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Evaluation of Green’s Function Integrals in
Conducting Media
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Abstract—This paper presents an accurate integration method
for computing Green’s function operators related to lossy con-
ducting media. The presented approach is ultrawideband, i.e.,
the integration schemes cover the entire range of frequency
behavior, from high frequencies where skin current is prevalent
to low frequencies where volume current flow dominates. The
scheme is a step toward permitting exact ultrawide-band fre-
quency domain surface-only-based integral-equation simulation
of arbitrarily-shaped three-dimensional conductors, and toward
obviating the need for volume-based explicit frequency-depen-
dent skin effect modeling. This work deals specifically with the
computation of Green’s functions and not with the unrelated but
important low-frequency conditioning issue associated with the
standard electric field integral equation.

Index Terms—Boundary element methods, conducting bodies,
electromagnetic (EM) scattering, integral equations, skin effect.

I. INTRODUCTION

SURFACE and volumetric integral equation techniques
are powerful paradigms for modeling electromagnetic

(EM) interactions in integrated circuit (IC) and packaging
problems. While coupled electromagnetic and circuit analyzes
have been successfully realized through the popular volumetric
partial element equivalent circuit (PEEC) approach [1], [2] the
search for more general approaches, especially for modeling
frequency-dependent skin effects and for arbitrarily-shaped
structures, has led to circuit-coupled surface-based electric field
integral equation (EFIE) formulations [3], [4]. In these and
other works [5]–[12] it has been shown that surface integral
equations and method of moments (MoM) formulations can
be interpreted and applied as generalizations of volumetric
EFIE—based PEEC. At high frequencies, surface impedance
approximations are sufficiently accurate to model losses and
inductive behavior caused by skin effects. However, at lower
frequencies, standard surface impedance approximations are
invalid. Therefore, for broadband simulation as necessitated in
digital or ultrawide-band systems, a volumetric formulation is
typically required at low frequencies. However in a volumetric
formulation, the skin effect needs to be modeled explicitly
through a volume meshing. It is noted that some recent efforts
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have been aimed at obtaining new surface impedance approx-
imations [8].

Handling a mix of full-wave and skin-like effects with a sur-
face-only formulation is desirable since frequency-dependent
effects can be tracked without changing geometric discretization
and without taking recourse to a special volume formulation at
low frequencies. This is particularly true for small microelec-
tronic structures where geometry detail and not wavelength is
the guiding factor in mesh discretization. To accomplish a sur-
face-only formulation valid for realistic conductors over a broad
range of frequencies, the interior lossy medium EM problem
must be addressed and coupled to the external medium model
[10], and such a formulation requires explicit computation of
the Green’s function integrals in the interior lossy medium, in
contrary to the volumetric formulation, where the Green’s func-
tion integrals are always computed in the background medium.

This paper presents an exact formulation and accurate numer-
ical quadrature scheme to efficiently compute highly damped
Green’s functions in lossy conductors. The presented method
is general in terms of geometries, frequencies, material param-
eters, and relative separation and orientation of source and ob-
server regions, and potentially forms an important step toward
the realization of a surface-only ultrawide-band integral equa-
tion formulation.

It should be noted that the low frequency-dependence and
modeling issue being addressed here is distinct from the clas-
sical low frequency ill-conditioning of an EFIE formulation. In
fact, depending on the conductance involved, the issue discussed
here can arise at much larger frequencies than those where the
EFIE is inherently ill-conditioned. The treatment here is com-
plementary to advances in improving EFIE conditioning [9] at
low frequencies.

The presented quadrature scheme, discussing computation
of the relevant Green’s function integrals in lossy media using
RWG functions in a PMCHW formulation, is initially facilitated
by transforming the Green’s function computation associated
with RWG functions into polar coordinates. Subsequently, the
proper order of integration results in one analytic integration
along one coordinate. Finally, the remaining one-dimensional
(1-D) integral is computed as a summation of several super-
posed integrals over different bands in the integration coordi-
nate.

Section II of this paper presents the two-region formulation
that utilizes the integrals that are the subject of this paper. Ex-
isting quadrature schemes are discussed in Section III. The spe-
cific frequency dependence of the integrals under study is out-
lined in Section IV. Section V presents the polar-coordinate-
based integration schemes. Numerical results, self-consistency
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checks and comparisons with other techniques are detailed in
Section VI, and Section VII presents conclusions and contin-
uing work.

