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Solving Low-Frequency EM-CKT Problems Using
the PEEC Method

Dipanjan Gope, Member, IEEE, Albert Ruehli, Life Fellow, IEEE, and Vikram Jandhyala, Senior Member, IEEE

Abstract—The partial element equivalent circuit (PEEC) formu-
lation is an integral equation based approach for the solution of
combined electromagnetic and circuit (EM-CKT) problems. In this
paper, the low-frequency behavior of the PEEC matrix is investi-
gated. Traditional EM solution methods, like the method of mo-
ments, suffer from singularity of the system matrix due to the de-
coupling of the charge and currents at low frequencies. Remedial
techniques for this problem, like loop-star decomposition, require
detection of loops and therefore present a complicated problem
with nonlinear time scaling for practical geometries with holes and
handles. Furthermore, for an adaptive mesh of an electrically large
structure, the low-frequency problem may still occur at certain
finely meshed regions. A widespread application of loop-star basis
functions for the entire mesh is counterproductive to the matrix
conditioning. Therefore, it is necessary to preidentify regions of
low-frequency ill conditioning, which in itself represents a com-
plex problem. In contrast, the charge and current basis functions
are separated in the PEEC formulation and the system matrix is
formulated accordingly. The incorporation of the resistive loss (R)
for conductors and dielectric loss (G) for the surrounding medium
leads to better system matrix conditioning throughout the entire
frequency spectrum, and it also leads to a clean dc solution. We
demonstrate that the system matrix is well behaved from a full-
wave solution at high frequencies to a pure resistive circuit solution
at dc, thereby enabling dc-to-daylight simulations. Finally, these
techniques are applied to remedy the low-frequency conditioning
of the electric field integral equation matrix.

Index Terms—Circuit electromagnetic, integral equation, low
frequency, partial element equivalent circuit (PEEC).

I. INTRODUCTION

OMBINED electromagnetic (EM)-circuit solution is

necessary to accurately predict the electrical performance
of a wide range of electronic equipment from mobile products
to computer systems. Among numerical techniques developed
to model the coupled circuit and EM problem, those based on
a finite-difference time-domain scheme [1] or on finite-element
method [2] require the discretization of the entire 3-D space
where the object under consideration resides. This can lead to
substantially more system unknowns than in integral equation
based formulations. The partial element equivalent circuit
(PEEC) approach [3]-[7] has been developed over the years as
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a combined surface-volume integral equation solver that trans-
forms the EM problem, consisting of arbitrarily shaped 3-D
objects, into the circuit domain by the use of circuit elements
such as resistors, partial inductances, capacitances, and depen-
dent current and voltage sources whose values are obtained by
solving Maxwell’s equations on an appropriately discretized
3-D mesh. The topology-based linear and nonlinear circuit
elements constituting the circuit problem, and the geometry-de-
rived PEEC circuit elements constituting the EM problem, are
stamped in a single system or circuit matrix, which is solved
using a direct or an iterative solver [8]. The results are obtained
in the form of voltages and currents in the combined circuit. The
analog of the PEEC approach in traditional EM literature is the
electric field integral equation (EFIE) method, which utilizes
mixed potential integral equations (MPIEs) for the solution of
Maxwell’s equations, commonly using a projection method of
moments (MoM) approach. Another solution approach utilizes
the conventional Rao-Wilton-Glisson (RWG) basis functions
[9] in conjunction with both the Kirchoff’s voltage law and
current law equations for topology based circuit elements. This
technique is used to generate the electromagnetic and circuit
(EM-CKT) solution for microelectronic problems [10].

For typical microelectronic structures, the geometrical di-
mensions are frequently a fraction of the wavelength even for
frequencies as high as 10 GHz. This electrically small nature
of the test structure leads to the so-called low-frequency condi-
tioning problem for EFIE matrices. This problem is attributed
to the weak coupling between the charge and current basis
functions at low frequencies and results in quadratic scaling of
the EFIE matrix condition number with decreasing frequencies.
On the other hand, for the MFIE [11] formulation, the low-fre-
quency problem occurs in the form of accuracy loss in the real
part of electric currents [12]. The loop-star method [13]-[15]
and basis function rearrangement techniques [15] have been
employed for low-frequency conditioning of EFIE systems. The
current basis function is separated into a solenoidal component
(divergence-free) and an irrotational component (curl-free),
followed by frequency scaling of the resultant system matrix
and rearrangement of the basis functions, to yield a constant
matrix condition number throughout the frequency spectrum.
However, the identification of loops and stars for practical
structures with holes and handles is a complicated process
[16], [17], and the associated algorithms demonstrate non-
linear time-scaling with increasing number of unknowns. The
low-frequency problem may even be encountered for adaptively
meshed electrically large structures in finely meshed regions.
In such cases, loop-star should be carefully applied as per
requirement. Choosing to apply loop-star in the “electrically
large” domain may degrade the matrix conditioning. The a
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priori identification of finely meshed regions for application of
loop-star basis is an open research topic.

