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Abstract—This paper focuses on a computational method for
the simulation of the motion and manipulation of bio-particles
using dielectrophoretic and micro-fluidic forces. The presented
method uses surface integral equations for modeling both elec-
tromagnetic (EM) and fluidic domains. A coupled circuit-EMBio-species separation, dielectrophoresis (DEP),

electromagnetic coupling, fluidic force, iterative methods, lab-on-
chip (LoC), nanotechnology, nonuniform electric fields, simulation,
technology computer-aided design (CAD).

I. INTRODUCTION

EFFICIENT sample preparation methods are required
in drug screening and point-of-care monitoring. In the

past, specialists collected and subsequently prepared samples
using lab-sized instrumentation. Such methods were time con-
suming, expensive, and labor intensive. This created a barrier to
molecular diagnostics and the study of cellular systems. More
affordable, rapid, and automated technologies are required for
faster and cheaper biomedical devices.
tromagnetic forces that can manipulate target species in an
aqueous suspending medium.

In dielectrophoretic processes, nonuniform electromagnetic
fields are generated for providing a gradient through which the
polarized species can move [5], [9]. The nonuniform electro-
magnetic fields are generated using electrode arrays, such as
spiral or planar arrays. In addition, fluidic traction forces act
upon the target species during movement through the aqueous
channel. The combined electromagnetic and traction forces are
used to create traps and separate bio-particles belonging to dif-
ferent species.

This paper introduces an integrated framework for the accu-
rate simulation of electric, magnetic, and fluidic forces, which
are used for bio-particle manipulations. The development of
such computational tools is necessary to assist in new design
and automation concepts of practical LoC systems. This will
aid in the understanding of nonuniform field distribution caused
by complex three dimensional electrode structures, as well as
predicting the DEP and fluidic forces experienced by arbitrarily
shaped bio-species.

Previous efforts have explored various analytic [9], [10] and
numerical techniques, including finite element [6], [13], and the
charge density method [7], [8]. These methods have been used to
analyze electrode array designs (e.g., interdigitated parallel ar-
rays or polynomial designs). However, these techniques require
adaptive meshing of the whole computational domain, which
lead to a large number of unknowns. This makes them computa-
tionally infeasible for complicated 3-D geometries as in hybrid
EM-fluidic simulation.

This paper utilizes the boundary-element method (BEM)
[23], for the analysis of EM as well as fluidic systems. BEM
is a surface-based integral equation method that leads to con-
siderable reduction of the number of unknowns compared to
volumetric finite-element methods (FEM) [24]. Rapid iterative
solution methods, like multilevel fast multipole method (FMM)
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Fig. 1. Schematic depicting sources and effects of different forces in a microfluidic LoC environment.

[20] and multilevel rank-revealing QR [19], can be exploited
for expediting the simulation process. In this paper the basic
BEM formulations to be used will be discussed in detail. First,
the formulation necessary for coupling local circuit behavior
and global electromagnetic behavior will be discussed. This
coupling methodology can be used for accurate prediction
of the controlling circuitry’s ability to achieve high gradient
localized electricfields. Secondly, a surface-based formulation
of predicting the force on an arbitrarily shaped particle, induced
by the exciting electricfield will be discussed. This will help in
the accurate prediction of the DEP forces. Next, a formulation
for prediction of traction forces on the particle due to Stokes
flow will be presented. Simulation examples will be presented
to demonstrate the functionalities of the proposed methods.
This will lead to a combined circuit-electromagnetic-fluidics
solution scheme, which can be accelerated using fast solvers. A
schematicflow of the ideas is presented in Fig. 1.

The organization of this paper is as follows. In the following
section, the coupled electromagnetic-circuit (EM-CKT) frame-
work is developed. In Section III, attention is focused on DEP
as a means of bio-species manipulation. In Section IV,fluidic
traction forces on particles subjected to steady Stokesflow are
computed. Fast solvers compatible with the BEM formulations
presented are briefly summarized in Section V. In Section VI,
several examples of the use of the presented technology are pro-
vided and discussed. Finally, conclusions and future work are
discussed in the last section.

II. EM-CKT FORMULATION

This section presents an approach to the formulation and so-
lution of the coupled EM-CKT problem [15]. A typical micro-
electronic system layout consists of both lumped circuits and

Fig. 2. EM-CKT coupling.

sections requiring distributed EM simulation. In this case, the
electrodes that produce thefield to manipulate particles are rep-
resented using the BEM model, whereas the associated circuitry
is modeled as lumped circuit elements (Fig. 2).