II. FORMULATION AND RESULTANT INTEGRALS

In a two-region surface equivalent problem [10], with the
two regions being a homogeneous lossless background medium,
typically free space or a lossless dielectric, and the interior of a
realistic conductor, the exterior equivalent problem utilizes the
background medium Green’s function, while the lossy medium
Green’s function is required for the interior equivalent problem.
For the EFIE, scalar and vector potential integrals will be neces-
sitated, while for the magnetic field integral equation (MFIE),
an integrand that represents the curl of the vector potential is
required. In general, for PMCHW [10] and combined field inte-
gral equation (CFIE) formulations, all three types of integrands
need to be computed.

Typically for a region characterized with material properties
given by the permeability and permittivity , the electric and
magnetic field and can be represented by the following:

(1a)

(1b)

where and are the incident electric and magnetic
fields in the region, and are the magnetic and electric vector
potentials, and represent the electric and magnetic scalar
potentials, where is the frequency of operation.

The scalar and vector potentials can be written in terms of
the Green’s function and the electric and magnetic current
density, and as follows:

(2a)

(2b)

(2c)

(2d)

where the Green’s functions for a source point lo-
cated in the source region , and an observation point is

(3)

where is the wave number at an angular frequency for a
material with , , as the conductivity, relative permeability
and permittivity, respectively, and is given by

(4)

Two auxiliary potentials and , are introduced to represent
the four potentials in (2) as, , ; ,

, where

(5a)

(5b)

Additionally, the curl operators in (1) are represented as

(5c)

where represents the electric or magnetic current density. The
popular triangle-pair-based Rao–Wilton–Glisson (RWG) func-
tions [7] are used to represent , wherein current is mod-
eled by edge-based piecewise linear vector functions, and the di-
vergence of current is represented by piecewise constant scalar
functions as , and
[7] where represents the vector joining the node opposite to
the edge in question to (from) the source point in the positive
(negative) triangle, denotes the area of the positive (nega-
tive) triangle, and is the length of the edge.

The generalized potential integrals (5) can be written for
RWG sources as

(6a)

(6b)

(6c)

where

(7a)

(7b)

(7c)

(7d)

and represents the vector joining the vertex of the source
triangular region (Fig. 1) opposite to the edge in question to
the observation point, is the vector from the same vertex to
the projection of the observation point onto the plane of , and

is the vector from the projection of the observation point on
the plane of to a source point on . , is the
radial distance between the source and the observation point.
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Fig. 1. Region of integration is shown for (� = � ; � ; � ), for a triangular
region T , for the projection of the observation point on the plane of triangle o.
Gray sections denote intervals of � where the source point P (�; �) lies within
the triangle.

III. EXISTING ANALYTICAL AND NUMERICAL QUADRATURE

SCHEME FOR EVALUATING GREEN’S FUNCTIONS

In the extant literature, evaluation of the potential integral (5)
in free-space and low-loss media has been done by a variety of
numerical schemes. For near-field terms, singularity extraction
of the kernels in (5a) and (5b) is performed analytically [11],
[12] to leave a function that can be integrated numerically with
a low-order quadrature rule [13]. Recently, methods based on
the Duffy transform have emerged, wherein the triangular inte-
gration region is transformed to a rectangle with a subsequent
cancellation of the singularity. The integral in (5c) has been eval-
uated in free space [14], and in lossless dielectrics [10].

When the medium is conducting, even the singularity-ex-
tracted part may exhibit a rapid spatial decay, i.e., the extracted
integral appears nearly singular when the observation point is
sufficiently close to the source triangle. Hence, standard singu-
larity extraction [11] fails to evaluate the integral accurately.

A suitable approach to Green’s function computation in
lossy media is polar coordinate integration, which can render
the nonessential singularity cancelled through the Jacobian of
transformation. Such methods are discussed previously in [15],
[16] for lossless media and in [17] for lossy media, for the
restricted case of the scalar Green’s function in (7b). However,
these methods are not sufficiently general for the integrals in
(7a), (7c), and (7d) that are related to the vector potential or
its curl. Another polar coordinate approach is proposed in [18]
to evaluate the vector integral for the specific case of self-term
integration. The method is extendable to the case when the
observation point is located anywhere in the plane of the source
triangle itself. This precludes the important case of observation
at a near-singular point located above or below the source
triangle, as occurs in thin conductors.

In Section V, we propose a general method for evaluating
scalar, vector, and gradient Green’s functions in lossy media
with RWG basis functions. The presented technique works for
all frequencies and for all relative positions between source tri-
angles and observation points. The next section discusses the
frequency-dependent behavior of the generalized potential in-
tegrals in conducting media that necessitates the specialized
quadrature presented in later sections.

