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1 [ntroduction

Padé via AWE (Asymptotic Waveform Expansion) [1} and other modet order reduction techniques
such as PVL (Padé via Lanczos) [2] and PRIMA [3] have been used for efficient solution of a
wide variety of problems. PVL and PRIMA use Lanczos and Amoldi processes, respectively, to

extract the dominant eigenvalues of system matrices of the form G +sC. Extending PVL or
PRIMA to handle system matrices with other functional forms is difficult for a number of reasons
[4). AWE based methods do not suffer from some of these limitations, se EM (electromagnetic)
MOR (model order reduction) has focused on applying AWE to various types of problems. Of
particular interest is treatment of the system matrix as the superpoesition of several other matrices
that form a polynomial in frequency [5].

This work considers a coupled EM-circuit systetn [6] where the EM portion of the system is
expressed using boundary element integral equations represented by the method of moments
(MoM), and the circuit portion is described using modified nodal analysis (MNA). The system
therefore contains two different kinds of physics. The advantage of the coupled approach is the
ability to observe circuit effects on EM quantities, and to design EM-aware microelectronic
circuits. Here we show that Padé via AWE can be used successfully to implement fast frequency
sweeps for coupled EM-circuit systerns.

2 Single Point AWE Expansion and Padé Approximation
As described in [6], coupled EM-circuit simulation can be performed by forming the system
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where Z,, is the pure electromagnetic part of the system and Z;, Z,,, and Z,, extend the

electromagnetic system to provide terminals where the circuit part of the system, MNA |, can be
coupled to the electromagnetic part. Eu expresses the coupling between the electromagnetic and
circuit systems, J is a vector of electromagnetic unknowns and ¢kt is the voltage and current
unknowns in the circuit part of the system. I is the unknowns for the EM connection points.

ex,, is the electromagnetic excitation of the system and ex, is a circuit excitation vector

containing independent voltage and current sources. Such a system enables fully-coupled
simulation as well as terminal-based EM models for use in circuit simulation.

For the EM portion of the system, we use the electric field integral equation (EFIE) with surface
impedance. The EFIE enforces tangential continuity of electromagnetic fields through
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where r is some position on the surface of a conductor, A is the magnetic vector potential in the
Lorentz gauge, ¢ the electric scalar potential, Z, the surface impedance, J, the surface current, and
Eppciiene the incident electric field strength. For electrically small systems, such as mixed-signal
systems-on-chip, the quasi-static Green’s function applies. A is therefore frequency independent,
V¢ is inversely proportional to frequency, and Z, is proportional to the square root of frequency.
Similarly, the circuit part of the system is

m:_‘%ﬁﬁﬁc ®

where ¥;, Y, , and Y, are the admittances associated with inductive, resistive, and capacitive

elements in the circuit portion of the system, respectively. In tumn, the coupled system matrix is
expressed as the sum of frequency dependent matrices
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Rewriting in terms of g = \[7 yields the system equation
(Ef+g2ﬁ+grl—z' +g‘—flx=gzz )
We then expand x in a Taylor series of & terms about g, =,f Jfy with g=g; +y, using a

conditioning factor £ as in [2], and derive the AWE recussion relationships as in [6] to find the
AWE moments Xg...%;. A vector Padé approximation %p,4, is then computed for x by

forming and solving the Padé Hankel matrix for denominator coefficients of each element in x
and using the direct formula for numerator coefficients ([7], Chapter 1, equations 1.6 and 1.7).

3 Multipoint Expansion and Numerical Conditioning

Typically, the frequency range of interest 18 known a priori, and it is desired to find an
approximation or set of approximations which is accurate over the entire range. We use a binary
search which places the Padé expansion point in the middle of the frequency range. The resulting
expansion is evaluated at the interval's endpoints and compared to the exact solution at the
endpoints. If the approximation’s error is larger than some specified tolerance, the interval is
divided into two sub intervals of equal size, new expansions performed, and checked against exact
solutions at their intervals’ endpoints. If necessary, additional subdivision is performed
recursively until the desired accuracy is obtained. :

Calculation of Padé approximants directly from AWE moments is netotiously peotly conditioned
[7]. The scaling factor £ used in (7) has great impact on the Padé Hankel matrix’s conditioning.
A variety of possible choices for & have been proposed [1]; our current method is to compute an
initial x, with £=1 and then update & as

£ = meanfx,./x,) 6}
where ./ denotes clement by element division and near zero elements in x4 are ignored. x,...x;
are then computed with the new value of £ Such singte step adaptation of § is not, in principle,
optimum. However, effective values of £ have reliably been produced using this method. The
authors have also implemented the WCAWE method of {5] and found WCAWE and Padé via
AWE with adaptive £ preduce near identical resuits on a variety of test cases.

Each node present in MNA whose voltage is invariant in frequency results in an exact AWE
expansion with x;, =¥, and x;,...x;; =0, where ¥, is the node’s voltage. The Hankel matrix

is thus singular for all Padé approximants of order higher than zero. A similar situation arises
where any unknown in the system is alrnost exactly a polynomial in frequency. Adaptive Padé
order reduction is needed to handle such cases.
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4  Numerical Results

As an example, we consider the low noise amplifier (LNA) shown in figure 1. The operating
frequency of inductively decoupled LNAs, such as this design, is determined by the resonance of
the output inductor with the output and device capacitances. This i3 a difficult case for Padé via
AWE, as effectiveness of AWE decreases near resonance. For both amplifiers, the inductors are
modeled using an EM MoM approach and the rest of the amplifier is represented with a circuit
system. The operating points of the amplifiers are found in Spice using the inductors’ DC
resistances and then small signal models are evaluated for the MOSFETs and used with the Padé
fast frequency sweep., Table 1 compares the time needed for Padé solution relative to that of a
.conventional frequency sweep which solves the system at some number of frequency points. Both
Padé and the conventional sweep use only LU factorization to solve the systems. In principle, fast
matrix-vector methods can further accelerate the frequency sweep, provided appropriate pre-
conditioners for improving the condition number {on the order of 10%) can be developed.

solve time for conventional | Padé setup Padé solve time for | reduction in solve time by
frequency sweep time frequency sweep using Padé with £<0.01
100 points: 4.32 hours 6 expansions | 100 points: 340ms | 100 points: 79.4%

250 points: 10.8 hours 53.5 minutes | 250 points: 850ms | 250 points: 91.7%

Table 1 Padé simulation results

Figure 2 shows the LNA gain and the Padé accuracy as a function of the number of Padé
expansions used. As a way of measuring the accuracy of a Padé expansion, we use the error norm

_ "ir-de (f)‘ "(f}l;
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5  Conclusion

A fast frequency sweep for coupled EM-circuit systems, enabling rapid characterization of circuits
with EM components, has been demonstrated using a simple Padé via AWE approach. In future
work, a fast direct solver [8] will be used in conjunction with the sweep to obtain rapid solution of
poorly conditiened systems for realistic on-chip structures. Extension to nonlinear MOR [9] is
also of interest for handling devices outside of the small signal range.
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Figure 1 single ended LNA
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Figure 2 Padé results for single ended LNA
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