The lumped-circuit section represents a topology-based
domain wherein signals propagate along idealized conduction
paths, while the EM section consists of a geometry-based
domain where signals propagate in 3-D space. This coupled
formulation enables the EM section to be driven by a circuit
section, which may contain nonlinear circuit elements and
drivers. The EMfields, once computed can be used to compute
the DEP forces, as discussed in the next section.

The EM section is modeled using surface integral equations.
To derive these equations, consider a boundary surfacesepa-
rating two regions of homogeneous and passive materials. The
permeability and the permittivity of the internal and external re-
gions are given by and , respectively. The electric
and magneticfields on either side of the surface are described
by the mixed potential integral equations (MPIEs) [12]–[14]

(2.1)

(2.2)
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where ,2 refers to the exterior and interior regions, respec-
tively. The magnetic vector and scalar potentials are expressed
in terms of the electric surface currentby

(2.3)

(2.4)

The electric vector and scalar potentials are de� ned in terms of
the magnetic surface current

(2.5)

(2.6)

The term is the Green’s
function in the corresponding region. The constantis the
propagation wave number andis the operating frequency.

The electric and magnetic� elds from each region must satisfy
the continuity of the following tangential boundary conditions:

(2.7)

(2.8)

Inserting the electric and magnetic� elds (2.1)–(2.6) into the
above boundary conditions (2.7)–(2.8), a coupled electric and
magnetic surface-integral equation is obtained. This system
must be solved to determine the unknown equivalent currents.
Next, the circuit part is connected to the surface currents by
enforcing a modi� ed current-continuity equation [15],

otherwise
(2.9)

where is the current injected from the circuit contact. is
portion of the discretized metal surface connected directly to the
circuit nodes. Physically, this current introduces an additional
source term in the continuity equation and produces an added
source or sink of charge that alters the scalar potential and the
resulting electric� eld. The scalar potentials are tied to the circuit
node voltage , by the following Kirchoff’s voltage law (KVL)
expression:

(2.10)

Finally, the contact current is connected to the circuit by in-
cluding an additional term in the Kirchoff’s current law
(KCL)-based circuit equation associated with circuit nodeas

(2.11)

where MNA is the modi� ed nodal analysis block matrix that
represents the KCL equality of the node forat the extended
circuit node. The rest of the MNA block represents the re-
maining circuit system with possible digital control and analog
components. The presented formulation satis� es the KCL and
KVL, and also provides continuous branch current� ow.

Fig. 3. Block diagram of coupled EM-CKT system matrix–equations to be
used are indicated in brackets.

The combined system of (2.1)–(2.9) is solved by the method
of moments (MoM) technique [20], [22], [23], which use a dis-
cretized surface mesh with basis functions to obtain a square
system matrix. The right-hand-side excitation vector consists of
the tested incident electric and magnetic� elds (if any, typically
arising due to incoming radiation from external sources), and the
strengths of independent voltage and current sources within the
circuit blocks. The equivalent currents obtained from the system
of equations are re-inserted into (2.1) and (2.2) to compute the
radiated electromagnetic� elds. Some numerical examples of
� elds generated via coupled circuit-EM simulation of electrode
structures used in DEP are discussed in Section VI. Forces and
torques on particles due to the resulting EM� elds may then be
calculated as a post-processing operation, as discussed in the
next section.

In summary, (2.1)–(2.8) represent the BEM model, (2.11)
represents the lumped circuit part, (2.9) couples the EM do-
main to the circuit domain and (2.10) does the reverse coupling.
The resulting matrix system is depicted in Fig. 3, where the
BEM part consists of a dense block representing the radiating
electrodes, while the MNA block represents the lumped circuit
block which drives the EM part. The circuit coupling method-
ology has been discussed in detail with numerical validations in
[15].

