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Abstract—

Circuit parasitic extraction problems are typically for-
mulated using discretized integral equations that use ba-
sis functions defined over tesselated surface meshes. The
Fast Multipole Method (FMM) accelerates the solution pro-
cess by rapidly evaluating potentials and fields due to these
basis functions. Unfortunately, the FMM suffers from the
drawback that its efficiency degrades if the surface mesh
has disparately-sized elements in close proximity to each
other. Closely-spaced non-uniformly sized elements can ap-
pear in realistic situations for a variety of reasons: owing to
mesh refinement, due to accurate modeling requirements for
fine structural features, and because of the presence of thin
doubly-walled structures. In this paper, modifications to
the standard multilevel FMM are presented that permit effi-
cient potential and field evaluation over specific non-uniform
meshes. The efficiency of the new technique is demonstrated
through examples involving large surface meshes with non-
uniformly sized elements in close proximity.

1. INTRODUCTION

HE accurate estimation of equivalent circuit models is
of crucial importance in the simulation of high-speed
digital circuits. The computation of capacitance, induc-
tance, and resistance matrices of multiport, multibody,
conducting and dielectric structures involves the solution
of quasi-static electromagnetic systems. Typically, such
problems are solved using integral equation formulations.
The most popular approach to solving electromagnetic
integral equations is the Method of Moments (MoM) [1],
wherein the unknown charge or current distribution is ap-
proximated using known basis functions. This approach
leads to an n-th order dense matrix system, the solution
of which yields the coefficients of the basis functions which
are typically defined over triangles that tesselate all con-
ductor and dielectric interfaces. The total number of basis
functions n is dependent on the size and geometric com-
plexity of the structures. In realistic problems, n can be
as large as 10® or more. Directly solving a dense matrix
system of this order is prohibitively expensive, owing to the
associated O(n®) cost. A Krylov-subspace iterative solver,
such as GMRES [2], needs O(n?) operations per iteration
and memory.
It is now well established that to reduce computational
cost, recourse can be taken to multilevel algorithms, in-
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cluding the Fast Multipole Method (FMM) [3-5]. These
algorithms exploit the ‘far-field’ properties of quasistatic
Green’s functions and have O(nlogn) or O(n) memory and
time costs for performing matrix-vector products. Multi-
level methods have become of critical importance because
they offer an extremely efficient route to solving large-scale
electromagnetic integral equations.

The classical multilevel FMM [4, 6], originally devel-
oped for multi-particle problems, has been successfully ap-
plied to parameter extraction involving compactly sup-
ported surface basis functions. It can handle non-uniformly
distributed sources efficiently. One pitfall is that not much
attention has been paid to the performance of the FMM
in the presence of non-uniformly sized (rather than non-
uniformly distributed) sources in close proximity.

In this work, a relatively simple modification to the clas-
sical FMM is presented that renders the algorithm suit-
able for application to structures discretized with specific
non-uniformly sized meshes associated with the presence of
disparately-sized surface elements in close proximity. Such
situations invariably arise when fine details on structures
need to be modeled, and when mesh refinement is used
to improve solution accuracy. Cases where one surface of a
thin structure has differently sized elements as compared to
those on the other surface are of particular interest. These
instances can be found to occur very commonly in several
realistic structures, including geometries that include thin
and large ground planes and large parallel plates.

II. INTEGRAL EQuUATION AND MOM FORMULATION

The electrostatic integral formulation for a multi-body
system involving finite-sized perfect conductors and lossless
dielectric objects is well known. Here, we briefly summarize
the procedure, as described in Ref.[7].

Assume a set of N, distinct finite-sized conductors, and
N,y piecewise constant dielectric objects in a free-space
background. Let the (unknown) total charge density on
the conductor surfaces S, be given by o.(r), and that on
the dielectric-dielectric interfaces Sy be o4(r). The electro-
static potential ¢(r) is given by

r—r
The solution of Equ(1) with appropriate boundary con-
ditions yields the charge densities. By enforcing a voltage
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of 1V on the i-th (: = 1,..,N.) conductor, and 0V on
the remaining N, — 1 conductors, the i-th column of the
capacitance matrix can be obtained. The i, j-th element

( = 1,.., N;) of the capacitance matrix C then equals the
total charge on conductor j. Also,
i (x M_(x
+ 1/’+( ) =c_ ¢ ( ) , (2)
8n+ @n+

where e, and e_ are dielectric constants on either side of a
dielectric-dielectric interface, and n; denotes a normal to
the interface.

