the particular interaction.

The resultant compressed circuit representation can be used
for any type of circuit analysis scheme. Evidently the benefits
of the QR compression scheme can be fully exploited in con-
junction with an iterative circuit or matrix solver. Even for an
iterative solution, two fundamentally different techniques can
be applied. For example, a Gauss–Seidel approach is used in
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Fig. 6. Circuit interpretation where the Q represents partial inductances.

Fig. 7. Test structure to demonstrate the behavior of QR decomposition ranks.

TABLE I
DEMONSTRATION OF CIRCUIT COMPRESSION

[19]. In this approach, convergence is guaranteed since the par-
titioning is chosen such that the iteration is performed only for
inter-block inductive couplings with a coupling factor 1. A
more conventional approach is to use a preconditioned Krylov
subspace iterative solver like the generalized minimum residual
(GMRES) method [20] in conjunction with the QR compres-
sion, where the complexity for circuit solution is ,
where is the number of iterations required for convergence and

is the number of right-hand sides (RHS).

VI. NUMERICAL RESULTS

In all the following experiments, the error in (4.6) is chosen to
be . We use this tolerance for the QR decomposition
as well as the iterative solver residual. The experiments were
performed on a 2-GHz machine with 4-GB memory.

Fig. 8. Structure of three closely placed 3-D on-chip inductors.

Fig. 9. (a) Three-layer VCO structure with inductor and long interconnects.
(b) Layout of the structure.

Example 1: The first example demonstrates the percentage
of compression with increasing distances between the victim
and observer groups. A bus structure of five interconnects each
10- m long with a cross section 1 m 1 m forms the victim
group. A similar five interconnects group, orthogonally placed
at a distance, form the observer group, as shown in Fig. 7.

The conductors are discretized using nonorthogonal
3-D-PEEC inductive cells. The mutual interaction between
the victim and aggressor groups is given in Table I. is the
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