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Analysis of a Large Number of Vias and Differential
Signaling in Multilayered Structures

Houfei Chen, Qin Li, Leung Tsang, Fellow, IEEE, Chung-Chi Huang, and Vikram Jandhyala, Member, IEEE

Abstract� A method is presented for full-wave modeling of ver-
tical vias in multilayered integrated circuits. The analysis of the in-
terior problem is based upon the cylindrical wave expansion of the
magnetic field Green�s function. The multiple interaction among
vertical vias is modeled by the Foldy�Lax scattering formula. Mul-
tilayered effects are included by using cascaded network of the
single-layer components. The exterior problem of the via and the
transmission line is analyzed using the method of moments ap-
proach. The exterior and interior problems are combined into a
system of equations to facilitate the solution of a large number
of vias. Using this approach, the scattering matrix of problems of
several thousand vias can be calculated with moderate CPU and
memory requirement. Numerical results have been obtained for
different via configurations and for a large range of frequency. Also
illustrated are results for common and differential mode in differ-
ential signaling with surrounding idle and shorting vias.

Index Terms� Differential signaling, scattering parameter, via-
coupling.

I. INTRODUCTION

B ECAUSE OF THE ever-increasing speed, density, and
routing complexity in integrated circuit (IC) design, via

structure is extensively used to connect signal traces residing
on different layers. The impedance difference between vias and
signal traces introduces reflection. The nature of the multilay-
ered geometry introduces the parallel plate waveguide effect,
which results in significant coupling among vias. Coupling
through parallel plate waveguide modes generally decays
slowly as the square root of distance and poses a significant
challenge to reliable, high-speed IC operation. Numerous prob-
lems arising there (such as larger delays, loss of signal integrity,
and false switching of devices) can lead to the malfunctioning
of overall systems.

In the past, different types of vias have been investigated
using various methods. The inductance of a via connection of
two striplines was analyzed [1] by using the partial electric ele-
ment circuit (PEEC) model [2]. The capacitance and inductance
of a through-hole via has been analyzed using the quasi-static
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Fig. 1. Typical multi-via structure including a pair of differential signaling
vias, shorting vias in the neighborhood to reduce coupling and also many other
idle vias on the PCB.

Fig. 2. Decomposition of vertical via structure.

approach [3]�[5] or empirical formulas [6]. A circularly sym-
metric via has been modeled using a quasi-static approach [7].
More recently, a method of moments (MoM) full-wave analysis
has been applied to through-hole via geometry [8], [9]. The ver-
tical via structure in multilayered geometry has been analyzed
using equivalent circuit and microwave network analysis [10].
An attempt to account for coupling noise between coupled vias
is shown in [11]. The electromagnetic coupling between two ad-
jacent vias in a multilayered IC was analyzed by means of equiv-
alent magnetic frill array models [11], [12] incorporated with the
even- and odd-mode approach. Also, a differential via pair has
been analyzed in [13]. Some of the above analysis are only for
low frequency. Some are only for through-hole vias instead of
vias in a multilayered structure. Some are only for two-via cou-
pling and some analysis needs special feed-in assumption and a
symmetric structure.

In this paper, we analyze the vertical via structure in layered
geometry. A typical multivia structure is shown in Fig. 1.
Using the equivalence principle, a vertical via structure is
decomposed into an interior and an exterior problem (Fig. 2).
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The interior problem consists of magnetic sources between
plane conductors and vias as well as cylindrical via structures.
Recently we solved the interior problem of several hundred
vias using Foldy�Lax equations in vector cylindrical waves and
waveguide modes [14]. The solution of Foldy�Lax equations
was computed by matrix inversion. The exterior problem was
modeled by a transmission line with a characteristic impedance.
In this paper, we make the following major extensions and
improvement of the previous method.

1) The exterior transmission line is modeled by bent wires
using the MoM approach, thus including the effect of re-
flection in the exterior problem. We further extend the
MoM approach of single bent wire in [8], [9] and con-
sider coupled bent wires in the exterior problem.