In contrast the PEEC method has been known to be stable
at low frequencies with the separation of charge and current
basis functions and incorporation of loss [18]. In this paper,
those techniques used in the PEEC method for addressing the
low-frequency problem are discussed in greater detail. The cur-
rent density .J and charge density p are related at angular fre-
quency w = 27 f, where f is the frequency of operation, by the
continuity equation

V-J+jwp=0 (1.1)
which shows the coupling at all nonzero frequencies. Based
on this, PEEC employs separate charge and current basis func-
tions, which, when complemented with the incorporation of loss
and proper scaling schemes, yields a low quasi-flat condition
number throughout the entire frequency spectrum. Unlike in
loop-star, the same set of basis functions is applicable seam-
lessly from very high frequencies to dc, thereby obviating the
necessity of a switch-in-formulation for different parts of the
layout mesh. In spite of increasing the number of unknowns, the
separation of the charge and current basis functions does not af-
fect the runtime cost or memory consumption since fast iterative
solvers designed for this problem store the scalar and vector po-
tentials separately. The main contributions of this paper are as
follows.

1) The PEEC system matrix formulation based on separate
charge and current basis functions is detailed and the condi-
tion number flattening with the incorporation of conductor
and dielectric loss terms is demonstrated. It should be noted
that for purely lossless problems, the condition number will
increase with low frequencies. However, all practical mi-
croelectronic circuits support dc current flow and are asso-
ciated with resistive and dielectric losses which guarantee
a finite flat condition number near dc.

2) The schemes are translated and applied to the traditional
EFIE method to yield a novel separated potential integral
equation (SPIE) technique, which demonstrates favorable
low-frequency behavior in the presence of resistive and di-
electric loss, without employing a loop-star technique.

A similar charge-current separation technique was recently em-
ployed in conjunction with the combined field integral equation
[19].

In terms of iterative solvers [20]-[22], a well-conditioned
system matrix corresponds to a low number of iterations for
convergence. Even direct solvers, which often produce incon-
sistent results due to the very large condition numbers at low
frequencies, stand to benefit from the approach. This paper is
organized as follows. Section Il reviews the basic PEEC cell and
corresponding derived circuit elements. In Section 111, the issues
related to the dc problem are discussed. Section IV details the
techniques employed in PEEC for low-frequency conditioning.
In Section V, these techniques are extended to the traditional
EFIE scheme to formulate the SPIE technique. These techniques
are followed by some numerical examples in Section VI with
conclusions in Section VII.

IEEE TRANSACTIONS ON ADVANCED PACKAGING, VOL. 30, NO. 2, MAY 2007

Full Inductive Cell

b

Half Inductive Cell
@
Fig. 1. Examples of PEEC inductive and capacitive cells are demonstrated: (a)

PEEC inductive cell in direction; (b) PEEC inductive cell in direction; and
(c) PEEC capacitive cell.

Il. BAsic PEEC CELL

The classical PEEC formulation [3] for conducting structures
is derived by a Kirchoff’s voltage law interpretation of the elec-
tric field integral equation

Ei(rg) = g + ij(rg,'r;) + V(/)('rg,r;) (2.1)

where E* is the incident electric field at global coordinate point
(rg), o is the conductivity, A and ¢ represent the vector and
scalar potentials, respectively, and are given by

Alry) = p / Glry,1y)d(ry) dry

p(rg) = é /G("'m"'g’)l)d”'g’

2.2)
2.3)

where ¢ and p represent the permittivity and permeability of
the surrounding medium and G is the corresponding Green’s
function given by

LGXP(_J'W\//TEVQ i)
47 |Tg — 74| ’

G('rw"‘g’) =

(2.4)

Using the nonorthogonal local coordinate system (d, 5./5) [4],
the entire test structure is discretized into PEEC inductive and
capacitive cells as shown for a two-dimensional structure for
visualization aid in Fig. 1.

Using the relationship between electric field £, voltage V/,
electric current density .J, and electric current 7, (2.1) can be
represented with circuit elements. The basic PEEC circuit for a
unit PEEC cell is shown in Fig. 2.

