
Block Partitioned Gauss-Seidel PEEC Solver Accelerated by 
QR-based Coupling Matrix Compression Techniques 

Albert Ruehli", Dipanjan Gope' and Vlkram Jandhyala' 

'Department of Elechicd Engineering, 
University of Washington, Seattle 98195. 

"IBM Researcb Division, 
Yorktown Heights, NY 10598. 

(E-mail: dip. jandhyala@e.washington.edu} {E-mail: tuehli@s.ibm.com} 

ABSTRACT 
Electmmagnetic(EM) integral equation solwrs based on the Partial Element Equivalenf Circuit (PEEC) 

appmach have proven to be well suited for modeling combined circuit and EMprabLms. The solution of thefull- 
wave electromagnetic part is tranrfrmed to the circuit domain and general well-known circuit solver techniques 
are applied. However owing to the munral couplings in the PEEC formulation, the MNA matrix is not sporse as in 
the case of general lumped circuitr. This gives rise to a time and memory bottleneck In this paper, a Gallrsseidel 
relarotion (GSR) solver is presented as an appropriate alternative to SPICE sparse LU solvers. for the PEEC class 
ofproblems in the frequency domain Circuit based blockpartitioning schemes similar to the ones used in wav&om 
relaration methods with lmown convergence propm'es are used to insure fart convergence. Furthermore, cim't 
mupling thinning schemes bared on QR compression techniques are used to accelerate the inter black updates and 
also intra blocksolutions. 

I. Introduction 

The electrical modeling of combined 3D electmmagwtic and circuit problems for VLSI systems is ever 
increasing in complexity and problem sue. The PEEC metbcd 11-21 is a popular approach to address these problerm 
using piecewise lumped circuit elements like capacitors, partial inductances, resistors and dependent somes whose. 
values are derived by solving Maxwell's equations on an appropriately discretized 3D mesh. However the MNA 
matrix for the PEEC class of problems is different from the ones generated for SPICE net-lista consisting of regular 
lumped circuit elements. In a conventional SPICE circuit formulation using MNA, each node is connected on an 
average to 4 elements, leading to a sparse matrix system which is ideally solved by a sparse LU solver. Since the 
integral equation based PEEC formulation includes densely coupled capacitance and inductance sub-matdccq the 
SPICE type sparse matrix solution [3] is not eficient for these problems. 

In existing EM literata several fast Krylov-subspace iterative schemes have been developed to efficiently 
stom and solve the integral equation problem. All the= methods including QR-based approaches l4-51, plane-wave 
expansion methods [a], FIT based techniques [7] etc. accelerate matrix vector products and therefore expedite the 
iterative process. However, the potential convergence of these iterative solvers depends on the conditioning of the 
matrix for a particular problem Further, FFT and plane-wave expansion based approaches are not the best suited for 
the cases where either PEEC models with high aspect ratio cells are used or when large variations in cell size are 
involved in the problem 

In this work, we present a block Gauss-Seidel relaxation approach which is based on block pdtionmg such 
that convergence in few iterations is guaranteed The solver has two basic components. Fmt circuit partitioning 
based block relaxation schemes similar to the ones used in the waveform relaxation (WR) time domain techniques 
[E] are employed to come up with an approach where convergence is guaranteed. The partitioning is based on WR 
circuit coupling criteria as in [SI. Hence, inter-block GSR iterations are performed with guarsoteed convergence in 
few iterations. This is called the outer loop. Secondly, each block is subdivided into hierarchical sub-bbch. Eacb 
block mat& to be explicitly inverted is thus sparsified and the in&-sub-block GSR iterations are pe-rfonned. This is 
termed as the inner loop. The entire process can thus be studied under one outer loop and many intra-block inner 
loops, as explaind io d o n  IU. Furher, the GSR itetations are expedited by circuit coupling thinning opaationS 
based on QR compression which are explained in section IV. The main advantage of the method lies in the 
guaranteed convergence of the itendive processes. It should also be mentioned here that the circuit coupling thinning 
percentage achieved through QR-based compression, decays with electrically large structures. 

