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Abstract ~ With continuing trends towards miniaturization
of circuits and inclusion of multiple, complex functionalities
on a single chip, the effect of process variations on circuit
performance is assuming critical importance. In view of in-
creasing frequency of operation, accurate variability analysis of
RF/Microwave circuits would require modeling of the variability
in the passive elements through a eld solver. In this paper, a
method for enabling accurate statistical analysis of a low noise
ampli er and its differential version is proposed. The on-chip
spiral inductors are modeled through an EM (Electromagnetic)
solver, while the circuit part is modeled through SPICE. The
proposed approach relies on application of the RS (Response
Surface) methodology to the y-parameters of both the circuit
and the inductors independently and expressing the eventual
performance measures through a suitable combination of these
y-parameters. The eventual performance measures are expressed
through a hierarchical approach in terms of the underlying
Gaussian random variables representing both the circuit and EM
process parameters. An RSMC (Rapid Response Surface Monte
Carlo) analysis on these derived response surfaces furnishes the
PDFs and can also be used to predict the yield based on different
qualifying criteria and objective functions. Several advantages of
this method are outlined.

I. INTRODUCTION

Trends like miniaturization, bulk fabrication and cost effec-
tiveness are contributing to increasing effects of process vari-
ations on circuit performance [1]. There has been signi cant
research on statistical methods that address the problem of
estimating the yield of circuits based on performance metrics
under process variations. The circuits considered are primarily
analog and mixed signal circuits. The authors in [2] use a
combination of analytical techniques and RS methodology
to predict the statistical behavior of performance measures
from the distributions of lower level process parameters. In
another approach [3], RS methodology has been used with a
Technology CAD approach to determine the spread of circuit
performance measures.

Compared to the literature on statistical variability in cir-
cuits, little work has been undertaken in the area of statistical
study on the performance of EM structures although this is
of importance in present day design for manufacturability
analysis. In a recent work [5], a commercial eld simulator
and linear regression tool have been used to perform statistical
analysis of Iters on LCP substrates. Linear and piecewise
linear approximations are used for the objective functions
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in terms of the varying parameters. It has been found that
for large standard deviations of parameters contributing to
variability of on-chip passives, quadratic response surfaces are
more appropriate. These lead to a noticeable deviation from
the Gaussian pro le for PDF of the desired objective functions.
This observation is true for circuit variability [4] as well as
for variability with respect to distributed structures as will be
demonstrated in this paper.

The increasing need for more bandwidth is pushing the
carrier frequencies well into multiple Gigahertz. Hence many
circuit components based on distributed interconnect struc-
tures like spiral inductors need to be characterized through

eld solvers. Thus accurate statistical analysis of the overall
circuits  should include variability modeling through eld
solvers. With this in view, an approach to combine the variabil-
ity analysis of both circuit and EM parts of an overall system
such as a low noise ampli er is proposed.

The organization of this paper is as follows. Section 1l
presents some results on the spiral inductor performance mea-
sures. The methodology for statistical analysis of the overall
circuit such as an LNA(Low Noise Ampli er) is presented in
Section I1l. Section 1V combines the variability in the circuit
and distributed interconnect parts and presents the example
of a topologically symmetrical differential version of a LNA.
Section V concludes the paper with a mention of further issues
to be addressed.

Il. STATISTICAL PERFORMANCE ANALYSIS OF SPIRAL
INDUCTORS

This section focuses on the statistical study of on-chip
spiral inductor performance. In this work, three independent
variables are selected for the statistical analysis of spiral
inductors; the track width of the metal layer in which the
inductor is fabricated, the oxide thickness and the substrate
conductivity. As an example, the design considered is a 3.5
turn square spiral inductor with an outer diameter of 100

m, track width of 5 m, track spacing of 25 m in an RF
CMOS process is designed to produce an inductance of 1.3 nH.
The frequency of operation is 15.78 GHz. The full-wave eld

The term circuit is used to denote the overall subsytem under con-
sideration (for example a low noise ampli er) and also to denote the lumped
portion of the system without the EM objects. The meaning implied is evident
from the context.
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solver used in this work is based on the PMCHWT formulation
[6]. A three-variable, full factorial design has been adopted to
construct the response surfaces.

A 279 order response surface modeling [7] is utilized. If Y,
the objective function depends on a vector of input variables
[X1, X2...Xn], @ quadratic response for Y in terms of the input
variables would mean that Y is expressible as

Y =ag+a'x+x' Bx (1)

where X is the n-column vector of the input variables, a is
the n-column vector of the linear term coef cients and B
is the n n matrix for the coef cients of the non-linear
terms. Let there be m observations for the objective function.
For a linear response surface, the coef cients are determined
by minimizing the least square error of a typically over-
determined system, by the solution to the equation

A=(X"X) IXTv (2)

where X is the matrix of size m (n + 1) where the rst
column is all ones and the remaining entries are formed from
the values of x; for those observations. The vector v comprises
of the observed values of the objective function. The 2"® order
response surface is constructed similarly by introducing new
variables for the square and cross terms.

An error analysis is performed on the 15t and 2"9 order re-
sponse surface models to test the goodness of t. It is observed
that the 2" order model provides 3X-5X error reduction as
compared to the 15t order model. The non-Gaussian nature of
the PDFs for the circuit performance measures are illustrated
by the PDFs of the series resistance R and series inductance
L shown in gures 1 and 2 respectively. Type 1 has standard
deviations of 5% of the total range of variation considered
for all the varying parameters. Type 2 has standard deviation
of 10% of the total range considered for all the varying
parameters. For type 1 variability, the skewness of L and R
are 0.28 and 0.25 respectively while for type 2 variability they
are 0.55 and 0.48 respectively, thereby exhibiting the non-
Gaussian nature of these PDFs (the skewness of a Gaussian
PDF is 0). Since the two quantities depend on the same
variables contributing to the EM variability, albeit through
different models, in general they are not independent. Thus the
use of equivalent circuit models would necessitate generation
of random samples from non-Gaussian, non-independent, non-
closed form PDFs which is in general hard. The method
described next will alleviate all these impediments.