The resistor models the first term, the inductor and the current
controlled voltage source (CCVS) model the second term, and
the capacitor and the current controlled current source (CCCS)
model the third term of (2.1). The controlled sources represent
the mutual interactions between different PEEC cells.

I1l. DC AND LOW-FREQUENCY SOLUTIONS

At dc, the problem degenerates to the solution of a resistive
circuit [23]. At low frequencies, on the other hand, resistors, ca-
pacitors, and inductors should be included in the analysis. In
traditional circuit-electromagnetics, the low-frequency capaci-
tance and inductance matrices are obtained as a solution of two
separate schemes: capacitance from electrostatic (e.g., [24]) and
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Fig. 2. The basic PEEC circuit, modeling EFIE for a unit PEEC cell. The re-
sistor models the ohmic loss; the inductor and the CCVS model the vector poten-
tial; and the capacitor and current sources, in parallel, model the scalar potential.

inductance from magnetostatic (e.g., [25] and [26]) formula-
tions. At higher frequencies, the EFIE scheme is adopted, which
captures the capacitive component through scalar potential and
the inductive component through vector potentials. The low-fre-
quency ill-conditioning problem restrains EFIE from being ap-
plicable seamlessly over the entire frequency range down to
dc. At nonzero frequencies, the continuity (1.1) is still valid.
However, the traditional MPIE technique employing RWG basis
functions [9] breaks down due to the singularity of the ma-
trix produced in the MoM projection solution method. For a
closed structure with N, edges and N, patches, such that N, =
1.5 * Ny, the RWG-based MoM can be represented as

A P AT
_ . = AchNpPprNPANPXNF
Mn, xN, = jwLn, xN, + o

(3.1)

where L and P are the vector and scalar potential components
and A is the sparse incidence matrix representing the connec-
tion of edges with triangles. As the frequency is reduced, the
scalar potential matrix of rank N, dominates over the vector po-
tential matrix of rank N,. Therefore, at very low frequencies, the
rank of the EFIE matrix M of size N. x N. is approximately
N,, and the matrix is therefore singular. In fact, the condition
number of M increases quadratically with decreasing frequen-
cies as shown in the numerical examples. This can be intuitively
justified by the fact that the difference in frequency scaling be-
tween the scalar and vector components is on the order of w?2.
The same “low frequency” problem occurs with adaptively re-
fined electrically large structures in regions of fine meshing.
The separation of charge and current basis functions in PEEC
results in both current and voltage unknowns for the consequent
modified nodal analysis (MNA) method. This, along with the
incorporation of losses, is the key to numerically stable solu-
tions of the full spectrum from dc to full-wave frequencies, in
both time and frequency domain. In the frequency domain, as
is demonstrated in the next section, the PEEC-MNA matrix is
dominated by the inductive (L) and capacitive (C) contributions
at high frequencies, and as the frequency decreases gradually, by
the resistance (R) and conductance (G) counterparts. It is neces-
sary for real-life test structures to have a dc path, which enables
the PEEC matrix to degenerate to a purely resistive form at dc.

From the time-domain perspective, the general potentially
nonlinear system of circuit equations is of the form

F(2,0)=0, 2(0) =g (3.2)
where z represents the initial conditions and where f is the Ja-
cobian system for the nonlinear case. The unknowns are x =
[v,4]*, where v denotes the nodal voltages and ¢ denotes the se-
lected branch currents for the MNA approach used for PEEC
as well as SPICE-type circuits [27], [28]. As an alternative for
nonzero initial condition, zo chargeup techniques must be used
such that the capacitances start with the correct initial charge.
These techniques also work for nodes that are connected to ca-
pacitances only since the capacitive admittances can be itera-
tively used to set up the proper initial conditions.

It is also possible to emulate the traditional electrostatic and
magnetostatic schemes in PEEC. The electrostatic formulation
is modeled by the SPICE .cap simulation option by shorting the
PEEC inductors, e.g., Lpy; in Fig. 2 and corresponding CCVS.
The magnetostatic analysis can be performed by the .ind op-
tion by opening the PEEC capacitors and CCCS in parallel. In
short, the power of the PEEC formulation lies in its ability to
afford all four classes of EM simulation schemes—electrostatic
(.cap), magnetostatic (.ind), and time (.tran) and frequency (.ac)
domain EFIE solution—the latter being numerically stable and
valid from full-wave frequencies to dc.

