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ABSTRACT

Electromagnetic(EM) integral equation solvers based on the Partial Element Equivalent Circuit (PEEC)
approach have proven to be well suited for modeling combined circuit and EM problems, The solution of the full-
wave electromagnetic part is transformed to the circuit domain and general well-known circuit solver techniques
are applied. However owing to the mutual couplings in the PEEC formulation, the MNA matrix is not sparse as in
the case of general lumped circuits. This gives rise to a time and memory bottleneck. In this paper, a Gauss-Seidel
relaxation (GSR) solver is presented as an appropriate alternative to SPICE sparse LU solvers, for the PEEC class
of problems in the frequency domain. Circuit based block partitioning schemes similar to the ones used in waveform
relaxation methods with known convergence properties are used to insure fast convergence. Furthermore, circuit
coupling thinning schemes based on QR compression techniques are used to accelerate the inter block updates and
aiso intra block solutions.

L Introdunction

The electrical modeling of combined 3D electromagnetic and circuit problems for VLSI systems is ever
increasing in complexity and problem size. The PEEC method [1-2] is a popular approach to address these problems
using piecewise lumped circuit elements like capacitors, partial inductances, resistors and dependent sources whose
values are derived by solving Maxwell’s equations on an appropriately discretized 3D mesh. However the MNA
matrix for the PEEC class of problems is different from the ones generated for SPICE net-lists consisting of regular
lumped circuit elements. In a conventional SPICE circuit formulation using MNA, each node is connected on an
average to 4 elements, leading to a sparse matrix system which is ideally solved by a sparse LU solver. Since the
integral equation based PEEC formulation includes densely coupled capacitance and inductance sub-matrices, the
SPICE type sparse matrix solution [3] is not efficient for these problems.

In existing EM literature several fast Krylov-subspace iterative schemes have been developed to efficiently
store and solve the integral equation problem. All these methods including QR-based approaches [4-5), plane-wave
expansion methods [6], FFT based techniques [7] etc. accelerate matrix vector products and therefore expedite the
iterative process. However, the potential convergence of these iterative solvers depends on the conditioning of the
matrix for a particular problem. Further, FFT and plane-wave expansion based approaches are not the best suited for
the cases where either PEEC models with high aspect ratio cells are used or when large variations in cell size are
involved in the problem.

In this work, we present a block Gauss-Seidel relaxation approach which is based on block partitioning such
that convergence in few iterations is guaranteed. The solver has two basic components. First, circuit partiioning
based block relaxation schemes similar t0 the ones used in the waveform relaxation (WR) time domain techniques
[8] are employed to come up with an approach where convergence is guaranteed. The partitioning is based on WR
circuit coupling criteria as in [9]. Hence, inter-block GSR iterations are performed with guaranteed convergence in
few iterations. This is called the outer loop. Secondly, each block is subdivided into hierarchical sub-blocks. Each
block matrix to be explicitly inverted is thus sparsified and the inter-sub-block GSR iterations are performed. This is
termed as the inner loop. The entire process can thus be studied under one ocuter loop and many intra-block inner
loops, as explained in section II1. Further, the GSR iterations are expedited by circuit coupling thinning operations
based on QR compression which are explained in section IV. The main advantage of the method lies in the
guaranteed convergence of the iterative processes. It should also be mentioned here that the circuit coupling thisning
percentage achieved through QR-based compression, decays with electrically large structures.

I1, Basic PEEC Cell
The PEEC formulation [1-2] is based on the electric field integral equation:
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where 4 and ¢ represent the vector and scalar potentials respectively. Using the t .Iﬁ
non-orthogonal local coordinate system [2] and the relations between electric s
field E and voltage V and electric current density J and electric current I, (2.1)
can be represented with circuit elements. The basic PEEC cell is shown in Fig.1.

The number of circuit elements is dominated by the CCVS that model the =L On, & O,
inductive coupling and the CCCS that mode] the charge coupling and in Fig. 1 I kS i I bu
individual dependent sources actually represent series of such clements. :

11, Gauss-Sefdel Iteration Scheme Figure 1. The basic PEEC cell

The main solver presented here is based on the Gauss-Seidel relaxation scheme. The guaranteed convergence
for the iterative scheme is heavily dependent on the type of partitioning adopted. In this section we briefly outline
the hierarchical block (outer loop) and sub-block (inner loop) partitioning for the circuit and PEEC parts. Some parts
of the circuit and EM problem are strongly connected (SCC) while others are inherently weakly connected (WCC).
Similar to (9] we assume that elements form strongly connected components if:

a) They share g common node.

b) They share a low impedance connection Z_, lower than the impedance to the ground.