2) The case of multilayered geometry is considered.
3) To facilitate the solution of the case of several thousand

vias, the equations for the exterior problem are combined
with the Foldy�Lax equation for the interior problem to
form a single system of equations with the incident and
reflected wave amplitudes as unknowns.

4) Numerical results are illustrated for common-mode and
differential-mode signaling with idle and shorting vias.

Section II of the paper gives the formulation of the interior
problem, which includes the vector cylindrical wave expansion
[15] of the Green�s function of a cylindrical scatterer between
two parallel PECs and the multiple scattering formula using
Foldy�Lax equations. Given the voltage at the via aperture, a
magnetic frill current is used as an equivalent source. The mag-
netic frill current excites cylindrical waves of magnetic field
inside the parallel plate waveguide. The port currents are ex-
pressed in terms of the solutions of the Foldy�Lax equations.
An admittance matrix is given for a single via. A simple ana-
lytic formula in the short via limit is also derived. In Section III,
we extend the MoM approach of [8] to treat the exterior problem
of coupled wires bent into vertical vias outside the parallel plate
waveguide. In Section IV, matrix equations are derived to rep-
resent the combined exterior and interior problem. An iterative
method is applied to calculate the solution. In Section V, numer-
ical results of the scattering parameters and loss are illustrated
for a large frequency range and for various multilayered via con-
figurations. We also illustrate results for cases with thousands of
vias in differential signaling.

II. FORMULATION: INTERIOR

A. Single Via

A single vertical via is decomposed into interior and exte-
rior problems as in Fig. 2 using equivalent magnetic sources
at the apertures. The via cylinders are modeled as conducting
cylindrical scatterers between two PECs. A cylindrical wave ex-
pansion of a dyadic Green�s function of a cylindrical scatterer
in terms of waveguide modes is used. Based upon the Green�s
function, we excite the structure using a voltage source at the
port, which is equivalent to a magnetic current ring source at

the via aperture. The electric currents are then found on the sur-
face of via cylinders. The admittance matrix of the via is then
obtained which fully describes the interior structure of a vertical
via.

1) Cylindrical Wave Expansion of a Dyadic Green�s Func-
tion Between Two PECs: Consider two perfect electric conduc-
tors at and (Fig. 2). Let the magnetic current
source be at that is between the two PECs and flow in the hor-
izontal plane. Then the Green�s function is

(1)

where and are the primary Green�s function and the
response Green�s function, respectively. The Green�s function
of two parallel PECs [16], [17] will be the primary field for
this case as the source between two parallel plates generates the
incident field onto the cylinder scatterer. In the following, we
use the upper sign for , the lower sign for , and

is the transverse dyad.
For , we have

(2)

where for , for ,
is the wave impedance, and , . For

, can be obtained by symmetry.
The magnetic modal solutions are defined in [14]. The sum-

mation of the modal solutions starts with for TM waves
and starts with for TE waves, and summation of har-
monics are for to .

2) Dyadic Green�s Function of a Cylindrical Scatterer Be-
tween Two PECs: To include vertical vias into this structure,
we model the vertical vias as conducting cylindrical scatterers
and derive the Green�s function of a conducting cylindrical scat-
terer between two parallel PECs.

Consider a perfectly conducting cylinder placed between two
parallel plates at and . The cylinder is of
radius and is centered at . Then is the Green�s func-
tion accounting for the scattering by the cylinder. For a response
Green�s function, the regular TM mode, , has a scat-
tering coefficient of for scattering by a cylinder, while the
regular TE mode, , has a scattering coefficient of .
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In the following, we use the upper sign for source at
and a lower sign for source at as

(3)

where the -matrix scattering coefficients are
and

.
3) Magnetic Field and Surface Current Density on the

Cylinder: Let the source be located with . The surface
current density on the cylinder is

(4)

where the modal solutions of surface current density
and are defined in [14].