The MoM proceeds by approximating charges on
conductor-dielectric interfaces and on dielectric-dielectric
interfaces in the following manner:

oelr) = S Ligi(r) 3)
i=1
Ne+ng
oar) = Y Lg(r), (4)
i=n.+1

where, typically, the functions ¢; are pulse-bases, i.e.,

aw={ § Lo (5

, elsewhere

By representing the charge densities in Eqn(l) using
Egns(3) and (4), and by enforcing the appropriate bound-
ary conditions on ¥, we get

Z1=V (6)

where Z is the dense MoM matrix of dimension n x n, with
n = n.+ngq, and contains discretized approximations to the
Green’s function operator. The right-hand-side vector V
represents the discretized potential or field boundary con-
ditions, while the unknown vector I contains the strengths
of all n basis functions. For practically encountered prob-
lems, n can be of the order of 10° or greater. It is clear,
therefore, that direct solution based on LU decomposition
is impractical because of the O(n®) operation cost. Storing
the matrix also requires O(n?) memory. Krylov-subspace
iterative solvers partially alleviate the computational bur-
den; if p iterations are required for convergence, the compu-
tational cost is O(pn?®) owing to a matrix-vector product
required in each iteration. The storage cost remains at
O(n?), which is also prohibitive for realistic applications.
The cost can be substantially reduced to O(nlogn) or O(n)
through the exploitation of redundancies in Z, as has been
done using multilevel fast algorithms in several instances
[8-10].

III. THE CLASSICAL MULTILEVEL FAST MULTIPOLE
METHOD

The fast multipole method (FMM) [6] exploits the
smoothness of the static Green’s function to accelerate

the computation of MoM matrix-vector products. This is
achieved through a hierarchical clustering of sources and
observers in a manner that is now well known. Specifi-
cally, the potential P(r,8,¢) outside a sphere of radius a
produced by a set of N localized sources of strength g;
and locations (r;,8;,¢;), 1 = 1,.., N enclosed in the sphere
can be approximated to high accuracy using the I-th order
(with [ typically in the range 2 — 4) multipole expansion

z Z M7nY7:ni1¢) ) (7)

n=0 m=-n

P(r,8,¢) =
Here, the multipole coeflicients are given by
N
M =" gtV ™ (06, 04) ®)
i=1
where the spherical harmonics are defined as

YM0,¢) =
and P™ denotes associated Legendre functions. A local
expansion can analogously be used to disburse potentials
to a set of locali 2d observers due to external sources. The
multipole and local expansions together decouple the ef-
fect of sources and observers, and enable a reduction of the
computational complexity. Substantially greater efficiency
is achieved through a hierarchical clustering of expansions
wherein larger groups of observers can interact with larger
groups of sources farther away through new multipole and
local expansions. The fact that these expansions can be
easily formed through finer-level expansions (termed recy-
cling) leads to an extremely efficient algorithm. Finally,
the overall potential evaluation consists of a set of hierar-
chical multipole and local expansion computations, as well
as a set of direct interactions for pairs of sources and ob-
servers lying in closely spaced blocks at the finest FMM
level. The above procedure is depicted schematically in
Fig.1. Field evaluation, required when dielectric structures
are present, can be performed via the FMM by analytically
differentiating the multipole or local expansions and using
the resultant forms.

FMMs can easily handle non-uniformly distributed
sources and observers. However, as will be discussed in
the next section, specific non-uniformly sized tesselations
frequently encountered in practical situations have to be
treated in a different manner.

IV. A MopirFiepD FMM For NON-UNIFORM ADAPTIVE
SURFACE MESHES

The classical FMM, described briefly in the previous sec-
tion, was originally intended for point-like sources and ob-
servers, and was designed to accelerate multi-particle simu-
lations. The electromagnetic community has subsequently
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adapted FMMs for faceted basis and testing functions [8].
While these FMMs can easily and efficiently handle cases
where the sources and observers are non-uniformly dis-
tributed in space, addressing specific distributions of non-
uniformly sized sources and observers leads to a loss of ef-
ficiency. In this section, we describe relatively simple mod-
ifications to the classical FMM to tackle problems having
non-uniform meshes with disparately-sized mesh elements
in close proximity.

