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ABSTRACT
The Partial Element Equivalent Circuit (PEEC) formulation is an integral equation based approach for the

solution ofcombined electromagnetic and circuit (EM-CKT) problems. Traditional EMsolvers like the electricfield
integral equation (EFIE) method sufferfrom numericalproblems at low-frequencies arisingfrom the decoupling of
the charge and current basis functions. In this paper, the low frequency behavior of the PEEC matrix is
investigated. Techniques leading to an excellent condition number throughout the entire frequency spectrum are
discussed. Finally, these schemes are applied to remedy the low-frequency conditioning ofthe EFIE method

I. Introduction
A combined EM-circuit solution is necessary to accurately predict the electrical performance of a wide range of

electronic equipment from mobile products to computer systems. The PEEC approach, e.g., [1] has been developed
over the years as a combined surface-volume integral equation solver that transforms the EM problem, consisting of
arbitrarily shaped 3D objects, into the circuit domain by the use of circuit elements such as resistors, partial
inductances, capacitances and dependent current and voltage sources whose values are obtained by solving
Maxwell's equations on an appropriately discretized 3D mesh. The analog of the PEEC approach in traditional EM
literature is the EFIE method, which utilizes mixed potential integral equations (MPIE) for the solution of
Maxwell's equations, commonly using a projection MoM approach. In typical EM-CKT solvers, the size of the
structure under consideration is frequently a fraction of the wavelength even for frequencies as high as 1OGHz
thereby leading to the so-called 'low-frequency conditioning problem' for EFIE matrices. This problem is attributed
to the weak coupling between the charge and current basis functions at low frequencies and results in quadratic
scaling of the EFIE matrix condition number with decreasing frequencies.

The loop-star method [3] has been employed for low frequency conditioning ofEFIE systems. The current basis
function is separated into a solenoidal component (divergence-free) and an irrotational component (curl-free),
followed by frequency scaling of the resultant system matrix and rearrangement of the basis functions. However,
the identification of loops and stars for complex structures with holes and handles, etc. is a complicated process.
More importantly, given a layout loop-star should be carefully applied as per requirement. Choosing to apply loop-
star in the "electrically large" domain may degrade the solution process. In contrast, the same PEEC solution
procedure is inherently applicable to low-frequency as well as high frequency solutions, thereby obviating the
necessity of a switch-in-formulation for different parts of the layout. Theoretically the continuity equation,

V. J + j]p = 0 (1.1)
is valid at all non-zero frequencies. Based on this principle, PEEC employs separate charge and current basis
functions which, when complemented with the incorporation of loss and proper scaling schemes, yields a quasi-flat
condition number throughout the entire frequency spectrum. In this work, the techniques leading to the agreeable
low-frequency behavior of the PEEC method are discussed. These schemes are translated and applied to the
traditional EFIE method to yield the separated potential integral equation (SPIE) technique, which demonstrates
favorable low-frequency behavior, without employing the loop-star technique. In terms of iterative solvers, a well-
conditioned system matrix corresponds to a low number of iterations for convergence. Even direct solvers, which
often produce inconsistent results due to the very large condition numbers at low-frequencies, stand to benefit from
the approach. This paper is organized as follows: in section II the basic PEEC cell is reviewed. In section III,
distinction is made between DC and low frequencies. In section IV, the techniques employed in PEEC for low-
frequency conditioning are discussed. In section V, these techniques are extended to the traditional EFIE scheme.
This is followed by some numerical examples and conclusions.

II. Basic PEEC Cell
The PEEC formulation [1] is based on the electric field integral equation:
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JE'(rg)=-+joA(rg,r )+V (rg,rg) (2.1)

where A and 0 represent the vector and scalar potentials respectively. Using the V 1 L1 V/ 2
non-orthogonal local coordinate system and the relations between electric field <(Y) VC2
E, voltage V, electric current density J, and electric current I, (2.1) can be lC2
represented with circuit elements. The basic PEEC cell is shown in Fig. 1. The

c ft
resistor models the first term, the inductor and the CCVS model the second term, CS A
and the capacitor and the CCCS model the third term of equation (2.1). The TPI1 {P22
controlled sources represent the mutual interactions between different PEEC
cells. Figure 1: The basic PEEC cell

III. DC and Low-frequency Solutions
At DC, the continuity equation (1.1) does not hold and, correspondingly, the MPIE scheme breaks down. The

DC solutions are obtained by two separate formulations, i.e., the electrostatic and magnetostatic schemes. In PEEC,
the DC formulation is modeled by the .cap or .ind simulation options. The .cap option solves the electrostatic
problem by shorting the PEEC inductors, e.g., Lpl in Fig. 1 and the CCVS. The .ind option yields the inductance
by opening the PEEC capacitors and CCCS. At non-zero frequencies, the continuity equation is valid. However,
the traditional MPIE technique employing RWG basis functions [4] breaks down due to the singularity of the matrix
produced by the method of moments (MoM) projection solution method. For a closed structure with N, edges and
Np patches, such that Nel=.5* Np, the RWG based MoM can be represented as:

M = jwL++ (3.1)

where L and P are the vector and scalar potential components. As the frequency is reduced, the scalar potential
matrix of rank Np dominates over the vector potential matrix of rank Ne, and therefore the condition number of the
matrix increases quadratically with decreasing frequencies. The same 'low-frequency' problem occurs with
adaptively refined electrically large structures in regions of fine meshing. In contrast, PEEC employs separate
current and charge basis functions and formulates the matrix in the manner discussed in the next section, enabling a
smooth transition for the entire frequency spectrum right up to and including the loss-only model at DC.

