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Abstract
Parallelized electromagnetic solvers are now becoming more prominent as computational architectures, both
multicore and distributed clusters, enable multithreaded multi-tasking, and the need for larger capacity solvers is
also growing with the exponential growth in complexity of microelectronic systems being analyzed with these
solvers. Several techniques are proposed for improved parallel performance of fast integral equation solvers,
including a 2-step balancing scheme, and restricted and hierarchical communication.

1. Introduction
As the density of microelectronics and frequencies of operation continue to increase, electromagnetic coupling
issues become critical. Full-wave electromagnetic solvers are fast becoming the de facto standard in design
verification and even earlier in the design phase.
Several successful methodologies based on the Finite Difference Time Domain (FDTD) method, the Finite
Element Method (FEM) and the method of moments (MoM) or Boundary Element Method have been developed.
MoM is based on the integral form of Maxwell's equations and is a successful alternative to partial differential
equation based schemes for certain scenarios. However, it involves a dense system-matrix, and the solution
presents a time and memory bottleneck especially for large scale problems. Several mature and emerging fast
solver technologies have been developed to reduce the bottleneck. These approaches include, amongst others,
full-wave approaches such as the fast-multipole method (FMM) [1], and restricted frequency-regime methods
such as adaptive cross approximation [5] and multilevel QR compression [2-3]. These typically exploit the low-
rank nature inherent in Green's function matrices, so as to reduce the time/memory requirements to O(n ln(n)),
where n is the number of unknowns. However, these fast and memory-efficient solvers may still fail to solve real-
life problems on a single processor.
Parallel computation, perhaps for the first time, is now accessible at an unprecedented scale due to the availability
of multicore processors and low-cost clusters. In this paper, enhancement techniques are proposed for the parallel
iterative solver based on multilevel QR compression [3-4], aimed at further enhancing the performance without
loss of accuracy or generality. These include an accurate load balancing algorithm for matrix-vector products and
advanced inter-processor communication schemes. In addition, a parallel LU solver is also presented for problems
with multiple right-hand sides or ill-conditioned systems. Numerical experiments demonstrate the high efficiency
of these techniques.

2. Basic parallel iterative solver with QR compression
Interactions between observers and sources are decomposed into near-field interaction and far-field interaction.
The former is stored as dense matrix blocks. The latter is usually of low-rank nature, and can be stored as Q and R
blocks based on multilevel merged interaction lists (MIL) [3]. The parallel implementation can be found in [4].

Load balancing of matrix building
O(mn) operations are needed to build the near-field interaction between m observers and n sources. If balanced,
the building load for a process will be
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where h is the number of near-field matrices, and p is the number of concurrent processes. To build a far-field
matrix, O(r(m+n)) operations are needed, where rank r is estimated based on MIL structures. The balanced load is

(2) FUvg = -m- + n ) x ri
p pt-

where k is the number of far-field matrices. If a priori rank estimation is exact, the balance is achieved. However,
this is seldom true. See Section 3.1 for details.
2.1 Load balancing of mat-vec multiplication
The above load balancing also applies to mat-vec multiplication balance, because the number of operations
needed for the product is equal to the number of entries. Each process multiplies its own matrices with a vector.
The global product is obtained by MPI_Reduce(MPI_SUM) [6].
Note that the matrix distribution is random across the
processes, as shown in Fig. 1. The local mat-vec product is
a full vector, i.e., none of its entries is necessarily zero.
Therefore, all entries need to be transferred in MPI_Reduce.
For large problems and large number of processors, the
complete data transfer time may be prohibitive due to this
communication bottleneck
3. Improved parallel iterative solver

3.1 New load balancing of matrix-vector product
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Fig. 1 Randomly distributed matrix for a process, and its
product with a vector. White boxes are zeros. For
simplicity, the matrix blocks are uniform.

The average load in (2) is difficult to achieve for every
processor because the estimate of the QR ranks based on the octree-based MIL are not exact. The load differences
for 8 processors are shown in Fig.2. The estimated and actual ranks can differ from each other greatly, as obvious
in Table 1; while the estimates are worst case based on well-
distributed sources and observers within specified multilevel
boxes, the actual distribution can lead to further redundancies.

Table 1. Estimated ranks and real ranks
Estimated rank 7 7 11 11 12 12
Calculatedrank 3 14 15 17 17 141

Although the far-field load is thus not even for all processes,
the difference can be smoothed by near-field loads. This can
be called 2-step balancing, which enables load balance in the
matrix-vector product but not in the setup.

Algorithm 1
1. Distribute QR blocks by (2).
2. Processor i builds its own QRs, and record the true loadfi;
3. Count the far-field totalF = P f, and combine it with near-
field load N = to get the average avg = (F+N)/p;
4. Distribute near-field matrices with load of avg-f to process i.

The total load for any process is f+(avg-f) =avg, therefore the
ideal balance is realized, as indicted in Fig.3.

3.2 Hierarchical collective communication

Algorithm 2 (for broadcasting)
Construct a binary processor tree (like Fig.4);
for(level = ceil(log2(p))-1; level>=O; level--)
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Fig. 2. Matrix setup load difference of processes.
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Fig.3. The balance obtained from Algorithm 1.

Fig. 4. Hierarchical tree of processors.
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