III. DEP

DEP is a widely used technique for the sorting of different
charge neutral bio-species. There are two common approaches
used for particle manipulation. The� rst is the usage of nonuni-
form electric� eld distribution. The DEP force is dependent on
the associated gradients of the electric� eld intensity. These
quantities are highly dependent on the electrode con� guration
(i.e., the positioning of electrodes relative to each other in an
array). The second is using a frequency sweep, which exploits
the frequency dependent nature of the material compositions in
various biological particles. Depending on the frequency, the
particle might experience positive DEP or negative DEP force.
The process ofswept frequency crossoveris a method of trap-
ping and separating different bio-species [5]. As the frequency
reaches thecrossoverpoint and changes from a positive DEP to
negative, the particles are liberated from trapping mode, and are
released into the� ow. To gain valuable insight into the nature
of the DEP force, accurate computer simulations are necessary.
This section presents a method for numerical simulation of DEP.
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Analytic methods are available for spherical particles, in
which case the following result is obtained [9]:

(3.1)

where is the DEP force vector, is the radius of the particle,
is the permittivity of the medium, and are the complex

permittivities of the medium and the target particle, respectively.
Also, is the real part of the Clausius–Mossotti
factor which is given by

(3.2)

The analytic formula is valid only for spherical particles and
breaks down for more general shapes. Hence, numerical simu-
lation is necessary for accurate dielectrophoretic force predic-
tion. The approach presented here relies on computation of the
surface charge densities induced by the incident EMfields that
are in turn produced by the circuit sources. The induced charges
are then used to compute the total DEP force on the particle.

To compute these induced charges, a two-region formulation
similar to that presented in the last section is adopted. The for-
mulation is relatively simple compared to the previous one be-
cause only the EM boundary conditions on the particle surface
need to be satisfied. Consider an arbitrary particle bounded by
a surface . The continuity of the scalar potential acrossis
given by [20], [23]

(3.3)

where the subscripts and represent the interior and the
exterior of the object. The superscriptinc represents incident
fields produced by the electrodes excited by circuit coupling.

is the electrostatic Green’s function
where and are the position vectors of the observation and
source points respectively. The unknownis the equivalent
surface charge density. Equation (3.3) results from potential
computation by convolving the Green’s function with the
charge density over the surface of the given particle. Taking the
gradients of the potential leads to the computation of the elec-
tric flux density, the normal component of which is continuous
across the particle surface. This is enforced by the following
equation:

(3.4)

where is the unit normal of the surfacepointing in the out-
ward direction. Upon discretization of the particle surface, (3.3)
–(3.4) produce a complete set of linear equations the solution

Fig. 4. (a) Neighbor list. (b) Interaction list.

Fig. 5. High-gradient electricfield intensity from a two-phase planar electrode
array.

of which yields the equivalent charge densities. The total force
acting on the object can then be found as

(3.5)

Some simulation examples of the computed DEP force are dis-
cussed in Section V.

IV. FLUIDIC TRACTION FORCES

Apart from electrical and magnetic control forces acting on
the bio-species in a micro-fluidic channel, the other major force
that comes into play isfluidic drag [16]–[18]. The gravitational
force can be neglected since drag forces are dominant for mi-
croscopic particles. These forces are used to counterbalance the
DEP forces in order to trap the particles. Hence, it is neces-
sary to compute the traction forces acting on particles subjected
to an aqueousflow. The simplest kind offluid flow is Stokes
flow, where the particle experiences a viscous drag of thefluid
creeping past it. This kind offluid motion is governed by the
Stokes equation [16], [18], which works well for incompress-
ible fluids in steady state motion. This form offlow is typical in
low flow-rate microfluidic systems. The drag force on a spher-
ical particle of radius under Stokesflow is given by the stan-
dard formula

(4.1)

where is the viscosity of thefluid and is the fluid ve-
locity. However this expression cannot be used to evaluate vis-
cous forces on nonspherical particles in a manner similar to the
breakdown of analytic formulae for DEP. An integral equation
formulation is used here in order to compute traction forces on
arbitrarily shaped particles.
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Fig. 6. Phasor representation of planar electrode array. The voltage source and the phase shifters form the circuit diagram and the electrode surfacesS = S

form the EM simulation domain, on which boundary conditions (2.7)–(2.8) are enforced.