In creating meshes for typical structures encountered in
parameter extraction, such as arbitrarily-shaped traces and
packages, non-uniformly sized mesh elements are required
almost invariably. This is due to the need for modeling
complex fine structures, as well as due to adaptive mesh
refinement, wherein a coarse mesh is refined based on the
solution quality. An adaptively refined mesh for the top
plate of a parallel plate capacitor is shown in Fig.2. A
complex meshed structure consisting of seven traces over
a power plane, with protruding vias connected to a lower
ground plane, is shown in Fig.3. This mesh is the result of
successive adaptive refinement on a simpler initial mesh.

Applying the classical FMM to such problems results in
reduced computational efficiency or poor accuracy for the
following reason. Figure 4(a) depicts two blocks at a given
level. A multipole (local) expansion is constructed for the
source (observation) block. An over-sized source (field) ele-
ment causes drastic inaccuracies in multipole (local) expan-
sions. This is because the error in a multipole expansion
scales as the (I +1)-th power of the dimension of the source
region for a given observation region. This problem can be
circumvented by forbidding the construction of multipole
or local expansions for blocks that have over-sized elements,
as in Fig.4(b). This step, however, will substantially in-
crease the number of direct interactions. If two interacting
blocks have n elements each, then the cost for computing
and storing the interactions will be O(n?). A third alterna-
tive, depicted in Fig.4(c), is to form multipole expansions
for the ‘fitting’ elements and compute interactions involv-
ing p over-sized elements directly. The cost using [-th order
expansions would be O({n — p}{?) + O(I*) + O(pn), where
the first term is due to forming multipole and local expan-
sions, the second is the cost of multipole translation, and
the last term represents the cost of interactions involving
over-sized elements. Typically, > << n, and therefore the
cost is substantially less than that due to direct computa-
tion when p << n.

The extension of the above idea to the multilevel case is
slightly more complex, and involves the application of the
FMM to candidate elements while postponing the poten-
tial evaluation due to over-sized elements to coarser lev-
els, as depicted in Fig.5. At the finest level, multipole
expansions are formed using fitting sources (Fig.5(a)). At
coarser levels, these expansions are formed from those of
child blocks, as well as from fitting sources that were over-

sized at finer levels. In a similar manner, potentials at
fitting field elements are obtained from finest-level local
expansions. Local expansions at coarser levels contribute
to finer-level expansions, and are also used to directly com-
pute potentials at fitting field elements that are oversized
at finer levels. The translation stage (Fig.5(b)) accounts
for fitting sources and fields. In addition, direct compu-
tation is used for interactions involving oversized sources
or field elements in interacting blocks. At the finest level,
interactions between sources and fields in near-blocks are
computed directly regardless of the sizes of the elements,
as in Fig.5(c).

For a mathematical description of the above, consider
a mesh consisting of n non-uniformly sized triangles on a
general surface Sp. To characterize such a mesh, we define
a position density function P as

=Y 6(r—m) (10)
i=1
and a dimension density function D as
=) Aib(r—r) (11)
i=1

where r is any point on Sp, and §(.) is the Dirac delta. The
centroid and area of the i-th triangle is denoted by r; and
A;, respectively. Integrating P and D over a finite volume
V generates the number of triangles whose centroid lies in
V, and their area, respectively.

Consider a classical FMM with L levels and ! harmon-
ics. The overall memory cost is dependent on the costs
of transformations to and from the multipole-basis, direct
interactions at level L, and multipole-local interactions at
all levels. No multipole or local expansions are formed for
cubes that have any over-sized triangles. The integral of D
over a cube C is partitioned as

/C 4V D(r) = /C dvD'(r) + /c VD) (12)

where D' and D" are the contributions to D from fitting
and over-sized triangles, respectively. A similar partition-
ing is carried out for P to yield P' and P"”. The overall
memory requirement M€ is then given by

M® = MS + M§ + M§ + M (13)

where M{, the projection cost, equals 2n(l +1)?, the direct
computation at the finest level is given by

M = Z > / dVP(r / dVP(r), (14)
i=1 JEU' C]
the multipole-local interaction cost over all levels is
L B
Mg =20+12).5" > IC},P) I(Ck,P”) (15)
k=0 i=1 ]ev'
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and the cost of direct interactions due to over-sized ele-
ments is