4) Admittance Matrix of a Single Via: To obtain the admit-
tance matrix of a single via, we excite the structure using voltage
sources of magnetic frill and solve for the magnetic field. The
surface current on the cylinder can be calculated from the mag-
netic field.

The current on the surface of the cylinder in the positive
direction is

(5)

The admittance matrix elements are then

(6)

(7)

and due to symmetry we have and .

5) Analytic Formulas for Short Vias: For the case of short
vias when the layer thickness is small ( ), note that is
the layer thickness and not the via length as there are sections of
the via outside the layered structure. The section of the via out-
side the layers is included in the exterior problem. If we assume
that the via radius and via aperture are small ( ),
then we retain only the term in the expressions. Using a
small argument approximation for the Hankel function, we have

(8)

where . This can be expressed in terms of a simple
series impedance for the via of

(9)

Note that the inductance has an dependence while the
resistance is linear with . The capacitance will be included
if we include higher order modes of .

For the case of a multilayered via, if the total length of the
entire via through all the layers is still small, then the above
expression is still valid with replaced by the sum of the lengths
of the different layers. This means that corresponds to the
total length of the via inside the layers. Results of the simple
formula have been compared to the exact analysis and are in
good agreement in the short via limit.

B. Multivia

1) Multiple Scattering Among Vias: For multivia coupling,
we consider coupling among all the vias. Consider two per-
fect electric conductors at and . In the
multiple-via coupling problem, the equivalence principle is in-
voked with equivalent magnetic sources at . Con-
sider via cylinders between the two parallel plates centered at

and magnetic surface current density
at and at .

2) Excitation of Magnetic Frill Current: Let there be mag-
netic frill currents at the aperture of via , .
At , we have

for

(10)
and at we jave

for

(11)
With these sources, only TM modes are excited. After multiple
scattering, the final exciting field of cylinder is

(12)

where is exciting field coefficients.
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The Foldy�Lax multiple scattering equations are in the fol-
lowing form [17]:

(13)

where is the incident field of the current source onto
cylinder . In the Foldy�Lax equation there is no coupling be-
tween different �s because each corresponds to a specific .

We solve Foldy�Lax equations for and find current
on the cylinders, which is current at due to source

at . Similarly we find current , which is current at
due to the source at . The cases with sources

at can be done similarly, giving currents and .
3) Matrix Notation for the Interior Problem: Suppose we

have vias, and we keep to and multipoles up to
. Then the dimension of is .

Using a combined index of cylinder index
and multipole index ,
we have .
Thus, where . Let
superscript denote the transpose of matrix

(14)

The Foldy�Lax matrix is of dimension

(15)

where and are cylinder indices and and are multipole
indices.

Define to have dimensions to represent the inci-
dent field coefficients

(16)

For the case of magnetic current sources

if

if

(17)

Fig. 3. Decomposition of the exterior problem.

For voltage sources at upper aperture , let the voltage
vector be of dimension , with . In matrix
form, the Foldy�Lax equation is

(18)

Solving (18), we have current on the th cylinder at the upper
aperture and current at the lower aperture given by

(19)

(20)

where

(21)

(22)

Similarly, we have for voltage sources at lower aperture
,

(23)

(24)

(25)

The port current is the sum of current due to upper and bottom
sources

(26)

(27)

III. EXTERIOR PROBLEM

The exterior problem consists of a transmission line of bent
wire. For a single via, we solve the exterior problem using the
MoM technique following [8], [9] (Fig. 3). In Fig. 3, the exterior
problem is decomposed into a short-circuit problem and wire
antenna problem. For the wire antenna problem, let be the
input admittance of the wire antenna, and be the amplitude
of the excited TEM mode in wire antenna with a unit voltage
across the aperture. For the short-circuit problem, let be the
reflection coefficient of the short-circuit problem, and be the
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