Consider slow creepingflow in afluid domain bounded by a
surface . Imposing no-slip boundary condition atleads to the
following integral equation [18], [22] for the three components
of the stress density

(4.2)

The repeated indexes are consistent with Einstein summation
and thefirst integral requires computation of a Cauchy prin-
ciple-value integral [18] and the second integral represents the
free space Green’s function integrated over the particle surface
to obtain the net stress density. Upon discretization ofinto

triangular elements, a system is obtained after en-
forcing no-slip boundary conditions at the surface. The stress
densities are obtained by solving this system of equations. The
total drag force can then be obtained by integrating the stress
densities over the particle surface

(4.3)

Thefluidic force thus obtained can be used to simulate the equi-
librium conditions of microfluidic systems. In this formulation
it has been assumed that the particles do not affect the electric
field distribution and as such thefluidic and the electromagnetic
systems are not explicitly coupled. Also thefluid flow has been
assumed to be steady so that the Stokes assumption is valid.

V. OCT-TREE-BASED FAST SOLVERS

The BEM systems presented here are formally solved using
dense matrix inversion or factorization. However, in actual code
implementation, state of the art fast multilevel solvers, now
prevalent and mature in several BEM-related areas, have been

exploited. In particular, a variant of the popular fast multipole
method [20], used for Stokesflow kernels [21] has been used
for accelerating thefluidics section. A multilevel oct-tree-based
rank revealing QR scheme [19] has been used in the DEP and
coupled circuit-EM section. Both these techniques rely on
accelerating matrix-vector products involving Green’s function
computations by separating the evaluations into nearfield and
far field sections within the context of an oct-tree hierarchy
as shown in Fig. 4. The ultimate effect of these algorithms is
dramatic (linear versus quadratic or cubic) savings in computa-
tional time and memory for large systems.

VI. SIMULATION EXAMPLES

This section describes and discusses some simulation exam-
ples using the combined circuit-EM and microfluidic BEM for-
mulation presented in this paper. The limitations of the proposed
methodology are discussed at the end of this section.

A. Traditional Planar Electrode Array
The planar electrode array structure in Fig. 5 is a common

configuration used for dielectrophoretic manipulation. It is
commonly operated under two-phase and quad-phase exci-
tation. Typical dimensions for the array are 10m in width,
10–50 m in length, spacing between electrodes of 10m and
channel spacing between 20–60 m. In Fig. 5, the gradient of
the electricfield intensity is plotted for a single planar electrode
array. The excitation is provided via a two-phase circuit. This
generates a standing wave mode for the electricfield.

In Fig. 6, two planar electrode arrays are simulated with a
quad-phase, each array is offset by 180and with channel sepa-
ration of 20 m. Thefigure shows a phase representation of the
traveling wave of the electricfield produced across the channel.
The voltage and the phase shifters constitute the circuit do-
main, while the electrode surfaces constitute the electromag-
netic domain. Boundary conditions (2.7)–(2.8) are enforced on

and the resulting wave pattern across the channel has been
computed.
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Fig. 7. (Schematic) Circuit topology coupled with spiral electrode technology
[5].

Fig. 8. Mesh of 4-arm spiral inductor with superimposed plot of electricfield
intensity.

Similar results as shown in Figs. 5 and 6, using analytical and
differential equation-based simulation can also be found in the
literature [13].

B. Four-Arm Spiral Array

Spiral electrodes [5] are useful for discriminating cells by ex-
plicit DEP attraction and repulsion. The array configuration to
be simulated consists of four arms; the simulation may be run in
a traveling wave or a standing wave mode. In Fig. 7, a schematic
of the circuit topology connected to the EM subsystem for the
array is shown. The actual dimensions of the spiral are outer
radius of 6 m, spiral width 1 m, and spacing between arms
1 m. A quad-phase voltage source operating at 1 MHZ, is ap-
plied to each arm of the array and phase shifted by 90between
its neighbors to produce traveling wave characteristics.

In Fig. 8, the actual simulated electromagnetic surface mesh
can be seen. Superimposed on the mesh is a plot of the inten-
sity of the electricfield just slightly above the electrodes. The
strength of the electricfield intensity is strongest near the edges
of the electrodes and increases in strength toward the center of

Fig. 9. Normalized DEP force.

Fig. 10. Focusing ring array.

Fig. 11. Normalized electricfield intensity.

Fig. 12. Magneticfield intensity plot of a multi-turn planar spiral inductor.

the array. In Fig. 9, the normalized DEP force vector is plotted
for the spiral electrode array. The intensity of the electricfield
produces a force that pushes positive polarized particles toward
the edges of the electrode structure. Also, the DEP force has a
spiraling nature towards the center of the array.
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Fig. 13. DEP force on the sphere of radius 10 micron (a)�6:7� 10 N . (b)�3:5� 10 N . (c)+9� 10 N .