IV. PEEC LOw-FREQUENCY CONDITIONING

In this section, we concentrate on the conditioning of the ma-
trix generated by the full PEEC solution, complete with induc-
tive, capacitive, and loss effects (R and G). The PEEC-MNA
matrix correctly represents the model from the inductance-dom-
inated high frequencies to the capacitance-dominated low fre-
quencies and purely resistive model at dc. Techniques employed
to yield a well-behaved matrix condition number for the low-fre-
quency range are discussed step by step.

A. Separate Current and Charge Basis Functions

The current and charge basis functions are defined in Fig. 1.
Each PEEC inductor is connected to two PEEC nodes and sup-
ports a current basis function. The inductive cell is a hexahedral
brick for the volume formulation [3], [4] and a quadrilateral for
surface (S)PEEC [7]. The capacitive PEEC cell is defined at a
PEEC node and supports the charge basis function. The PEEC
capacitive cell is a quadrilateral for both surface and volume for-
mulations. The number of unknowns in a typical PEEC system
includes the currents through the inductive cells and the poten-
tial on the capacitive cells. Realistic problems include lossy con-
ductors, where the PEEC matrix model includes the volumetric
resistance of the PEEC inductive brick cell. Further, the PEEC
inductors are stamped in the admittance part (KVL) of the MNA
matrix, while the PEEC capacitors are stamped in the impedance
part (KCL). The PEEC matrix for the basic PEEC cell (Fig. 2),
assuming a current source input at node 1, has been demon-
strated in (4.1), and the corresponding condition numbers, using

Authorized licensed use limited to: University of Washington Libraries. Downloaded on July 13, 2009 at 15:17 from IEEE Xplore. Restrictions apply.



316

10%

-6~ PEEC with R
—w— EFIE Lossless

3
1020 \
- N
2 \C&adﬁaﬁc Scaling
§ 10° =
=
S
£ 10"
§ inear Scaling
10°
10° Frequenéy i
10° 10? 10* 10° 10° 10"

Fig. 3. The PEEC matrix conditioning is demonstrated with inductive, capac-
itive, and resistive (only R loss) effects. It can be observed that the quadratic
scaling pertaining to traditional MoM-EFIE is replaced by linear scaling for the
condition number of the matrix.
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Fig. 4. The basic PEEC circuit on addition of elements modeling conductive
dc loss of the surrounding dielectric.

typical values, are plotted in Fig. 3
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Hence, the PEEC matrix does not have a 1/w term and the con-
dition number scales linearly with decreasing frequencies.

B. Dielectric Loss Model

In order to ensure a smooth transition from very low frequen-
cies to dc using the same .ac simulation option, a commonly
known circuit solver is adopted. A loss resistance is added in
parallel to the capacitor to ground as shown in Fig. 4.

This case may occur in a real life situation for conductive di-
electrics, whereas the lossy dielectric may lead other loss mech-

IEEE TRANSACTIONS ON ADVANCED PACKAGING, VOL. 30, NO. 2, MAY 2007

26~ PEEC with R and G
—w—EFIE Lossless

10? ™.
~

3 Nl\uadnatic Scaling

£ 10 ~

=

c

'g 10 \\

5 10

c

3 )
. Flat; Scaling “_

10° Frequenciy ;

10° 10? 10* 10° 10° 10"

Fig.5. The condition number for the system matrix is plotted after the insertion
of both loss components R and G. At low frequencies, the G dominates over the
capacitance in parallel, thereby leading to flat scaling in this region.

anisms [29]. In such cases, where the surrounding dielectric may
have a dc resistivity, the artificial G is replaced by the actual
dielectric loss, e.g., in the case of a doped substrate. This de-
creases the condition number of the matrix without affecting the
actual solution of the PEEC circuit. The PEEC-MNA with all
loss components is shown in (4.2) and the corresponding con-
dition number scaling with frequency is shown in Fig. 5

1 -1 0 0 0 0 0 .
0 G+-= 0 0 Sy - 0
P11 P11
0 1 -1 0 0 0
0 0 0 G+ = -k _] 0
P11 P22
0 0 0 0 1 0 1
0 0 0 0 0 1 -1
1 -1 0 0 0 0 —R-—sLpyJ

In the midfrequency range, the capacitive effects dominate over
the loss in parallel and the condition number scales linearly
as the frequency decreases. At low frequencies, the dielectric
loss starts dominating the capacitive effect and the resistive
conductor loss dominates the inductive effect. The frequency
scaling is flat. The magnitude of loss determines the frequency
at which the condition number flattens. The higher the amount
of loss, the higher the frequency at which the condition number
flattens and therefore the lower the condition number near
dc. At zero frequencies, the same matrix degenerates into a
purely lossy R and G circuit with the potential modifications
considered in the previous section.