L By
M= % / AV P(x) I(CE, P") / AV P(r) .
k=0 i=1 jev, Ok G
(16)
In the above equations, C’{. is the i-th cube and By, is the
total number of cubes, at level k. The near-field (direct)
and far-field (multipole-local) interaction cubes for cube ¢
at level k are given by U} and V}/, respectively. The indi-
cator function I(C, P) is one if [, dV P(s) is nonzero, and
zero otherwise. Its complement is denoted by I. Typically,
the dominant costs are M5 and M{. The modified FMM
has a substantially reduced cost M™ given by

M = M o+ M o+ M+ M a7
where
L B _
MR =20 +1)? Zz Z I(CiPy | (18)
k=0 i=1 jeV}
and
L By
M™ = dvV P" I 1 " .
4 LZZ: Z/C (r) I(Ci, P") /CJ_ dV P(r)
v=0 i=1 jeVj k o
(19)

The savings are due to the last term, wherein the product is
proportional to the number of over-sized triangles only, and
not to the total number of triangles. The exact percentage
of savings is a function of the specific mesh, but in realistic
examples this is in the range of 30% to 70%. It should
be noted that these savings have a particularly strong im-
pact owing to the O(n) complexity of FMMs; any time and
memory savings permit proportionately larger problems to
be solved with given computational resources.

V. NUMERICAL RESULTS

The first example is that of a simple parallel plate ca-
pacitor as in Fig.2. Two square plates are separated in
space by a distance equal to their thickness. The lateral
dimensions of the plate are 200 times their thickness. The
number of basis functions on the plates is increased steadily
through adaptive mesh refinement, and the elements on
the inner surfaces of the plates are refined more than those
on the outside. The advantage of the size-adaptive FMM
approach is illustrated in Fig.6 which shows the memory
requirements. Owing to the heavily non-uniform mesh, the
classical FMM requires 90 MB to solve a as much as 175
MB to solve a problem involving 8600 unknowns. The size-
adaptive FMM can solve a problem with more than 40000
unknowns while utilizing the same amount of memory. The
total solution time also exhibits the same characteristics,
as shown in Fig.7. This example and the next one was run

on an HP C180 workstation with 256 MB of memory and
an average throughput of 62 MFlops.

The next example consists of the structure shown in
Fig.3 and includes seven traces over power and ground
planes, with protruding vias. The initial mesh has 12014
elements, while the final refined mesh based on solution
convergence has 58984 elements. For the initial mesh, the
classical FMM used 88 MB while the modified method re-
quired 51 MB. Both approaches required approximately 30
iterations for each of the seven right hand sides. The fi-
nal mesh was also solved using the modified FMM, which
required 211 MB and a solution time of 25 minutes. The ca-
pacitance matrices produced by the two approaches for the
initial mesh were within 0.02% in relative matrix norms.
The capacitance matrix obtained from the initial coarse
mesh differed from the final one by 3.7% in relative ma-
trix norm. The need for mesh refinement is apparent from
Table I, where one can see that some matrix entries differ
substantially for the initial and final meshes. It is also ap-
parent that the two FMMs produce nearly identical results.

Both the examples demonstrate that large memory sav-
ings can be obtained over the classical FMM by using the
modified size-adaptive FMM. The degree of savings is de-
pendent on the non-uniformity of the mesh, and will be
greater if a large proportion of disparately-sized elements
are present in close proximity.

VI. CONCLUSIONS

A modification to the classical FMM has been suggested
to make the algorithm suitable for solving parameter ex-
traction problems involving structures with specific non-
uniform meshes. The new technique is especially useful
in cases where disparately-sized elements occur in close
proximity. Such situations frequently occur when large,
thin structures are encountered. The use of this technique
results in substantial memory savings without any other
drawbacks. The modified FMM ensures that the O(n)
complexity of FMMs holds true in the case of non-uniform
meshes as well, with similar constants. The modified FMM
technique presented here is readily applicable to inductance
computation as well as to the distinct FMMs used for high
frequency electromagnetic problems [11]. Moreover, it can
also be incorporated into spatially-adaptive FMMs [6,12]
that are efficient for other forms of nonuniform meshes.
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