II. Basic PEEC Cell 

The PEEC formulation [1-2] is based on the electric field integral equation: 
J .  E'@#) = -+jcuA(r,, r;) + V((r, ,r;) 
U 
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where A and represent the vector and scalar potentials respectively. Using the 
non-arthogonal local coordinate systun [2] and the relations between electric 
field E and voltage V and electric current density J and electric current I, (2.1) 
can be represented with circuit elements. The basic PEEC cell is shown in Fig.1. 
The numba of circuit elements is dominated by the CCVS that model the 
inductive coupling and the CCCS that modcl the charge coupling and in Fig. 1 
individual dependent sources actually represent seris of such elements. 

Figure 1: The basic PEEC cell 

Tbe main solver presented bere is based on the Gauss-Seidel relaxation scheme. The guaranteed convergence 
for the itaative scheme is heavily dependent on the type of partitioning adapted. In this section we briefly outline 
the hierwhicd block (outer 100p)'and sub-block (inner loop) partitioning for the circuit and PEEC parts. Some parts 
of the circuit and EM problem ate strongly connected (SCC) while others are inherently weakly connected (WCC). 
S isr  to [9] we assum that elements form strongly connected components if: 

In. GserbSeldel Itentlon Scheme 

a) Tbey share a commoll node. 
h) They share a law impedance wnnection Z, , lower than the impedance to the ground. 
c) Tbe coupling factor between them is smaller than some constant y which assures fast convergence. 

Each PEEC cell has a set of strongly connected component cells e.g. the PEEC cell L has a strongly connected set: 
& = (L,M,N,O].  Then a block is defied as: B I Lm uM, UN, U 0,. Hence, elements of a PEEC 
model for the s ~ m e  body (conductor or dielectric) belong to the same block. If two bodies are connected by SPICE 
lumped elements, then their PEEC cells belong to the same block if the magnitude of the impedance is d l e r  
compared to the threshold impedance. " v i s e  they constitute two separate blocks unless they are extremely 
close. Also, bodies which are not directly connected will most likely be in diffexent blocks since most mutual 
couplings can be partitioned. 

1) Onter loop: The entire problem space is first sub-divided into blocks. All the coMections and mutual 
couplings between two blocks must exhibit y less than a certain value like 0.5 for fast convergence. Therefore the 

solution is guaranteed to wnverge at a rate of K = O(yP) where xis the relative e m r  and p is the number of 
itaations. Asstuning that ths systan has bem divided into 3 blocks, the block matrix system can be written as in 
(3.l)andtbccorrespondingGS iterationcanbeperformedasin (3.2). 

xz 

x, =4;1(4-"1z11-~,35) 

4 1  9 2  033 5 = 4 4  -a,,x, - ~ 3 z x z )  

(3.1) 

The inter-block updates in the GSR are expedited by circuit coupling t h i i g  operatiom as explained in section IV. 
Tbe main advantage ofthe block division and the corresponding outer loop lies in the fact that it reduces the size of 
the ma& that needs to be explicitly inverted. 

the dense 
nature of the couplings. To alleviate the problem each block is further divided into hiembical spatial sub-blocks 
employing binary decomposition with tight bounds and density balancing to form what 
is termed as a tight-bound k d  tne. The hierarchical "far" sub-blocks are identified and 

them. These compressed couplings are then extracted out in order to sparsify the 
circuitcoupling thinning operations are pefionned 011 the mutual couplings between 

matdx to be invated: oil = U? + 6. The "far" mutual couplings are then updsted 
by a similar GS iterative scheme that is also gumteed in convergence. If 

il) Inner loop: The black matrix inversions shown in (3.2) are again expensive operations owing 

4' = 4 -onx2 - q3+ in (3.2), then the iterative proce& for the inner loop can written 1 
Figure 2: The block sparse 
matrix 10 be invutcd 

(3.3) 

On an analysis of the outer and inner loops it can be observed that the matrix to be explicitly inverted is highly 
sparse and limited in sue by block decompositions as shown in Fig. 2. 
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-46 # $ b 110- -,(a ,(b- "I Y 
the CCVS weights. Using a specified tolerance of E = le - 3 ,  
this system can be represented as M,, = U,,,,,S,,V,, , 
where r is the epsilon-rank of the matrix and (I and Y are 
orthonormal, which results in every entry of U and Y being 
between 0 and 1. Thus the CCVS system can be visualized as 
in the form o f . .  [ccVS]=[YCVS]X[CCVS]X[CCCS]. 

cccs 
'I 1:' 6 1;' 1:' 