IV. FREQUENCY DEPENDENCE OF GREEN’S FUNCTIONS IN

CONDUCTING MEDIA

The behavior of the Green’s functions in (7) for conducting
media is highly dependent on frequency. Consider a MoM [7]
matrix created for interactions between RWG functions for the
interior medium equivalent problem, which uses the conducting
medium Green’s functions. At high frequencies, the MoM ma-
trix is nearly diagonal because of a very rapid exponential spa-
tial decay of the conducting medium Green’s function owing to
the large imaginary part of the wave-number in (4).

At lower frequencies, the interactions between nonoverlap-
ping RWG functions are not negligible; and the MoM matrix
becomes progressively less sparse but has sections which are
numerically sparse (e.g., in double precision arithmetic) due to
large exponential decays. As the frequency is further lowered
the MoM matrix is completely full while showing a weak expo-
nential decay with distance. Eventually, the MoM matrix is full
and the exponential decay is very weak or absent.

To summarize, at intermediate frequencies, between sharp
fall-off and no fall-off regimes, special numerical treatment
is required; the integrands presented by the lossy medium
Green’s function have sharp radial decay, and nonself interac-
tions are also prominent. Depending on the frequency, the entire
MoM matrix might be numerically significant. Fixed-order
2-D Gaussian quadrature rules in [13], that are popular in
RWG-based MoM implementations will not provide accurate
answers at such frequencies, owing to rapid decays of the
Green’s functions over finite distances.

V. COMPUTATION OF GENERALIZED POTENTIAL INTEGRALS IN

CONDUCTING MEDIUM

The generalized potential integrals in (6) for RWG sources
are constituted by the four terms in (7), which can be trans-
formed into polar coordinates as follows:

(8a)

(8b)

(8c)

(8d)
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In the above equations, the and coordinates are local to the
source triangle (Fig. 1) and define the plane in which lies.
Also, is the perpendicular distance of the observation point
from the plane of , and is the polar coordinate of a source
point in , with the projection of the observation point onto the
plane of as the origin. The scalar integrals in (8b) and (8d) and
the scalar components of the vector integrals in (8a) and (8c) can
be written in a generalized form, as

(9)

where is one of , , , defined
below as

(10a)

(10b)

(10c)

(10d)

Also, is one of , , defined below as

(11a)

(11b)

(11c)

Owing to the simple closed form expressions for the integral
of , the integral can be recast as a function of as

(12)

where and are the extremal for which
, denotes a point having coor-

dinate (Fig. 1), and is one of , , with

(13)

Also, is the number of intervals (Fig. 1) in ,
, for which lies in , and and are the limits

on for the th interval. The values of and for
each section are computed by obtaining the intersection of and
the circle of radius centered at the projection of the observation
point onto the plane of . If the circle with radius lies entirely
in , , , and . Hence

(14)

Alternatively, if for a given , if the circle is completely out-
side then the integral contributions are all zero. Consequently,
the constituents of the generalized potential integrals (8) can be
computed using (10)–(13) as

(15a)

(15b)

(15c)

(15d)

It is important to note that the kernels ,
of the integrals in (15c) and (15d) are singular for ,
in evaluating the self-term. However, for such case in (6c), ,

, and , lie in the plane of the source triangle. Hence,
in (6c) is perpendicular to the plane of the source

triangle, which is also the observation triangle for the self-term
evaluation. Thus when tested with a testing function tangential
to the observation triangle (e.g., Galerkin testing, etc.), the re-
sulting contribution always vanishes. Hence, special treatment
to take care of the nonremovable singularity in the integrals in
(15c) and (15d) is not required for the special case of planar dis-
cretization discussed in the paper.

VI. NUMERICAL RESULTS

In this section, the proposed integration schemes are used to
compute integrals for all the cases in (15). Comparisons with
2-D Gaussian quadrature are presented along with the results
obtained by incorporating the presented technique in a two-re-
gion circuit coupled field solver.

For purposes of illustration, and without loss of generality,
the source triangle for the presented results has nodes
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Fig. 2. (a) Comparison between 2-D Gaussian rules with singularity extraction
and proposed method for evaluation of the integral N ,M in (7c) and
(7a) and (b) N and M in (7d), (7b) for the nonself-term integral, for a
triangle with vertices (�,��, 0), (�, �=2, 0), (�2�, �=2, 0), and observation
point located at (0, 0, �), where � = 1 mm, with � = 5:8� 10 Sm .

located at (1, 1,0), (1,0.5,0), ( 2,0.5,0), and the observation
point lies outside the plane of , at (0,0,1), with all
distances measured in mm. The conductivity of the medium is
that of copper .

