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Abstract: This paper reviews the state of the art in fast integral equation techniques for solving
large scale electromagnetic scattering and radiation problems. The Multilevel Fast Multipole
Algorithm and its frequency and time domain derivatives are discussed. These techniques permit
the rapid evaluation of fields due to known sources and hence accelerate the solution of
boundary value problerns arising in the analysis of a wide variety of electromagnetic phenomena.
Specifically, the application of the Steepest Descent Fast Multipoie Method to the frequency
domain analysis of radiation from quasi planar structures, e.g., rough surfaces and finite
microstrip structures, is described. In addition, the extension of the fast multipole concept to the
Plane Wave Time Domain algorithm that permits the efficient analysis of transient phenomena is
outlined.

INTRODUCTION

Surface integral equations coupled with Method Of Moments (MOM) based solution algorithms
have long been conceived as very accurate, but computationally expensive schemes for
analyzing electromagnetic radiation and scattering phenomena. Unlike finite difference and
finite element techniques which require the discretization of the entire volume of the structure
under study, surface integral equation techniques utilize basis functions only on interfaces
setween homogeneous regions, thereby resulting in fewer unknowns. However, in contrast to
these differential equation techniques, the application of the MOM to the solution of surface
integral equations leads to a matrix equation involving a dense matrix. As a consequence, for
large problems, the solution of the MOM equations using direct inversion is impractical due to
the large CPU time and memory requirements associated with this procedure. The iterative
solution of the MOM system is also a time consuming process, with both the number of
operations per iteration and the memory cost associated with storing the matrix scaling
as {)(NSZ) , where N, is the number of spatial degrees of freedom of the discretized surface
curreni, i.c., the dimension of the system. Integral equation techniques for analyzing surface
scattering and radiation phenomena have been developed as well. Unfortunately, their
computational complexity scales as O(N, N Sz) , where N, denotes the number of temporal steps
in the analysis, and prohibits their application to the analysis of large-scale scattering
phenomena.

To expedite the iterative solution of electromagnetic boundary value problems, researchers have
exploited the underlying structure of the Green's function kernel and developed techniques that
facilitate the fast computation of MOM matrix-vector products [1-5]. We have recently
developed a host of fast multipole based algorithms for analyzing large-scale radiation and
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scattering phenomena {6-7]. In this paper, we report on the implementation of the Multilevel
Fast Multipole Algorithm (MLFMA), and a derivative of the latter, the Steepest Descent Fast
Multipole Method (SDFMM). These algorithms accelerate the iterative solution of surface
integral equations that are pertinent to the analysis of scattering and radiation from arbitrarily
shaped three-dimensional and quasi-planar structures, respectively. The computational cost per
iteration and memory requirements of the MLFMA and SDFMM scale as O(N,log N,) and
O(Ny), respectively. In addition, the extension of the fast multipole concept to the analysis of
transient scattering phenomena is described. Fast time domain integral equation based schemes,
reminiscent of the frequency domain fast multipole methods, further termed Plane Wave Time
Domain (PWTD) schemes, permit the efficient analysis of transient scattering phenomena in
O(N;N,log N,) operations.

THE MULTILEVEL FAST MULTIPOLE ALGORITHM

The MLFMA constitutes an efficient technique for analyzing 3D electromagnetic interaction
phenomena {3,6,7]. The algorithm relies on a multilevel divide and conguer strategy and has
been implemented in FISC (Fast [linois Solver Code) technology. The MLFMA is designed to
accelerate a matrix-vector multiply that arises in the iterative solution of the MOM equations
resulting from a discretization of the boundary integral equations pertinent electromagnetic
scattering and ragiation analysis. In the MLFMA, the obiect under study is first subdivided into
subscatterers, also termed groups. Fields geuerated by sources residing in separate source groups
are characterized through each ffrrmp 5 far-ficid ;«xdmtxon pattern, measured with respect to the
group’s center. Ther, the addition theore ﬁ used o n&%wt(‘ ‘hf‘ ! “a‘%* wave Qoﬂnpen nits that
characterize cach source gm‘ﬁp’v
Fields received at a g
group.