C. Proper Scaling of the Unknowns

The techniques discussed above help flatten the condition
number at the lower end of the frequency spectrum. In order to
restrain the flat-condition number to a low magnitude, proper
scaling of unknowns is required to ensure that values of the
matrix entries are not widely apart from each other. The typ-
ical scaling used in the PEEC class of problems expresses the
currents as milliamperes, voltages as volts, capacitances as pi-
cofarads, inductors as microhenry, and resistors as kiloohms.
Seldomly, additional scaling may be required for the extreme
low-frequency cases to ensure a sufficiently low value of the

Authorized licensed use limited to: University of Washington Libraries. Downloaded on July 13, 2009 at 15:17 from IEEE Xplore. Restrictions apply.



GOPE et al.: SOLVING LOW-FREQUENCY EM-CKT PROBLEMS USING THE PEEC METHOD

matrix condition number. Further I.; and /., may be scaled dif-
ferently as compared to I, as a function of frequency.

D. Geometrical Conditioning Aspects

The condition number of the PEEC matrix, irrespective of fre-
quency, depends on the conditioning of the vector potential ma-
trix L and the scalar potential matrix P separately. The condition
number of the L and P matrices in turn depends on the aspect ra-
tios of the PEEC cells and their proximity to each other. Special
integration techniques are employed for the evaluation of the
partial elements [30], which allows lower discretization levels
leading to reduced number of unknowns. Cells with aspect ra-
tios of up to 1000:1 have been seen to be acceptable without
harming the matrix conditioning [4].

V. APPLICATION TO RWG-BASED MOM

The low-frequency techniques used for PEEC matrices can
be directly mapped to equivalent schemes for the RWG-based
solution. The MPIE scheme based on RWG basis functions can
be represented as

Mny, «n, X In.x1

_ jw_i‘Ne XNe _ _ _ X Jn
+ANFprDz_vil,prPprNpA%pre Next
= bN x1 (5-1)
/ fi-E'ds (5.2)
T~

where N, and IV, are the number of edges and patches, respec-
tively, in the triangular discretization and f; is the RWG basis
function. L is the edge-by-edge vector potential matrix given by

‘ I - - F—+
Ly xn. =Ly wn. + Ly wn. + Ly wn, + Ly s,

(5.3)
—jk|r—r’ Tj_ /
_ e’ I£;7 (') Tt
L+ E// |'r—r]’| ds'-£;* (r)ds
TH T~
(5.4)
+/-

wherei,j = 1,2,.. .,Ne;ijj denotes the half of the RWG
function that is defined on the positive or negative triangle as
indicated in the superscript. The matrix P is the patch-to-patch
scalar potential matrix

P T
Ch 47r5a,aj// ' s

I

(5.5)

where a; is the area of the triangular patch 4. A is the incidence
matrix

B 1, Half-RWG jbelongs to the positive patch of Edge ¢
Aij:{ —1, Half-RWG jbelongs to the negative patch of Edge ¢
0, Half-RWG jdoes not belong to any patch of Edge ¢

(5.6)
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Fig. 6. The vector and scalar potentials are separated by introducing both cur-
rent density and potential unknowns. The resultant matrix is referred to as the
SPIE matrix.

wherei = 1,2,...,N.;j = 1,2,...,3 x N,; D is a diagonal
matrix such that Dm = (s/pm), Where pi; 1S the diagonal entry
of the scalar potential matrix.

The MPIE-EFIE system corresponding to (5.1) can be de-
composed by separating the scalar and vector potentials into two
parts as follows:

My, xn, X In,x1 = [JwLn, xn, X I, x1]
+ [AN. xn, X =V, x1] = b, x1
(5.7)

VN, x1= DJ_\riprPprN,)Aﬁprﬂ. (5.8)
The entire formulation is demonstrated in Fig. 6.

The modified EFIE formulation is named the separated po-
tential integral equation method. The following points can be
observed from the matrix definition.

1) The only frequency-dependent parts are the jwL and the
D matrices, and both have the frequency term in the nu-
merator.

2) Theelements of V have dimensions of voltage and actually
represent the potential of each triangular patch.

3) The diagonal blocks vanish as frequency tends to zero.