I1l. THE STATISTICAL ANALYSIS METHODOLOGY

The algorithm proposed can be outlined as follows:
Decouple EM objects at points of connection to the circuit
thus de ning ports
Build accurate 2nd order response surface models for y-
parameters of EM and circuit parts independently
Express the overall objective functions in terms of the
circuit and EM y-parameters
Hierarchically, the eventual objective functions would be
captured in terms of basic process variations but now in
a rational multi-dimensional polynomial form
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Fig. 1. In uence of variation on the PDF of extracted inductance.
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Fig. 2. In uence of variation on the PDF of extracted series resistance.

Generate random samples and evaluate the objective
functions from the previously described rational multi-
dimensional polynomial form

Bin the samples of the objective functions and obtain the
PDFs of the overall circuit performance

Use these samples of the objective functions with applica-
tion of qualifying criteria to compute the yield measures

Casting these details in equation form will further clarify
this ow. Let G represent a high level circuit performance
measure, for example the gain of an ampli er. Let y;;, ., i=1
to Ncir and Yj.,.,, J=1 to Nem represent the y-parameters of
the circuit part and the EM parts respectively. From network
theory, it is possible to write

G = T01eir Yoo s Yiem: Y2em: ---) 3)
F2(Vicirs Yocir s Yiem: Y2ems -+-)

Here f; and f, are functions of some or all of the circuit
and EM y-parameters. Now each of these y-parameters are
expressible as quadratic response surfaces of the underlying
Gaussian random variables which represent the process varia-
tions. So in a hierarchical manner it is possible to express the
eventual performance measure as

G = 91(Preir Pocirs s Plom s P2erm s -+-) @)
92(P1eirs P2cir s -+ Plem s P2em s ++2)
where pi;, ,P1...-- Fepresent the Gaussian process-dependent
parameters for the device and the EM structures.
The salient features of the proposed method are summarized
below.
This method enables accurate statistical analysis by mod-
eling the passives by means a eld solver.
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The usage of the y-parameter approach provides seamless

integration between the EM and circuit modeling.

In this method, since the EM modeling is done through
eld solvers, the number of variables contributing to EM

variability is small as opposed to the number of equivalent

circuit parameters. This leverages rapid construction of

response surfaces.

This method is still amenable to methods like Principal

Components Analysis and Reduced Rank Regression that

reduce dimensionality.

Extraction of equivalent circuit parameters requires an

optimization step from s, y or z-parameters extracted from

the eld-solver but this step is eliminated in the proposed

approach leading to computational expediency.

This method preserves all the non-linearities in the mod-

eling and the various correlations.

In this method, random number generation is simpli-
ed by obviating the need to generate samples from

non-Gaussian, non-independent, non-closed form distri-

butions.

IV. DIFFERENTIAL MICROWAVE AMPLIFIER

The proposed methodology has been applied to the sta-
tistical analysis of performance metrics of a topologically
symmetrical differential LNA. The methodology is applicable
to both single ended and differential LNAs but the results
are presented for the more general case of the differential
ampli er. The ampli er in Figure 3 has a center frequency of
15.78 GHz and a bandwidth of 800 MHz [8]. The differential
gain in the absence of process variations is 16.88 dB. In this
paper, random variations in gate oxide thickness, zero body-
bias threshold voltage and reduction in channel length have
been taken into account for the circuit. The dependence of zero
body-bias threshold voltage on oxide thickness is captured
using correlation between these BSIMv3 SPICE MOSFET
model parameters. The differential pair is partitioned into two
halves - Left and Right and the process parameters are as-
sumed to be perfectly correlated between the transistors within
the respective halves. A correlation coef cient of 0.8 has been
assumed between the pairs of similar parameters across the
two halves. It has to be noted that the response surfaces for the
y-parameters are built for the half circuit only and once. The

nal objective functions are then expressed in terms of two sets
of circuit and EM y-parameters for the left and right halves to
model the mismatch. Then the samples for the two sets of y-
parameters are generated from these models, while preserving
the correlation between the process parameters for the two
halves. This approach facilitates reusability without sacri cing
accuracy. The interconnection between the circuit and three
inductors for each half of the aforementioned ampli er circuit
is outlined in Figure 4. The response surfaces are built for
the magnitude and phase of each of the y-parameters of the
inductors and the circuit part of one half only. The superscripts
L and R denote the Left and Right halves of the combined
system respectively as shown in Figure 4.

Using network analysis the quantities like differential gain,
input/output impedances, the differential return loss and the

vdd

Fig. 3. The differential low noise ampli er schematic.
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Y-parameter port de nitions for the ampli er circuit.

CMRR (Common Mode Rejection Ratio) can all be expressed
in terms of the y-parameters of the blocks shown in Figure
4. Each of these y-parameters depend on the circuit and
EM process variables. Thus a RSMC followed by a binning
procedure would furnish the PDFs of the required objective
functions. Further, these can be used to predict the yield
outcomes based on qualifying criteria for various objective
functions. Results are presented for the PDFs of the differential
gain, differential return loss, CMRR and output impedance of
the ampli er in Figures 5-8.
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Fig. 5. PDF of the differential gain for two types of variation

It can be seen that larger variation in process parameters
result in a larger spread for the performance measures as
expected. An interesting aspect to note with respect to the
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