'I 1;z 4 3  ,;4 1;s I @ @ "2 $0 d k  

Q k v$ 9 @ @ @ - v:. 
"4 h "2 "4 4s "2 ":" 
v$ $ @ "2 $0 "p ":", 
4 "4 4 "4 

currents produces a small set of voltages ( r )  through the 
CCYS. Finally the small set of voltages is redistributed 
into the m voltages by the VCVS. The number of circuit 
elements can fuaher be reduced by combining 
the[YCYS]x[CCVS]elements directly into Ccm. The 
S M  metbod being an expensive process we resort to the 
modified Gram-Schmidt (MGS) scheme to achieve tbe 
same effect as demons@ated in Fig.4. To fxtber simplify 
the cost of obtaining the reduced set of elements MGS is 
performed on samples of the M,,,mahix [4] thereby 
achieving the circuit setup in linear time. The final matrix 
is of the form M,. = Q,,&, where R is ortbononnal. 

i Victim Intermediate Aggressor 

Figure 5: Compressed mutual inductive circuit 
............................................................................................................. 

The fmal circuit shucttue for the system as shown in Fig. 5, has fewer circuit elements compared to Fig. 3. The 

. The charge mutual coupling or the CCCS for the fraction of circuit coupling thinning is given by 

capacitors can be similarly treated to reduce the capacitive mutual coupling. 

m x n  
(m + n )  x r 

V. Numerical Experiments 
In this section we provide numerical results to validate h e  accuracy and time and memory efficiency of the 

presented scheme. For all cases a QR tolerance of le-3 and a GS iterative residual of l e 3  were employed. The 
number of itsations is found to be in the range of 5-10 which is consistent with the maxi" coupling 
factory used 

In the lint example the accuracy of the solution process is verified. Two conductors are placed as in a 
transmission line structure as shown in Fig. 6a. Each conductor is of length 50" and a cross-section 
of 2Opm x Ipm . The separation between the conductors is 20 pm . An ac current source of 1A is connected between 
the conductors on one end while the other end is connected through a 5M)Q resistance. This gives rise tb a two 
block pmblem since the current source is assumed to be iniinite impedance. The potential drop acfuss the top 
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d u c t o r  is obtained by a regular SPICE solver and then by the black QR-GSR solver. The results 8s seen in Fig. 
6b anddo are in goodagreement. 

of the new solver are presented. Figure 7a demonstrates an ~ (a) R=XQ 
artificial dielectric shuctm coasirting of two plates at the 
ends and many "ducting bodies m between. Each plate 
is 1 jm thick and lOOpm x 100pm in cross-section. The 
n m b u  of unknowns is increased by increasing the 
nmbu of conducting objects in the middle. An ac current 
source of IA is conaeded between the plates and the : 
(P,)PEEC solver is employed. In Fig. 7b the capacitance : .: Tmsmission Line StnrcMe 
is platted for both solvers and they are found to be in good 
agreement. It must be noted bere that the capacitance 
value depends on the number of conductors, their shapes 
and sizc and their relative placement in between the plates. 

In ~ nextexamp,e the time and memoly dficiencies 
~ . . . .  .. ...... ..... ............ . .. .. . 

i @) Imagitlaly part of Voltage 

$+, 

Unlmowr Mcmmy Time Cap. 
WB) (M in) 0 

13,000 666 119 23.99 

40,OW 1741 344 24.06 

Table 1: Time memory and accnracy 
for different discretizations 

F i g m  8: Artificial dielectric 
with 400 embedded conductors 

In the last example a similar artificial dielectric structure with 
4 array of conductors as shown in Fig. 8, is simulated. 

The minimum discretization for this problem leads to 13,000 
unknowns and higher discretization leads to 40,000 unknowns. 
The relative time "my and accuracy are shown in Table 1. 
Both these problem could o t h d s e  not be fitted in the available 
2GB memory with the regular sparse LU solver. 
VI. Conclusions 

In this paper, a Gauss-Seidel relaxation solver is presented as a more appropriate alternative to the sparse LU 
SPICE solver. The iterative prucess is guaranteed in convergence with the adopted partition schemes. Further, the 
iteratiom arc expedited by the application of circuit coupling thinning techniques based on QR ma& compression. 
Ref-m: 

Figw 7: (a) An example of an d c i a I  
dielectric strucblrc (b) Aecoracy comparison 

with regular SPICE solver (d) Memory 
eamoarison with re& SPICE solver 

with solver (c) Tim 

h,. on 
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