4) The SPIE and PEEC matrices are essentially similar. The
only difference is in the basis functions employed—RWG
(triangular) for SPIE and quadrilateral or hexahedral for
PEEC—and therefore in the integral computations for the
generation of matrix elements.

The condition number of the matrix in Fig. 5 scales linearly with
frequency as the frequency reduces. In order to further flatten
the condition number scaling, two loss components can be in-
troduced:

1) a small resistance in series with the inductance R + jwL;

2) asmall conductance in parallel to the capacitances G + D.
In most physical cases, the inclusion of these loss terms is jus-
tified by the nonzero loss at dc. The resistance for conductors
whose thickness is greater than the skin-depth can be modeled
using the surface impedance formulation thereby yielding a
sparse diagonal dominant R matrix. For thinner conductors or
for a volumetric current flow, a more involved loss modeling is
required [31]. The G matrix is obtained from the dielectric loss
and is also sparse and diagonally dominant [29].

Though it appears that the problem size has increased, a fast
iterative solution of the SPIE is cheaper than that of MPIE. First,
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Fig.7. Thisexample demonstrates the problems of matrix ill-conditioning even
for the direct solution method. (a) The structure under consideration consists of
two traces 10 mm long, 1 mm wide, 1 m thick, and separated by 100 m. (b)
The imaginary part of the current is plotted for the MPIE-EFIE method and the
PEEC method. (c) The condition number of the corresponding matrix for the
two methods is plotted. The condition number for the MPIE-EFIE matrix scales
quadratically as the frequency decreases, until the results go beyond numerical
precision.

the matrix vector products for both methods take exactly the
same number of operations since the scalar and vector potential
matrices are compressed separately. Second, the number of iter-
ations required for convergence is much smaller for SPIE than
for MPIE due to the reduced condition numbers.

VI. NUMERICAL RESULTS

In the first example, the structure under consideration is that
of two vertical copper conductors, with conductivity 5.8 x 107
Siemens/m, as shown in Fig. 7(a). Each trace is 10 mm long, 1
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Fig. 8. (a) The structure under consideration consists of a 300- m-long copper
trace with 10 10 m? cross-section, over a 300 100 m? copper ground
plane, in free space. (b) The condition number for the three different methods
is plotted.

mm wide, and 1 pm in thickness. The conductors are separated
by 100 m. A dielectric constant of 12 and loss tangent of 0.002
is used for the surrounding dielectric. A voltage source of 1V is
applied as shown, and the current through the voltage source
is obtained using the lossless-MPIE and PEEC formulations.
The imaginary part of the current is shown in Fig. 7(b). The
corresponding condition numbers of the matrices are plotted in
Fig. 7(c).

It can be seen that the lossless EFIE-MPIE condition number
scales quadratically until around 10 kHz, below which the re-
sults are beyond the numerical precision and hence unaccept-
able. For the PEEC method, the condition number increases lin-
early as the frequency decreases, until the losses come into play
and the condition number is flattened. The frequency at which
the flattening can be achieved depends on the magnitude of the
loss as well as the scaling of the PEEC unknowns. In this partic-
ular example, no further scaling was employed apart from ex-
pressing the numbers in their appropriate units, as detailed in
Section IV-C.

In the next example, a transmission line structure as shown
in Fig. 8(a) is considered. The problem is solved with the newly
formulated SPIE scheme using delta-gap sources. The condition
numbers of the matrix using the different methods are plotted in
Fig. 8(b). For this case, the SPIE scheme employed does not use
any loss incorporation. It can be observed that the scaling for the
loop-star is flat through the frequency spectrum, while that of the
SPIE grows linearly with reducing frequencies. In spite of the
above, for a large range of frequencies, the SPIE conditioning
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is better than the large condition numbers generated using loop-
star. Loss modeling will further help the SPIE method.

VII. CONCLUSION

The two main sources of ill conditioning for the traditional
EFIE class of matrices are geometric ill conditioning and low-
frequency ill conditioning. In this paper, schemes adopted in
PEEC for mitigating these problems are discussed. Special at-
tention is devoted to explaining the techniques leading to a rel-
atively flat condition number in the low-frequency regime. The
power of the PEEC formulation in producing electrostatic, mag-
netostatic, and time- and frequency-domain EFIE solutions, all
with a single matrix definition, is detailed. The schemes are ex-
tended to formulate the SPIE method, which is inherently better
conditioned than the MPIE in the presence of resistive and di-
electric losses. The proposed methodology also permits flexi-
bility in solving large-scale scattering problems wherein certain
features lead to electrically small detailed mesh elements in lo-
calized areas.
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