Whereas a matrix-vector multiply involving a dense matrix and a dense vector requires O(N| L 5)
operations, a mat ix-vector multiply carried out using a two-level fast mumpﬂi\, algorithm only
requires O(N )opevatmns An analogy with a telephone network is in order. Assume that N
telephones are connected to one another with direct connections. The number of network wires
is N However, it “hubs” are introduced in the network, then the number of connections can
be reduceu (Fig. 1(b)). However, the hub structure implies a three-stage connection process.
Similarly, in the two-level fast multipole scheme described above, a multiplication is effected
through three separate translation procedures: from source to source group center, from the
center of the source group to that of the receiving group, and from the receiving group center to
the receiver. All these translations can be carried out efficiently by representing all fields in
terms of a plane wave basis. The plane wave basis 1s suitable for translating fields as it gives rise
to diagonal translation operators. In other words, when relying on the fast multipole method, the
interaction between two basis functions can be represented as

[
<ir(r),Gf(r,r'):is(r)>= J “ i, (e 1Tk ) j § (e T g, (1)
kh 5,

Jd J
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In Eq. (1), the outer integration is over all real k, vectors that characterize homogeneous plane
waves propagating away from the structure under study. Also, r, and r, denote the center of the
receiver and source group, respectively, and G (r.r') denotes the free space Green’s function.
Finally, 7(ky,r,,r;) is the diagonal plane wave translator from the source to the observation
sphere.

Unfortunately, the above described technique for computing receiver fields only applies to non-
overlapping source and observer groups; Hence, all 83 Camaro Model, f = 1 GHz, V-pol.
“near-field” interactions, 1.e., interactions between
sources and observers that reside in the same or in
neighboring groups are always accounted for using
classical MOM techniques.

By nesting a smaller problem within a larger one, the
Multilevel Fast Multipole Algorithm (MLFMA)
obtained. The MLFMA is characterized by
O(N,log Ny) computational complexity per iteration
and memory requirements. The MLFMA uses the two-
level fast mltinole method as a primitive and
transitions between distinet levels in ﬂm multilevel] tree
structure  are  effected  through )‘mrr* >faticn  and
anterpolation operators.  We have implemented this
algorithm in two and three dimensions, and the resulting
codes are capable of analyzing arbitrarily shaped
conductor systems comprised of surfaces and wires. To
date, FIST T‘u,FI‘viA iechnology has been primarily  Figure L SHrfNe currents on a car
applied to the analysis of large-scale scatiering [luminate waveai t GHz
phenomena. As an example, Figure 1 shows the surface currents on a car illuminated by a plane
wave at 1 GHz.

THE STEEPEST DESCENT FAST MULTIPOLE METHOD

Although the aforementioned MLFMA permits a very efficient analysis of radiation and
scattering from arbitrarily shaped structures, further savings are possible if the application
domain is restricted to the class of quasi-planar structures. The SDFMM is a multilevel solver
that permits the rapid analysis of radiation and scattering from microstrip traces and patches.
The SDFMM is in spirit identical to the above-described MLFMA [8,9]. However, the SDFMM
exploits the quasi planarity of a microstrip structure to further accelerate the solution process.
This is achieved by casting terms arising in a MOM matrix-vector product in the form of discrete
inhomogeneous plane-wave expansions, as opposed to a homogeneous plane wave expansion for
the MLFMA. This representation arises from a representation of the pertinent Green's function
along a steepest descent path and from the use of the fast multipole method in the transverse
plane. The difference w.r.t. the standard MLFMA lies in the use of complex wave vectors and a
modified translator operator. These modifications result in significant CPU cost and memory
savings over the standard MLFMA. Indeed, the computational cost and memory requirements of
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