¢) The coupling factor between them is smaller than some constant ¥ which assures fast convergence.
Each PEEC cell has a set of strongly connected component cells e.g. the PEEC cell L has a strongly connected set:
Lyce ={L,M,N,0}. Then a block is defined as: B = Ly WM gop \J Ngee W Ogee - Hence, elements of a PEEC
mode} for the same body (conductor or dielectric) belong to the same block. If two bodies are connected by SPICE
lumped elements, then their PEEC cells belong to the same block if the magnitude of the impedance is smaller
compared to the threshold impedance. Otherwise they constitute two separate blocks unless they are extremely
close. Also, bedies which are not directly connected will most likely be in different blocks since most mutual
couplings can be partitioned.

f) Outer loop: The entire problem space is first sub-divided into blocks. All the connections and mutual
couplings between two blocks must exhibit # less than a certain value like 0.5 for fast convergence. Therefore the

solution is guaranteed to converge at a rate of x =O(y”)where xis the relative error and p is the number of

iterations. Assuming that the system has been divided into 3 blocks, the block matrix system can be written as in
(3.1) and the corresponding GS iteration can be performed as in (3.2).

an 4z M| % b x =, (b ~a,%, ~ a;3x,)
a4y ap dnl||x|=|h 3.0 X, = ap (b —ay% —a5%) (3.2)
ay 6y anj(x] |b %, =ag (B, ~ 3,4 — Gy, X,)

The inter-block updates in the GSR are expedited by circuit coupling thinning operations as explained in section IV.
The main advantage of the block division and the corresponding outer loop lies in the fact that it reduces the size of
the matrix that needs to be explicitly inverted.

if) Inner loop: The block matrix invetsions shown in (3.2) are again expensive operations owing to the dense
nature of the couplings. To alleviate the problem each block is further divided into hierarchical spatial sub-blocks
employing binary decomposition with tight bounds and density balancing to form what

is termed as a tight-bound k-d tree. The hierarchical “far™ sub-blocks are identified and X

circuit-coupling thinning operations are performed on the mutual couplings between % .

them. These compressed couplings are then extracted out in order to sparsify the Koo X

matrix to be inverted: a,, = a5i™ +a{" , The “far” mutual couplings are then updated x ::xx

by a similar GS iterative scheme that is also guaranteed in convergence. If X X

b = b —a,x, - a,x, in (3.2), then the iterative process for the inner loop can writien adlik.

as: - : Figure 2: The block sparse
- matrix to be inverted

%, =(ag) " [b~afrx,] ' (3.3)

On an analysis of the outer and inner loops it can be observed that the matrix to be explicitly inverted is highly
sparse and limited in size by block decompositions as shown in Fig. 2,
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IV. QR-based Circuit Coupling Thinning

The density in the PEEC model MNA is dominated by the mutual couplings between the inductors and
capacitors, In this section we explain how the QR | '
compression technique [4] can be utilized to reduce the 2 o
number of dependent sources responsible for mutual | S
coupling, which is termed as circuit coupling thinning. Let | 20705
us consider two well physically separated groups of PEEC | BN o Y

inductive cells. We analyze the mutual coupling effects of | g,
one group consisting of n cells {aggressor) on the other | L:fj:{' T
group consisting of m cells. As shown in Fig. 3, the effect © ™ ALy

can be formulated as current controlled voltage sources ; Aggressor lnm,,e Cells  Victim Indmm“ Cells
(CCVS) associated with every victim inductor. This tsoconninssse croont
system of mxn CCVS elements can be reduced to fewer Flgure 3 Uncompressed mutual inductive circuit

circuit elements using the SVD scheme of matrix

ccvs cevs decomposition. Let M,,., be the dense matrix representing
s s g el [l b the CCVS weights. Using a specified tolerance of £ =1e-3,
i} ] 1 v R L} Y cces .
v;‘ o v;s v;:, uzl“’ v;" “;b this system can be represented as M, ., =U, S ¥Vre
P RS £ 5} I 1B where r is the epsilon-rank of the matrix and U and ¥ are
v:ﬂ [ v"q "3 Vi ‘o 4z g 4 gfs| orthonormal, which results in every entry of U and ¥ being
O il B g between O and 1. Thus the CCVS system can be visualized as
v Wl W R e e b in the form of .{CC¥S]=[VCVS]x[CC¥S]}x[CCCS].
Mutual Matrix Q R Intuitively, this is similar to the grouping of source currents
Figure 4: Matrix Perspective into a smaller set (r) of currents by CCCS. This small set of

currents produces a small set of voltages () through the
CCVS. Finally the small set of voliages is redistributed
into the m voltages by the ¥CFS. The number of circuit
elements can further be reduced by combining
the[FCVS]x[CCVS] elements directly into CCVS. The