IV. PEEC Low-Frequency Conditioning
Techniques employed to yield a well behaved matrix condition number for the frequency range are discussed in

this section. The PEEC-MNA matrix is inductance-dominated at high frequencies to capacitance dominated at low-
frequencies and purely resistive at DC.

a) Separate current and charge basisfunctions: The current and charge basis functions are defined in Fig.
2. Each inductive cell lies between 2 PEEC nodes and supports a current basis -Cu t .-bfunction. The inductive cell is a hexahedral brick for the volume formulation and
a quadrilateral for surface (S)PEEC. The capacitive PEEC cell is defined at a
PEEC node and supports the charge basis function. The PEEC capacitive cell is

............. .....v.v

a quadrilateral for both surface and volume formulations. The number of .1 4_.2i.3 t'4
unknowns in a typical PEEC system includes the inductive currents and the ........
potential on the capacitive cells. For any practical circuit example the conductor 4
is lossy, and the PEEC matrix models the volumetric resistance of the PEEC ...1. i...
inductive brick cell. Furthermore, the PEEC inductors are stamped in the ..-arg..a.s s..
admittance part (KVL) of the MNA matrix, while the PEEC capacitors are Figure 2: PEEC basis functions
stamped in the impedance part (KCL). The PEEC matrix for the basic PEEC cell
(Fig. 1), assuming a current source input at node 1, has been demonstrated in (4.1) and the corresponding condition
numbers, using typical values, are plotted in Fig. 3. It can therefore be seen that the PEEC matrix does not have a
1/ w term and that the condition number scales linearly with decreasing frequencies.

b) Dielectric loss model: In order to ensure a smooth transition from very low frequencies to DC using the
same .ac simulation option, i.e., without opening the capacitors, a commonly known circuit technique is adopted. A
resistance is added parallel to the capacitor to ground as shown in Fig. 4a.
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Figure 3: The PEEC conditioning with R
This case may occur in a real life situation for conductive
dielectrics whereas the lossy dielectric may lead other loss mechanisms [4]. In such cases where the surrounding
dielectric has a DC resistivity, the artificial G is replaced by the actual dielectric loss, e.g., in the case of a doped
substrate. This flattens the condition number of the matrix without affecting the actual solution of the PEEC circuit.
The PEEC-MNA with the resistive components is shown in (4.2).

1 -1 0 0 0 0 0 1 Lp (U,S8
OG+t 0 -o 0 (4.2) V0 * \( V

o o 1 -1 0 0 0 cF P C

8 27

o o 0 0+ 1 0

o 0 0 0 0 1 -1Fiue4:PE1 -1 0 0 0 0 -R-sIlp Figure 4a: PEEC cell with conditioning with R and G

c) Proper scaling of the unknowns:
The typical scaling used in the PEEC class of problems express the currents as mA, the voltages as Volts,
capacitances as picoFarads, inductors as nanoHenry, and resistors as kOhms. In addition to the above, certain
additional scaling may be required for the extreme low-frequency case. To ensure a sufficiently low value of the
condition number plot at a reasonable frequency, and to keep the artificial resistance high, Icl and Ic2 may be scaled
differently, compared to IL, as a function of frequency.

V. Application to RWG-based MoM
The low-frequency techniques used for PEEC matrices can be directly mapped to equivalent schemes for the

RWG-based solution. The MPIE can be represented as:
M jWLNXN +A D- jp AK'.M NxN NexNp NpxNp N xNp NpXNe (5.1)

where L is the edge-by-edge vector potential matrix, A is the incidence matrix, i.e., N N
A.. =1 or-1 if the jh patch is the positive or negative patch of the ith edge, and Fl1,1 N j L -k < tV1t
Aj =0 otherwise. D is a diagonal matrix such that: D. = where pii is the | - |.... ..|

diagonal entry of the scalar potential matrix. The matrix P is the patch-to-patch scalar ',_
potential matrix, normalized by the diagonal element for individual rows, i.e., Figure 5: SPIE-EFIE

Pi1 = i " . The EFIE system corresponding to (5.1) is written as shown in Fig. 5 by separating the scalar and
pi,i

vector potentials. The modified EFIE formulation is named the Separated Potential Integral Equation (SPIE). It can
be seen that the only frequency dependant parts are the ja)L and the D matrices, and both have the frequency term in
the numerator. The condition number of the matrix in Fig. 5 scales linearly with frequency as the frequency
reduces. In order to farther flatten the condition number scaling, two artificial loss components can be introduced: i)
a small resistance in series with the inductance R + ]a.L, and; ii) a small conductance in parallel to the capacitances
G + D . In many cases, the inclusion of artificial losses is unnecessary since realistic problems have a loss at DC.
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