A relative accuracy comparison between the proposed
scheme and fixed order 2-D Gaussian quadrature with sin-
gularity extraction is demonstrated in Figs. 2 and 3. At low
frequencies, the Green’s functions in lossy media exhibit slow
decay over distance and hence, for example, a seven-point
2-D Gaussian quadrature scheme [13] works adequately, and
the relative difference between the two methods is small. As
the frequency is increased, the details of the decay in the
Green’s functions due to the increased imaginary part of the
wave-number (2.4) are not captured by the low-order 2-D
Gaussian rule and the proposed methodology of this paper
is required. The fact that the discrepancy between the results
from the proposed method and from low-order 2-D Gaussian
quadrature is due to the Gaussian quadrature becoming inac-
curate is further evident from comparisons with a higher order
2-D Gaussian quadrature rule using 25 points on a triangle. In

Fig. 3. (a) Comparison between 2-D Gaussian rules with singularity
extraction and proposed method for evaluation of the integral M in (7a)
and (b) M in (7b) for the self-term integral, for a triangle with vertices (�,
��, 0), (�, �=2, 0), (�2�, �=2, 0), and observation point located at (0,0,0),
where � = 1 mm, with � = 5:8� 10 Sm .

this case the frequency at which the 25-point quadrature breaks
down increases compared to the seven-point quadrature. In
general, for any order of 2-D Gaussian quadrature, there is a
frequency point beyond which the fixed order 2-D quadrature
will be inaccurate due to insufficient sampling of the details
in the decay of the Green’s function. The presented method
accurately models the decay through an analytic integration
and is therefore accurate at any frequency. This is seen in both
the vector integrals (15a) and (15c) [Fig. 2(a)] and the scalar
integrals (15b) and (15d) [Fig. 2(b)] where the observation
point does not lie on the plane of the source triangle. Similar
plots for vector (15a) [Fig. 3(a)] and scalar (15b) [Fig. 3(b)] are
provided for the self-term integration. While the main aim of
this work is the formulation and development of the quadrature
rules themselves, one example of the behavior of the rules
when included in a complete two-region PMCHW formulation
is shown next.
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Fig. 4. Extracted resistance of a cylinder with radius 0.5 mm and length 5
mm, using PMCHW formulation with the proposed quadrature scheme, for a
full-wave and a quasistatic formulation, and the analytic value of resistance
using skin effect approximation.

Fig. 5. Extracted resistance of a cylinder with radius 0.5 mm and length 5 mm,
using PMCHW formulation with the proposed quadrature scheme, Gaussian
quadrature, and impedance boundary condition for (a) low frequencies and (b)
high frequencies .

Fig. 4 demonstrates the comparison between analytic and ex-
tracted resistances using the presented quadrature in both qua-
sistatic and full-wave codes.

Fig. 6. Q-factor: (a) dimensions and (b) computation of a spiral copper
inductor on a substrate with dimensions. Conductivity of the substrate is
1 � 10 Sm .

As expected, the two codes give same results as analytic com-
putations at low frequencies; eventually, at high frequencies, the
full-wave code also predicts additional radiation resistance.

Fig. 5(a) compares the extracted resistance using a coupled
circuit-EM formulation [3] and the quadrature scheme pre-
sented in this paper, versus standard 2-D Gaussian quadrature
rules in the same formulation, as well as versus an (ap-
proximate) impedance boundary formulation where interior
quadrature is not required [19]. At low frequency, the expected
match between the two quadrature-rules is validated (owing
to small decay in the Green’s function). At high frequencies,
[Fig. 5(b)] the new quadrature also matches with the impedance
boundary formulation [19] results; the impedance boundary
condition is inaccurate at low frequencies [Fig. 5(a)] relative to
skin depth, and fails to capture the leveling off of the resistance
at low frequency. Conversely, the 2-D Gauss quadrature scheme
becomes inaccurate at high frequencies, which is demonstrated
in Fig. 5(b). At such frequencies the proposed quadrature
scheme produces same result as the impedance boundary con-
dition formulation, while at low frequencies the two quadrature
schemes produce the same result. The proposed quadrature
scheme has been used to find the Q-factor of a realistic on-chip
spiral inductor in Fig. 6.
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VII. CONCLUSION

In this paper, a new approach to evaluate the Green’s function
operators for RWG functions in conducting media is presented.
The method works for arbitrarily located sources and observers
for any frequency. This technique has been incorporated into a
broadband two-region surface formulation for accurate compu-
tation of frequency-dependent parameters, and shows the poten-
tial to obviate the need to switch to volumetric formulations at
frequencies where volumetric current flow is dominant.
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