SVD method being an expensive process we resort to the
modified Gram-Schmidt (MGS) scheme to achieve the
same effect as demonstrated in Fig.4. To further simplify
the cost of obtaining the reduced set of elements MGS is
performed on samples of the M, matrix [4] thereby

achieving the circuit setup in linear time. The final matrix Figure 5: Compressed mutual inductive circuit
is of the form M., = O, R, . where R is orthonormal.

The final circuit structure for the system as shown in Fig. 5, has fewer circuit elements compared to Fig. 3. The

X The charge mutual coupling or the CCCS for the
{m+nyxr

capacitors can be similarly treated to reduce the capacitive mutuat coupling.

Victim Intermediate Aggressor

fraction of circuit coupling thinning is given by

V. Numerical Experiments
In this section we provide numerical results to validate the accuracy and time and memory efficiency of the
presented scheme. For all cases a QR tolerance of le-3 and a GS iterative residual of le-3 were employed. The
number of iterations is found to be in the range of 5-10 which is consistent with the maximum coupling
factor y used.

_ In the first example the accuracy of the solution process is verified. Two conductors are placed as in a
transmission line structure as shown in Fig. 6a. Each conductor is of length 50mm and a cross-section
of 20m x 1um . The separation between the conductors is 20 #m . An ac current source of 1A is connected between
the conductors on one end while the other end is connected through a 5000 resistance. This gives rise tb a two
block problem since the current source is assumed to be infinite impedance. The potential drop across the top
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conductor is obtained by a regular SPICE solver and then by the block QR-GSR solver. The results as seen in Fig.
6b and 6¢ are in good agreement.

In the next example the time and memory efficiencies
of the new solver are presented. Figure 7a demonstrates an
artificial dielectric structure consisting of two plates at the
ends and many conducting bodies in between. Each plate
is 1 ymthick and 100umx100umin cross-section. The
number of unknowns is increased by increasing the
number of conducting objects in the middle. An ac current
source of 1A is connected between the plates and the

Figure 6: (a) Loaded

{ B, )PEEC solver is employed. In Fig. 7b the capacitance Transmission Line Structure
is plotted for both solvers and they are found to be in good (b[))gmcm‘::ﬂ‘:?‘
agreement. It must be noted here that the capacitance Voltage Difference

value depends on the number of conductors, their shapes
and size and their relative placement in between the plates. _
In Fig. 7¢ and 74 the time and memory efﬁclenmes of the QR-GSR solver are demonstrated.

g Tn, § 384
L

Unknowns | Memory | Time | Cap.
_(MB) | Min) | (fF)

13,000 666 19 2399
T R 40,000 1741 | 344 | 2406
Novnnpmnearrts L ¥ ™ -
Figure 8: Adtificial dielectric  Table 1: Time memory and accuracy
with 400 embedded conductors for different discretizations

In the last example a similar artificial dielectric structure with
a 10x10x4 array of conductors as shown in Fig. 8, is simulated.
The minimum discretization for this problem leads to 13,000

F1gure7 (a)Aliexample of an artificial : . e
dielectric structure (b) Accuracy comparison unknown§ and higher discretization leads to 40,000 .unk.nowns.
with regular SPICE solver {¢) Time comparison The relative time memory and accuracy are shown in Table 1.
' with regular SPICE solver (d) Memory Both these problems could otherwise not be fitted in the avallable
comparison with reeular SPICE solver 2GB memory with the regular sparse LU solver.
V1. Conclusions

In this paper, a Gauss-Seidel relaxation solver is presented as a more appropriate alternative to the sparse LU
SPICE solver. The iterative process is guaranteed in convergence with the adopted partition schemes. Further, the
iterations are expedited by the application of circuit coupling thinning techniques based on QR matrix compression.
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