C. Focusing Ring Array
A relatively new design idea is the focusing ring array shown

in Fig. 10, although in practice it may be difficult to manufacture
such a ring array. Planar ring structures are common and pro-
duce forces that are used to levitate particles. The aim behind
these focusing ring structures is also to provide both levitation
in the radial direction and traveling forces between rings. The
device consists of 4 parallel rings operating in traveling wave
mode. Each ring has a radius of 2m, width of 1 m and 1 m
spacing between rings.

In Fig. 11, the electricfield intensity is superimposed on the
four ring electrodes. Simulation results show that the intensity is
strongest between the electrode rings due to the traveling wave
coupling. There is strongfield intensity in the radial direction to
provide radial DEP separation. The eventual realization of this
device would be through a series of these quad-phase focusing
rings, with different applied voltage strengths to allow differen-
tial focusing in the radial direction for multi-species separation.

D. Spiral Inductor
Although most of the examples so far have been focused on

DEP, the simulation capability can be extended beyond elec-
tric field induced manipulations. For example, a MAP system,
which relies on the magneticfield for focusing and transporting
magnetic particles, is depicted in Fig. 12. Here, a multi-turn
spiral inductor structure is simulated. The magneticfield inten-
sity as a function of displacement from the inductor center above
the structure is shown. As seen there is a large magneticfield
gradient away from the center of the inductor, which is useful
for creating large magnetophoreticfields.

E. DEP Forces Acting on a Sphere
Fig. 13 shows the reversal of the sign of the DEP force due

to change in the sign of the Clausius–Mossotti constant caused
by changing the operating frequency, using the presented sim-
ulation method. The values shown are comparable to those ob-
tained analytically using (3.1).

F. DEP Forces on nonSpherical Particles
Fig. 14 compares the DEP forces experienced by a spherical

and a nonspherical particle of similar size but different shapes,
when subjected to the samefield. These forces, which are again

Fig. 14. Two nano-particles of the same size (300 nm), but different shapes
experience different DEP force (F : F = 1 : 4 ) when subjected to the same
incidentfield.

Fig. 15. Stress distribution on a sphere with an incidentflow (.001, 0, 0),F =

18:6 � 10 N .

obtained through the BEM method, are seen to vary with the
shape of the particle. This is one qualitative validation of the
need for the development of numerical methods for accurate
computation of DEP forces for arbitrary particles.

G. Fluidic Stress on a Sphere

An example of stress distribution on a sphere obtained via
simulation is shown in Fig. 15. The sphere has radius of 10 mi-
crons and is placed in an incident Stokesflow of velocity vector
(.001, 0, 0), and viscosity of 1. The numerical result matches
well with the analytical result for a sphere as in (4.1).

H. Limitations

The formulation presented here is only an initial step towards
the development of a coupled cicuit-EM-fluidic solver. The lim-
itations of the methodology are as follows.

1) It has been assumed that thefluid medium is sufficiently di-
lute, so that the particles are sparsely distributed and their
presence does not affect the electricfield. Based on this as-
sumption, presence of the particles has been ignored and
free-space (uniform background medium) Green’s func-
tion has been used to compute thefield generated by the
electrodes.
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2) A rigid model assumption has been made during the Stokes
� ow computation, while particle deformation needs to be
accounted for during dynamic computations.

3) The� uidic and the electromagnetic domains have not been
coupled. It has been assumed that the circuit model driving
the EM domain is not connected to the� uid domain.

VII. CONCLUSION AND FUTURE WORK

This paper presents a combined circuit-EM-micro� uidic sim-
ulator based on multi-physics surface integral equations. The
technique has direct applicability to nanoparticle simulation in
the context of labs-on-chip for biological species detection, sep-
aration, and isolation.

It is expected that the technique will enable the equivalent
of circuit computer-aided design (CAD) advances in the area
of mixed-physics technology, and is a� rst step towards that
goal. In addition, the technique has been accelerated through
fast solvers and is therefore applicable to complex systems in-
volving a large number of arbitrarily shaped particles and mul-
tiple electrodes. In continuing work further levels of simulation
hierarchy, including explicit biological particle dynamics will
be implemented by using time steppers like the Verlet integrator.
This will help in the characterization of the motion of various
species inside LoC environment.
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