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Abstract

A high performance, parallel multilevel low-rank decomposition algorithm for fast integral
equation based simulation of high-speed interconnect and packages was proposed. Good linear
scalability was achieved through the included load-balancing scheme and minimized inter-process
communication. The method shows promise in enabling large scale simulation at unprecedented scale.

I. Introduction

Integral equation based methods [1,2] have been gaining popularity in addition to existing
differential equation based methods [3,4] in the modeling of high-speed electronic interconnect
and packages owing to implicit implementation of radiation boundary conditions and surface
discritization. However these methods face the challenge of solving a dense linear system. Fast
methods like Fast Multipole Method [5], low-rank decomposition based IES3 [6] and PILOT [7],
have been developed which reduce the computation complexity of brute force matrix-vector
product methods from 0(N2) in time and 0(N2) in memory to linear scaling in both time and
memory. In this paper to further increase speed and enhance size of problems that can be solved,
a portable, scalable, parallel multilevel low-rank decomposition algorithm is developed for the
standard message passing interface (MPI) [8]. As will be shown in the next section, this
algorithm is able to distribute the workload including matrix set up and matrix-vector
multiplication in a balanced manner to each processor with minimized inter-processor
communication, which leads to good linear scalability.

II. Parallel Multilevel Low-Rank Decomposition Algorithm
The overall computational workload for the multilevel low-rank decomposition algorithm [7] includes the
near field Method of Moments (MoM) matrix set up, far field interaction decomposition--Q and R
matrices set up, and matrix-vector multiplication. Each of them has to be distributed in a balanced manner
to each processor while minimizing inter-processor communication. Like the serial algorithm [7], the 3D
structure under study is partitioned into small boxes forming an oct-tree data structure. Near-field
interaction is represented by neighbor list as shown in figure 1I.Far-field interaction is represented by
interaction list as shown in figure 2. All the neighbor lists at the finest level are inserted into a link list
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Figure. 1 Neighbor list Figure. 2 Interaction list
called MoM list as shown by figure 3. Each node denotes a neighbor list and includes all the information
of the observer box (solid square) and its neighbors (dotted square). Similarly, all the interaction lists at
all other levels are also inserted into a link list called QR list as shown in figure 4. Each node holds the
information of the. observer box (soQlid rectaingle), and souirce boxes (dotted rectangrle). Naote in the, reanl
implementation of the algorithm, each node denotes a merged interaction list [7] for further compression.
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Fig. 3 Link list of neighbor lists
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Figure 4. Link list of interaction lists

To minimize inter-processor communication, each processor builds its own copy of data structure, which
has trivial demand on time and memory usage compared to the entire algorithm. As long as the workload
associated with each node in the link lists can be predetermined, the overall workload can be evenly
distributed to each processor resulting in a scalable parallel algorithm. Given the fact that workload of
matrix set up on each node is proportional to the workload of matrix-vector multiplication, the
distribution scheme applied to matrix set up can also be applied to matrix-vector multiplication. For the
MoM list, each node contains information about the observer box and its neighbor boxes. Based on the
number ofunknowns in the observer box and the number ofunknowns in the source boxes, the number of
MoM matrix entries belonging to the node can be calculated exactly. As illustrated in Figure 5, each
processor holds the similar amount of workload NMoM/Np, where NMoM is the total number of MoM
matrix entries and Np is the total number of processors. For QR list workload distribution, it's not
possible to predetermine the exact workload on each QR list node since the Q and R matrices have to be
created before the rank of each node can be known. However, a good estimate for each node's workload
can be obtained by utilizing the predetermined rank map [7] based on the oct-tree structure. As illustrated
in Figure 6, each processor holds almost the same amount ofworkload for QR matrix set up.
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Figure. 5. Near field interaction workload distribution
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Figure. 6. Far field interaction workload distribution

At this stage each processor holds its own blocks of near field interaction matrices and far field
interaction matrices as shown in Figure 7. As mentioned earlier, the matrix-vector multiplication
workload distribution uses the same distribution method as matrix set up. Each processor conducts its
local matrix-vector multiplication as shown in Figure 8, where V is the global unknown vector. After that
an efficient MPI collective communication (MPI_Reduce) is then carried out to obtain the final global
matrix-vector product Vf. This completes the parallel algorithm.

III. Numerical Results

Three simulation cases were run to verify the linear scalability of the proposed parallel algorithm. Each
case was run with 1, 2, 4 and 8 processors. Both matrix set up time and matrix-vector multiplication time
(solve time) are listed in Table 1 which shows good linear scalability of the proposed algorithm. Next, the
parallel solver is used to simulate the
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Figure 7. Link list holding both near field and far field interaction matrices
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Fig. 8. Matrix-vector multiplication and data collection

behavior of single-ended signal vias through four metal layers in a high-speed packaging structure as
shown in Figure 9. Simulation results shown in Figure 10 are insertion loss-S 12 and reflection loss-S 1 1.
Results from the parallel solver have good correlation with those from direct LU solver.

Number IP 2P 4P 8P
of
processors_
Number set up solve set up solve set up solve set up solve
of (speed up) (speed up) (speed up) (speed up) (speed up) (speed up)
unknowns
3704 165 52 83 (1.99) 25 (2.08) 45 (3.67) 14 (3.71) 27 (6.11) 8 (6.50)
12397 861 94 447 (1.93) 48 (1.96) 226 (3.81) 29 (3.24) 116 (7.42) 17 (5.52)
24704 1347 866 690(1.95) 443(1.95) 366(3.68) 266(3.26) 214(6.29) 120(7.21)

Table 1. Matrix set up and matrix-vector multiplication times in seconds and speed up (parentheses)

IV. Conclusions

A parallel multilevel low-rank decomposition algorithm was presented. Linear scalability was achieved
by using the proposed load-balancing scheme and minimized inter-processor communication. Future
work will focus on the building of a scalable, robust preconditioner to speed up the convergence process
for massive problems.
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